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1
Tm UOTION 0F IOUR nECTIi,Il{trf\R VORTEX flH,AI{nmS

L IMnoDUCTIolll

The uotion of three paraLIel rectilinear vortex fil-aments of strengths l(, , Xr

Ka ln a perfect inco!0.pressib16 fluid ertending to infinity original-ly consi-

dered by Grcb1i (1877) has been again considered by Synge (1949) xtro has naiie

an eduustive study of the mtion by repr.esenting th.e various conf,iguretions

of lbrbic€s by points in trilinea1. co-onlirates on a representative ptane.

A si:rilar study of all- the rotioas of, four vortex filenents prsents graat

diffliculty ou-i.ng to the very hrge nrnber of cases to be deart r.rith and the lack

of correslnntling geometric-I representation atlequate fo? clas;Lfying all tire

motions. The prcb).a of four vortex filanents vhich fo:m fixed configuratiorrs,

1.e., configurations :.rith fixed sides and diagonal s w s prerriousJ.y exanined(1951).

SJrIIgei s nethotl c€n horever be used. for t]re study of notions of four vortex

filanents by naldq sore si-Eplifying ascrutrrtioas. lJe sh.lqy in particular th€ case

'ilhere the configuration is inLtially a paral.leLogre and the vortices at the

ends of diagonals are of equal strengths.

By tat i* the ad.jacent sitles and s dl-agonal -rrhich completely specif,y the

configuration as the geonetrical magnitudes, it is trnssible to classify ll1 the

notj.ons j.n a nanner sj"nili:r to Slmger s and the pr€sent pa.per deals rcith this

pmbleo. llnlre theory resdnbLes tha't of the notion of three vortices in naiy

!€spects, but it is fett that it nay be of interest to see tlie changes due io the

pI€sence of aa additional- vortex. lJniler the nore particular ease of rectar€ular

configuration with special choice of vortex strengths, the notion is exalrioed

by sepresenting the configurations by cartesien co-oriLnates.
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2. I}QUA?IONS OF IITSTION

Vortices of strengths Krr Xrr X11f(1 lie irdtj.a[y at the corrrers

A, 3, C, D of s. p3rallelogrero. Let o,, C aod lr, g be the ad.jacent

sides arrd diagonals r€spectively, the diagonal &. joining the vortibes X1,l,

ard $ joining KrrK:_. Then these vortices remain t the cor"rers of il

p rallelogram at the end of anJr time (Gorjatschaff, l8g). The confj.gur.rtion

is uniqueLy dete@ined by the nagnitudes C, t,, e except for orientati.on and

the motion of the vortices is represented by a pcint on a representative plane

by trrilinear co-ord.inates.

The f,ol3-oring equations of Eotion of the vortices have been ob'cained by

l,akshnaru Rao (1951).

H = S n' [x, I e-" - e") -K^ (s-1- r")] le'r)

d , L  . r . - r l '  . , 1
n  =  s r ' ' [ r x " l " - t - c ' ) ]  .  t e ' r )
* c  ^  - r
Tt  =  p"  fx l [a : I - r , - ' ) -Kr t r " -C 'n ) ]  [ x '3 )

where S:area of the parallelog?an ABCD.

We h.ave the iategf,al-a due to l.jrchho33(r-nrb, 1945).

l<, f +X. lt = const. = p.

). gl{11o7 ac+ \Lr"t {, + {log9=cor.si. = o(

5. VAIUASLE CoNfICUnATT0NS

tr'o11owing SJrnget s proccdure we write.

t ,, . 1  =  o f  [ a + t ' + c )

l r =  b l [ 0 , + & + c )

13
and talke al >\tl l.g to sipify the trilinear co-ordin- tes of a poid rith

an equj.latexa.L trlangle of urit dtitude for the triangle of leference so tJut

4  *  a 1  1 r . 3  =  |  t a . b ) ,

[r '4)
(4.5)

[a.r)

(i.).)
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For any parallelogran configuratiol re bave defiaite ralues of 4t G t L

giving e u.nique representatlve point & r ttrllg. Ibr a given l-point

we have atr inftnity of si.ni1i1r: Fl]?]:e].ogran cotrfigu"ations. As in Synge I s

theoxy of three vortices, the lnssible collinerr conflgurations colrespond to

points on the lines of join of the niddle points of the refer.ence tri::ngle.

EssentialJ-y there are two distinct coll.inear configurations onJ.y. Dlfferentiatioa

ef the equ tions (1 L), (t 2),(3 i g'iveg

*? = H tn*r ,  + c)- ' -  c  t^*r  * . i t ($-* f  .  H)
and tro sinilar equations. Tt ie seen that

*& ),t  " d,a^ r
11 = KGr r  l t -=  K6r  r  

- f f  =  r r r3

S  to . c  +c )4  [ a ' c  c  * ) - L  ,
- x, x, trl-t ) r '  +x"", l*-r!) d+ * e,

- ax"rr(r3l - *i) *" + ar} r

- xr ra t*i - rl ) rL + x'rr Lxi-rt) ri + rs 0

K' r, tal-ai ) et+ e x"r' lr] -^F) x' + x'li ttq,.-ri )x'

Lg's)

t3.s)

13'l)

(3 .8)

nith

h :

G t =

b r =

9 9 -

ard
g -

-  Kr& [ * -e i  )  * i  -  KL13la i - * )  ?c l  ,
where

? J t " + L + e )  = t r
so tllat

?t! :  A^i -t i  +r x. i  .

The d-i-fferential equati;ns

g  =  t l ' =  4  - :  x 4 b
61 4r- 63

(e.9 )

(3 . 'o)

[a '  r r )

[3. r2-)
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give the notion of the representative point. Tbey define a congrrrence of

t-culrles g,irdng the behaviour of the configurations and also the r:te of ch.mge

rLLIe tbe size of the configura.tion is g:iva. b5r one of the integrals (2.D, e.il.

lbe following results are then slnply deiluced.

If the strengths of the vortices cio not sctisfy the relation
t t

l ( i  +  K t -  + 4 K r K r  = O [3.  ra)

end d is lorown fi:oo the initial configuration (equation 2.4) to eacb X.-point

there correstrnnds a rmique parallerogran configur:tion except f,or orientation.

tr{hereas if they satisfy the relation (r.1r) thql to each point on the conic (hypel

K r r i  1 K - l L = o
DO-ta J

[ 3 .  , t r )

there corresponds a single irftnity of paralr elogmn configur.tions ob both

orientations, and to a point off thi- couic there correspond.s a'nioue

pa-rallelogran configuration except for orient:.tion.

4. SINGULAR PO]NTS

*" 
?;':"T*,r,t*i-r"")*ax,e,[xr-r] )ei + ao =o, I q . t )

( 4 . r )

( l . a ;

6 r  =  - a R ! t !  t r . ' -  t l ' )  f  *  I r o  = o ,

g:ive the singuJar points of the representaiion currres. Iinder the conditicn

K1 * (1 = O the coll*sions of rmegual lortlces, vlz., the cases 4a o r lr: lJ Jr

ald e3 =ot h = 1r-. !r are seen to correspontl to s!.ngular points.

lb see a4r othet singul e trnints re first consider the case rhere g 3 9 .

ftren fron (4.2) we see that )9 = 2(J and additioDally (4.1) 6r (2i.7) ,;ives

x '  t , l . - & ' ) *  -  h ' t ' - q t )  r f  =  o  t 4 ' 4 )

6s = -Kr rg Lqt-*"")rL+x" r.  t f  -r t)  r i  + xso =o



and

Tlre case 4 -- l,-= L" 1s seen to be exception:l anal is to be ruled out.

I.n ttre case 0 | o we nave \ ]13. r;e h ve then the es.siLy obtainable

r.el ation

o tx i  +hrqx,-+r i  )  r  e.x^[r ] - r i )  [x,r . r+ r , r ' )  L] .s)

In case equation ('.tr) rrofas ye hare ledto equatlon (J.1.4)

k, ri + k^rr : s t.a-*,,

I{6 bsve tbus tlte resutts:

If

K l  + x 1 L  +  4 x ,  x r  +  o .  ( 4 . 6 )

X ;  * X 1  f  o
14 .1 )

the sinSu]ar lnints arise lri en rt 3 r! con€sponding to rhoinbus configulati,ns.

The case 19 = a:- = 13 coruesDonding to -"n angle 600 in the rhonbus is an

exceptionaL case.

I f
t i

K i + X r - + 4 x l x . = o

we [ecessari]y have (4.?) 8lad the singular polnts rie oa the hyperbola

x ' f l  + x * r c l  = o .
l f

K r  +  l ( r  =  o  [ q . j )

(4.e ) i" necessarily tme and the only si-ngular poj-nts ar€ when 4=o1l^=lr=i
or 2(g= ot ,-l -- fr=i- correspond.J-ng to collirions in pairs of unequal

vorticcs.

e4 .B)
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5. RNCTANCULAR COIIFIGURATIOI{

ff vortices of rtrengths K r -X r Kr - K ]ie at the cor?ers of, a
r€ctangle tnitial-ly, they do so at the end of any time (Larab, 1945) and the
configuration can never pass tb:rough collinearity. The initiel .rientation is

,
tnus p:tesewed for al.l" time.

To study the notion rle neJr m:ite

G : l ' t  L =  I  o ( n r 9  < @

ald take (e,! ) as the rectangular Cartesian co-ordinates of a poiat on a
:€pr€sentative pltne. The co_ordinate exes are no*loechable baniers for
the not ion of  (ar9 ) .

the equations of &tion ar€ ersiLy see!

d.r a u
fmre (2 . i. ) , (2 .5) to be

a,K
T 3  = 6 r ^ t '

I?re representative pint novea on the curve

?t-a +V-L = eordr l -  .  =

vhlch is €quivalent to the integ?a-l (2.4).

This con€ruence of curves has ro singularities

renain fixed.

1. Gorjatschaff, D.

2. Gi;b1i, 1,i.

5. Iakshnana nao, S.X.

4. Lanb, H.

5. Syn€e, J.I.

t l #  -

and the configuration carnot
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0l r ouffi ot rrsooor @r{FRtsr$Lt ntst

Irto&atlon tb cquetton of nottoa otr r. rlrsour orprorrlblr llrrtl ra b

pt !a thc rcal

( r )  * g  =  - v ( n . J ? ) *I  v t v d )  *  v i L e
nhrrrt tht rd<rrrel folor llqlil lr oclrrrattrc enii lr rlcr{rabb floila ttf! lot n-

tiaf -fL . 4 o ? t I rtl Fc rctpccttroly th, fluld wlootty lrctorl

tlf, {tcn.ttt, tb trta}nl .i.rGa. o? plarrrt rtrd tb tdr|Gtto vlroorlgr. lb
cquatiolr oen bc Latqntrd mc lf, t l. aorrtrlrt sd tb ttlon l,r lrrotrrtlulg

tJr. tnt gttl b.nrg

(e) - H  * . , f  + - r r .  + J +  -  f  r v C  =  F ( e )
|||.t + t. thc r.loolt6r potantful ud ?=-!0. l'. aer ltrt F at tlro.Fil.G

th. .$rtloa of nott on aho drra thc flor lr rtrdlr.rd th. flutrl ir ,rvl.otd,

tha t..ult bc!,$g thc rellhrorr gcraoullt I o thcorG. rnrtgolit fluld tstlon l.

firltlnr oharaot rl,tad by lrha conrte*y of olrcRrlatlon rnd tlc pcnuncnoc of

totatlonl or trrotatlonal nature of thc flor. ta a vlroq 

 

lnconpFr6rlblc fluld

bfl.''?arr tlrc clrculatlotr vallo! lt a rat dcpandtng on up krr-tto d.oorrty

lrd tL rp.o. ratc. o! ohango of mrtlolty o@pmnt.. thr vortrorty ltrr!

expetlancco a dcoay on acoourrt of vlaooalty.

rr thr pt a.nt not F oonrldcr thc olra€ of f,rore of ?l.od'r conprceal,blt

f,lulds for .l}1oh t'trc vcotor vl d ts lr"otatlonl and hr tl,c .calrr lotontlal

ftrnotlon Fl . lt l. rbrn hrrc that eroh florr tr. rtnllar io ea lnr!.aoll flot

!a gancral olura8t drtlar. Thc kinenrtlo riaoorlw 1r r.rnrd oorutlrnt.

For thc florg undcr 6orE.al.ratl.on
., -l

9 -  d  =  -  ! H  ;
.guatlon of notlon cen l,horcforo be ndtten eg

$)

th.

L4
a b - v t - . l F  )  * i r  v [ v d )  -  r , e H

-{
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rr !.n tb for!

( t )  *  - - i r d  =  - o t -  * J ?  + i . t r - i r v d  + Y H )

rrrr'e J -- qrrl ? . For d.ady flor 2r+=o ei{

( l ' )  d x ?  = .  e [ r r . * J ? " i * - i r r d + y H )
eorler nrltlplloatl,oo of th. tF .tdor of (4r) tt 

-(+ro 

* 
tvr.

i ,  l - . J t t  + L t  - i r v i -  + v r ) - = o
ud

#  ( -  * J +  + i . c )  - ! r v d  + v H )  =  o
ilcl dc bcttg al@t. of aro el.q.trallD..!rd rort.r lln . !orp.6tt rc1t.

fc hrvr th.rtor.

( 5 )  4  + J ?  * l . f  - 3 v s A  + v H : € n t . t

alotg st"ranll, 

 

er rrll r' lor.to* Iln.r. t?}l6 r.alt,lnsotlr !,. tt relatca

to rtnalfurcr, lr m cxtanrloa of ngracnrlll t t tlrcora rnd lts anlogue fot

plane lncmpra.Elbl. flqr har bccn iotlo.d by go*lar ad Hteghardte

tib otrarlatt Grr trn r clo-a €il.r.slt tn tlp glLtd t. C = J d. af

#
= -J otr  + l4 l  -  ? o? +yH).ad + J 1."  t4
=  - J + ,  l * * J # : t v t + y H ) a $  +  j & L L t ) a = o .

Thr olcalat!.on la .qr airoult' rfi&g l.ttb tll€ flutrl lr omdrrlt, ar la t'rl,ro!.it

(luld nottor.

Thr ourl of tb trq rfulcr of, cqurtion (4) gtr.r

ft t"*,re ) c",* ltJx?; = o
otr" 

f" [*4) - [t""ne. e ) d -[d. v)c,*t? -ls'"rCXai"?) +{) 'un('-'rerf=o

(6) t.e., f, t"*a ) = [.-r{} .e ) d - (.^"r d; [a,iu T3 ) '



-?

flrlqDoltzr a thoru ln trnrlBold llcldr ltr b. Ft b tbc norr,
a { ? \ -  r , - . l  \ +
* t i i  =  i s ' v ) e

ud (6) 16 oqulndat to lt. (6) tfur pronlir rn .tta.loi otr kldrottfr

tlreoren A oors€quencc of (6) tg tl€t th€ rotatlonal nature of aql r,ortlon o!

the fluld ls perms-nent aa ln !.nriacld ftutdr. lhle ie wldrnt othcrrloo, for

ln tho claes of florc constdcred b.cr., th*G fu no decqy of vortlolty la .plta

of vlecoslty, "o *?to.

l. !:1 lne-Tlon ronl t.ll.

?1 0ortlcr, H.& :ileghardt, K.

l. !411ne- itro'nson, L. if.

Thcorotlca I i'ydrolyrl-nrlcs ( gcoond ildltlon)
L949, p.->t$1.

t'Ltih. lrttactrtta' I8 (L9 t2.Jtl) pp.z!l1-'-'7|..-

loa. olt .  p.97.
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trg Tl[toM o?

I
I RottnofrAl Tl!60n FrsH ItfsIE''i'IlcrtD ccrTAl'lm

i{l €rFFcr. ln t}rls not€ t}ra !.loolty of e v!.gcat fluld aotlon rlthln r

3lf,rd oontalnor ln tcrms of thG orpgr:alon and yortiolty. d. alDr tht tha

vel oclty lc '"lven by

(r) i ,  = -# #J.#^"
.Lv)

* ,h * #J",+^"

(#J,g "')

rhere E 'tc thc dlrfaac of tlrc cotrtetncr onolo6lrrg tJre volurec V md 0; ?

at. tho lotlrnnelon enil vortlcltv anppoted to bc rlven et evcrti polni of V . F/

de.noica Ur€ opcratot V , wh€ne.va! dlffotontlatlong ale wlth rcst'cot to tJ|

oo-crdtna.te6 of ? . ?ho rclatlon (I) lilcldc$te.lly provldes an tnototloael-

oolenotrlal roaolutlon of the v€loalty.voctor fleld 
-d 

ln thc flnltc reglon[V)

fo? utl o.n wrilo f,ron (1)

( 2 )  d =

-l
(r) A, =

- e^^4 (+ 
5,* 

," ) * c^, r

at all potnte of ( V ).

Froof oC relatlo:r (l)r 0 ani ? aro dcflnca cnorlnrherc tn ( V ) and r

hrvo tho bound$r3 condttlonC:Don ( F ). flp vector firnotldr

#[ Ro ̂"
satl!f;lst hlgaonra cqrratl:n

L - )  * 3 ,  do _  A r
ro thrrt

- # [;%.fil;o

o ) ? p = - o ' i r =  L ^  ( h * i r )  -  i i  (
Novr

#,r(f,) = #ia-ffli'" = -#[i.
= #ll.x|rl{)rr = #J",*[F.'*?*)^'



\

4-

- -  l J  * r .  -  #1 , ,+ rd ,  ds
L v ) ' -

by cauoer theoreia, d uurtg the untt vector alorg thc lnsrd nor:-ral to tlE nrF

f,aco ( f ), and hora the drfaoo lntegral vanlsr;ce By the bannriat? cordltt orr.

lionoc

i$| = +lri- }at*) )'r = - #li. fu(fi)^'
agaln by ar.rser tharcr and thc nrllo. lrrtqnal van.rtsheg aa bo*lotrl F tlet

(6) \#, =
Unfng (!) and (6) tn (&) ro obtrln thc raarl t (t).

3yngc? 106 obtrln il thc nere.r6,ry anit rufiplstcnt oonilltlon for thc con6l.-

tcnce of glvon exranaloa and rortlolty ln e fl reti. oontaincr wtih tdrhfug

vrrl oolty on thc boundary ln th6 ibrr

( ? )  l f r t + ? . - 4 ) r r  = o
j 

"tvl
*are { tg al s.rbltraty .otlutl6 of lrd = greil [u* e'). , ard ? tr glrre

\r thc aquatlocr grarl d) =**f 
-q' 

. lte ftnil on tsktqi tbe it|'rar8m ,tr (5)

(s) o -- Fr, Jrfr ," = - J",t- ,h [;e ) ̂ .
Thlo cr !e cupareJ nl'th ltyngtrr oondlttin (/) Uy ta:<lng d= edi and ?= o.

(r)
Al Bo

rlJtnl!4, "1. I .

* J f*, '
w)

FETEREK'E

Qrart.Appl.'Nt&. ! ( 197I ) rr p J|l9-!fZ'.
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lRAi{sr)Rt Ot 9orTIqIlT til A mifpRF,ssIBlE FIO!'

In a viro<rre oonpreeeLblc f,lor tluporL of vof,tlolty la brought $qil t,

oon9csfLoa as w611 au dt tfirgt on. TIl€ rat€ of trarr3port of vortletty thrd€h

en op6n Eurface ( S ) fa a ftu!,il le

r , )  i =  J F e ) e . '  - J , F . l * .' [.i (s)
? , ? ars thr vctoclty and ortlotty v.otora, 

-r] 
f.n " ualt nrto, alorg tlr

d.rt$ard noroal to S end 1, la ttrr (conetant) lrlna0atlo vlgooelty otr th. ftuld.

If S t,E a ?ortrr dlaplrraggl, i.r.; en opcn o,rfaoo conrlsitru of vortcx

lln r ard cloaLn€ a vo?t.r Unc( C ) rs f,crr

i:reston|i: 'iloorsn'r In thc rtcady reotlon of e hcno;leneotre ltqutd of unlforn

vloooslty th€ reto of irp't8port of vortt:it6r  .rrcugh a vofter dlaphrep

Glolln th. - rort€a tlnc d l!

- )  l l r  \  - )( 2 )  T s -  J L F " l r t + - o - ) e ?
Lc)-

ft le elpTrlftcant tlat Tl ao." not lnvolrro I orpUcltty.

ln a cteedr flow of a oospresalble flluld of oonatant ktnaatlc vLscoclty,

thro eguatlon of notlon (utth the uanal are,rnptlong a.nd .rotatton) t.

- l  - )  I  t  t t  \  - l( r )  { l x  E '  =  v  ( r r -  *J1 l  "  L t -2 "v -C)  +v  vx i

! . r ' noe  d  x  (?x?)  =  d  x  v t -  " J1 l  + i * - l uvd )  + ,  dx [v ' s ) )

(4)r .e. ,  td ?)? -  r l {  = - i i ,x  v (n-+ I$ +i+"- t ro?) -  r (dxv)r i ) '

th J.niogtatlng tlile cquatton or.id uslrrg Stokcgr  1eora Erh rt hav.

- )  (  t  . J r  . \  - ti ' .  =  -  J  k r  r  J ?  + i c l -  t r o - C ) a S
tc)

dd'r] t. Fritoal r lbr.alc for 6oapr,caelbl. florr.

' nitrC -J|r,rlrt r L. nl, ?haonr.tie.ol Hra^o.trr,ti.^-"icf [tec."'.{.

A e i t i d n )  1 1 4 9 .  l . 5 r l '
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ofi !'|G ERfiA$Elmn oF VEo,tDR-LffiE3 If r
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lbc conit!.tlon lto? t}rc pcnlfinsllac of vcotor-llncs ln a mov}lq flulil ,fuo to

tora'rrkt- has t)6en ploved by er]'p'r6nts of yector Amlysl s sone tltno ago bJ, IfHrl
1 , t

enrl lruaadoLl'. ilmg€' lg,r obtalncd th6 aondltlon for pcnlor€noa of vcotoF_

linr:g ln a arolldean spros of lt dtnsr.lonr adoptlrg r sllrhtly dLffererrt approach.

{hc praceat notc t,s lntendcd cnly to rannrk t}nt ri;nqer r approach holilo tnrc

cvon fo! i geoeral Rlcn{idllan opa.cc Vrr. ?hc oharl,ue tn S.3n-1go I a proof nocilod

lor this rorc general oera arc .aly fon:raI.

vtr 16 a f?t?lg.nnlan si)aco !.lth the firnda$qttst forlr $ij 4ai arj. uifrtr..rf ;t)

rnd c.i Lrlr" rrl j t) aro tno ( eontra.,arrant ) veotor flerde coniarnlrrg n plrancter t

rhich uay bc tekcn to rcprccent tho tlm. UL tr th" nr!.urtrr ft.clrt and plqlrr

the role otl veloctty. fhc ycotor.lJ.nce of lha .eoondary ftold ci ara tlrc oulrt

satl.rfylng tho equatLdr

( i ) oi d.ri - . i lrd -- o .

i$r ll"lt out.olraa btrr obeorvlng tJrrt att tlE oquatiorE 1' g;lzgorc papor hol{

tius for. rr d|.sr approprlato olrn6ee are nadc t'r tfro gosrtlattd of lndioa!.

llrrc, for 6*ull1e, n luno

( 2 ) a i  =  t i  L e ,  e )

vhore e is a. paranstsr reoalrrt.tg osrstint tbr a fLrtit pqrtlotc ad

1r) * * i =  ? t i -  ' . dd . c  a E  t 3*" = tt
t-!p oandltton that a 6rw. o rld,rh llr a yeotor*llno of tlrs rcoondaqr ftrlit ci

rt a certaln Lnetart b= to cortrnrer to do co for alr ttsc tr that thc oontra-

redant teneor

(4) -(Ltd = si  l i  _ei  l i

hlrt r,cto conponcntr.
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9r rmSr earlly roa tl*6

$, ' f "  = ' I t  (  At i"  -  o ' l  )
: :  L  .

wbarc A" i  =-  5 i  ?, l ' *  sr .  . j *  o* + "L J,,
lte asti derbt ! oovarlant dl*fcrcntl,atton 

'ard 
ttrc anmattan €onrr$lon la u&d.

It o tr a voctor-llnr at t = to so tl,at sti) --o at b= to r it ts..neoossq, end

afflolent for thc pernanenoe of tt aa . rrtioFlln, ir,at 
!f'J 

-_ o .

!1qt8a thc nrcra..rJr rnd sufflotcrt oordltlon for tire .',.rffifris. of vcctor-llmr

ln a Y1 ls that ihc tenao" " a A 
i ia ahorrlrl bc B;tqr€td.o.

t. itlD, i1,& ?r1recdolly C.

?.8yn€€, J.!.
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AtrISWHE?RTO TLUID K}TIOITS $tg I ENOI{ FLOr
?ATT.FM

gp.ctfloatton of a fluld rctlc rcl r tnorlcdg. of uro ltra,oltr pattcrn

rr wcll ar tho regnltrda of tlro flou vclooltgr et all polntrr ffowrcr un

f,lor pattom and the veloolty ar€ lnt€'rdopqrddrt thdrgb dlrttnot foatr€a sf r

flor anil lt 1r tnterogt'tng to .r*tn thr !r..rllo of thic lnt rdcp€ndctrc. h

-|r. rNJr. Ollbargl ha. polat at drt . rry to tlrte crd by olaortf5dng thc

..t of ell {yaantaelly d1!ttn6t pl.ac flore of tadrold llqulde }Edrg Ur

re rilGlhc pettcro od thta lnr led to e fi;rurer atudy of th. unt guar..

of fl,on rlth gtvea rtreeallncf r ). tn tb. plaaat not rr clesrl*lr al,t

r:le5araetrlo Dot .oa. of tld.aold ltgrlda rdth ih. c6€ floy pattcar

Stoady axlaymetrlc flow of a rm.rtecous tnoaprcrelbl. fluld t.

{cttmil !n a rcgtoa of t}re ncrldlan pluc by ttro 3tokeat rtmam ftracttcr ,rF(rr6)

r,hcls ,c ard tJ r'. oordlnr'taE tn ttre axlal. and radlll dLrcctlont, 7t
'l 

t P , afil I en tlhc fhrlil vclootty, flulil ddrstty, and prcaanro

thr cquattono of otloa, thsa tho oxtcmrl toloor ar6 abeont, aro gtvon by

c-* *' * ro t# = - ;3{ , v**, + e,, ?*J =

or, ataoe 9-r= - l'J", +^ = hH ello by tltc Gquatlons

(r) *"# * + a" "# H - *" H #^ = -i*.,
-;,- H *#^ - *. e#)' * a. 3t *Lr. = -+ +,,

lf anothcl srah flor ytth gtrean Graotlon .$(t,a)ruu tho ealo atrein ltnc

pattcnr p lwc & = '(V). If F and f arc ttr. ,iaretty arrd pro6eu! of trhr

Ieticr floq thc cqrattono of Dtldr of t*rtt flor oan ba erprcoeod tn tlrc forr

(2) [e,(^])1" ;'J- = +l+- , Lr,t^r,rl^* ]f, = ; H
Henoe tt folloro tlnt 1** = o . lhr oryttblllty roLat!.on for tho

.{uetlonr (2) learte to

g, tnf) .  t ' ,1^p' )  ***

r  ) b
? a d

I '{



= 4r9'tL drrrc 4 rnd L arr oantotr8.n6. l'Cf)tr a obct trt eo tS

tf M2 = o I rn th. tltt " o... F qf adly s.. tbit
VLr-r? ')

-2.  -

{.

a t F , ^ r )  -  ^
D ( r ,  t s )

L hlTc thrn tho iollortng ree.rltr

Staady a:dryrottlo flors cf lnrlaold lncaqrealbl. fluld! Ylt'h . G

llcn pattern ha"o ln gancral proportloual veloc!.iy flelds. Ib eass of florl

rith tlro 6sa str.olltlo pittorn ht dth v61o61t'y flcldg not proportional to

.aF anoth." oorrclpondr to floue for *r1oh ths ltnee of rqual proaanro ( aail

hcoo tho llncs of cqral ngnltudc of valoclty 1"c.1 thr lovstr ) Afaf

oolnol,ilo wlth tlra strrollnor. ln tihta caac thc fi:notlon S te fatrly arbltrary.

It ls e brogr rc&rttlthrt ln an arirllant"rto Dtlon of an lnvlscltl

llqutd uhca ttro crtrrrul forcce arc rbrant, thc lsorelg colnctde rlth Otc

rtroanllmr tf end onlt lf i,ho flor la purcly cxlal. tfo lny thcroforo rett ta

thc latt€r patt of th. abotc rcarlt ln tlr€ fot-"nr

' 
1\o a:dclruncttle flora rlth t'ltc rene ltor pattarnB oan havo reloolty ft.a!,dr

rhj.oh ere not prapottlonaL only 1n t}|r t"lylel caee vhcra tha flolr aro prrcly

rrlal.

ta ntrr rDr atl[ttt6 thc pos3lbl€ f,lor pattorna cor['un to potcntlsl and

rotatlonal art qmnctrlc raotlolrr of nor-vlecou a llquldo. It ^f t. ths atrcrn

ttrnotle ol a potcntlal flor aad "Jt = *( V)ttrat of any othrr flov rc hara

lr)

rnil

( t . )  ;

to
z l -

aLnr
a 8 '

= O  r
r a r | r l

. # -
8 -  a E  6

1
6

?a+
27

r  ? G  .  I  a t 0
T  -  - r  - -

E -  ) 6  6  Z A - $ t*i**;;
l}r flar oottalonillng to "?r fr thlr rotetlonal srfy lf l0f o ana thcn the

flong ara coar aborc i,o bc purcly axlal. Tt!r. tra havc tlrc rcqrltr

The only flor pattcrru .dDn to potcntlal anal totatlonal axtr3nuctrfo

|rotioas of lnrleald llquld. rro tjrorE corroapondlng to puroly axlal. florg.



T
rt !s of eongrdcrable rnto"€6t to onntnc'ra flol pett.rr8 owron to

adelrurnctdc notlons of !.noonpresalble rnd ddt|i)resBlblo fluldr. ,Gtt,6 lr .hall
oonf,lnc on:Fser?6! to notrnq a cnrtaln rcratlcr nhr.oh ney €nabla ua to d.t8tnlno

ell tho flor patterae aoa'' to atady, ax!.r]rtctrlc potentkl frorg of rlErtrla
lrd of ldaql ga.aa.

. rf, $ r .J" "na 0 ,, S aro tbr veloolgr pot rt,lel. rnrt rtr- tt #!lu.

of the llq'ld and gae f,lorr rcepeott"'rlrr rt tr rwaaary *d !'fnalct ror

thcm dl.ilnot Qper of flora to havc tlrc trrc flor paitcra that 6:9(0) r ff=l(g)
fa hava the €quatlona

f A ) a + - l ? l t
a r - w a a t( 4 ' )  i i  = + H ,

**re P = ?(ern)lg tt' ,.lirrl

thaa. trb cquattona Lr

( 5 )  f ' ( + ) =  F  r r ( n p )  *
tr | -- h Pt ,trem lc*ullt|r th6r.o for thr ltrr flor rig derrvo  p roratloa
( 6 )  ?  =  x  ( r - , t , a f ) ' / 0 - r ;

rbrrc ? k tlc ne36ttud! of $F (arttabry nor.arrzcd ) velocrty of rho llqutd
flov and x a.'r b6 tar..n as e ra arqtcG corat€r," of t'e tea flos. t6 rrth
ptaae uotlonrl ra oaa deduoe hcrs aratn

( 7 ) * =  t x - v )  I  ^ Y ,
rharc X 3x (d) = Lt,)Ft, and y = y'(..r)= 1er)l-,.

It la carrly verrfrcd th.t r fror pattc.r co*eapondtng to purery axral
f,lorr tr oonmol to axlcAranctrlo pot nttal ,:otlons of llqlldo and ger|. :C.(?)

ney bc of usc Jn flndlng ant lf thcrc lr. o!h€, tto, pattalDs connoa to lotenttal
oottona of tlqulde and gaecr

Sqlglsce.

?.f
att

?I
? E
tt

=  - i -
zt

:  _ J _  Z $ .
P 8 t  ? a  '  .

flrnotlo{r for ihc ga.r ilou. I ooarcqtrancc of

J.l,rrth. Fhy.26,(tgn ) pt rrl-lAa.------_28, (r9g ) :,p.fr_rr.----)r, (19-;4) pp.6,r6?.

ry
A L

l. cllbarg, t.
2. ttirn. i. c.
) . . l r lcksatrJ.Lr

-s
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I Ctrsg oF Atrlsr4{El,Eto }OTIoNS OF
vtsmus [tiutDs

ThG !trotloa of a vlaoou. lt$rld rrbJcctod to a ooncervrtl,tl ctr*.rrl foro. fbld

lr goverr:sd by th. ilevi.6Fstok6. d.lfforonttd c$ratlong

? Uoftg the rclootty not '. ftr cotrttnrlv .quatloD tt

U' )  d^u  d

e &ari6 th. asannpllon that +dlo th. grrdtgrrt of a rclc lt|'tt*

lbttlcr anrt Vlcghardtl lrav..tlom that rtcdy planc flowe of thl.t olaer rrc

oLarro?arlzed by tbo the blharaonlolty of, thg r."raar! fi$otlont ,..a,, tha rtr3

firnotton of all suclr flowa sattafy th6 oqurtlon V4 nl" = VtlSly)=0.

lE thlB not€ tt rtll ba 6ho$n that all gt6ady, arl slnnretrlc rrttonr of

Ytloolls llqulda, belonglng to t}o cbovo olata, ero charaotorlaed by th. equatlon

1 4  ^  
"  '

-  Y - ' E - l f Y ) = e ,
-  - 1  } �  ? L  r x .

vhere I = f*r +;:-- -, 
fft i I. rrd tt arc thc oo-o"dlmtor ln thc rrlal end

raalal ctracrlono ln r norl{bl planc anil {r ts the (stokesl) etrcaa fLnctlore

'ft6 flo, prltcror ooa*non to (vlecore) notl.on6 of thls olasa and oteadyr axl a;nr e-

trlc potcntial flore of, tnvlsola! llqutila *lll aleo bc €ranlnod.

!..t

(e)  vL d
tn a:L oy'r':ctr!.c notlon! (:d )a=

for rtG.dy notla

( r )  dx  c . r t? l  =  , r "ad( - rL+ |  + i r . '+  r ,n
lcaler ntrltlplteatton ot (r) itu' 

-C 
/ lCt tcatts to

S ( . +  + v + + , - + r r )  e  o ,
at betng 6 &rc el6!Gl! elorp a rtreanltno, so r,hat

b
t t )  t  * ! " * + - r r - + v H  =  r " t . ' t ' )

a 9 '
6 4 .

I- i * ,Ld) , '=

) .

- - - c B - - _ d



l

lroa (2) ard (t)

.*-

- 3 9  ,  v ' l * H )  =  - ? #v " l - r " H ) =
ro that

(r)  ,1 [o" l* '#)]  "  iLo"t t" '#)]  = o
tfrtttng V"= S**"+;!o,ro uay rr4trtY (t) rnto

( d )  ( S , " i ; , - . o i , ) ' v  =  o

Fottnc tbrt dr crrd = SfaVrc obtetn fFoa (r) ana (l)
(7) *r.tetv) r,'^a v = .r,'({') 9..alnp' .

' rro$ tf gradffo,re trave EI ^f' = ?f L 
d'6F) .

thc lydrodynanlcal problon tlua tcdtrcoa to tlc rolutl.on of thc oqlretlot

( s l  E t l r  =  r y t a . ' ( v ) ,  E " G " v )  =  o

Frdi tl'"€ equatlor (8) ttrcta fol,lons

tS * f;^, - ;,%) [, '" * 'tvt ) -- o,
or

4,"' tf ) . art(v""rry"} ) + ,t'" tvtfcr[vr, + v6c -tvo) t+avo]=o
t .a,,

{e) r -srr= - tIs#P . (*""")#ffi }
rt follona fron equatlon (9) tlat ln alt notiong of tJ.. ala.a unalor .trqr,

tho lsovel6 (1.a., it." llnes on *ich tlr. cgnltrdc of veloclty tr nonetant)

canvrot colncida rlth thc at rcorl tnae c*copt in the aar.s ulx.re tho fl.on la

prraly radlat or prroly arlal.

It 1g En 1,1ter6stllg probkn to of*r nc th€ fllr pc-tterrr cam to thc

dl.t 'nct cleseor of ilolrs of lrrtecitl and yt 6cda lta.rico. Fanrerz app*e to

havc ehostr tlrat tlrg noat general flor pattcrna ccml,pn to eteady, planc potantl.al

florr of a norFvlr.ar., tncolapr€Nrlbte flul.l &n'l 6teady, plano flowa of r vt.cou.

t .J



lnoqraeolble flutd arc thogs oo+rlcpedl* to o;:lral florc. In tha ..ra d
exfu;in'661r1g flo's, lf * ""a rF n.r€ the otrGa. irnctl'ne of r pdt*,ttel notton
cf en tnvr'gcid ltqutd , and Lho notl0n of a vl Eccu. tlgrftr of the tlrpr conslals'd

la thtc notc; ra bavc thc rquettorl

G  =  l l . P ,  E r f  = o ,  
+  =  A ' t v )  ,  E 4 n r  =  o

trnor EL l(g).0 or l"trl").-lvr.+rri) + rr(np). (v"* r rrrl -ivo)= o
1. .c .1  cL l4 l l  -  -  t ' (^Y ' )  , r *

er r?lr = -1rrt*:rf ' r , , ,*,1 ^,, , ,0, .
l*lc noane t'hat the vlacarg frof 18 anoh tlni the r.sover e alrd ths ,tlealllnes
aro col cldent, and re bavc scon abovo that tblr 1g :oselble only !n tho trrdal
caaca of prroly radlal or pure)^y axlal flom.

ilrncc rt havc tho roanltr

Thc flou patt€r"r6 oorulon to ataa Sr artelarnatrr.o pot€ntlsl

llqutdo enal siftdy exloytn'aoirro ft oua af vtroq' rlqurde of

ars thoee cor respondtrr6; to t lvlal flouc only.

f1or.6 of lnvtaotd

the praoert t5ryc

1. Oortl6r, ! .,t ,1leghrrdtrf,l

t ltrn61, G.

FE EFETCSS

!ath. zGltachrtft, jg (tgt+2-brr, pp.a47_
?in.

ilbrrrbrrt oht dGr Daltoohon rhth{r,lrtltcri
lcroinlsr'lnr, e Qg t6-t71 , p.14.
t  c t 'q re : ,cc  jn  a  oar , r j r  o j .  .av ld  { i l l harq)

L
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(to bc ptrblkhcit Ln thr Aarrloeh I'btrtratloal l.tonthty)
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tt argr ttt n{t EQnA?Idt ot til oElrRAL
lEnomrl ; I r:or

, 
frhnotlt ca B.?ty nrnJ nc ilcoarlncd thc eq'atlon of a Jorkorakt

a.lotlotl' s.otr.on by a etaprr clLd.natror procc!!. rhnorrlz har areo glvo

ur crpreeslon for t'lre a. aaloacd by thc Jo.rkorakt proftrc urlng caprcr

lntegratloa- thc obfoct of {:}ro prcacrt rbto rs to o}tatn t}re cE.tron of,

the gcr.ral. acrofoll r.6ttor snd at|o cvaluate tha ara crolo..d b!, th.

gencral aarofol.l. profnc by ttrr tac raathode.

ltrc clretc lr- (oedP- c)l--c, ( c , F real) ta thc z-plrqo ir nppcd
onto a gro.rrrl profllc by tb t,r{rdbrr.t lort

( r )  w :  L a

thtrlr tratrfometlon har n+l ltngular polnts rt Lz-e,, qt, . r a, lrit

thc lart rt. polnte ere laterlor to ttre qlrclo shlle ttrc polnGZ:_Ci,roa

thccl,rcurftraoo. X1 r K1 r r l(r1 lra gcnaral oonplcr cqlatafitr

{

K
7

and atc exprcratble in tsmg of 41 r e,1 r

fa har. th-

(2)

( t )

r  o n  .

f z + c - n " i F )  ( z * "  - " C ; l )  =  a t

L n + t  -  v t P  + x * - '  t x r t ' '  +  + K o - t L  r K ; : o

{ r }  
' : - a t + t  

- ; t  z f ,  + 7 : z n - r ,  { i r Z o - !  + .  + i r , 4 z + i r = e
Fr6 (f) r. havG

(5) Z  =  L i z -  d - r l L L - ? )

S a ' .  ? =  d " i F  - c ,  C . ? i - a L .

EltatdflLtks Z ?6 (4) ad ()) n harr

(6 )  ( i z  -c ) "+r -  -w 
lz -  ? )  ( f  z -  a )o  t  7 ,  (z -p ) ' ( i  t -a i i .  .  .+Fo(z- r l3o

Itc rraltdtt ol tlre tn th ilegroa pol$rsrt.l cquatlons ()) ena (6)

I
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glvoo tlrc cgratlur ol thr gan*rl aerofoll rotldr ln fuotpplo ooordivstcr

w= (!L+iu 1 
-w 

=u-irr ln tlrr $-planc. For th€ obo!.oc o.r. L , ar:Ceicr 6J: cte-ie

rllb "r; 3 - Drt tlrr trant$ortatlqr

w =  z +  f  + c ' e . i o  _ L " j : . r ] "
L  

_  g i 3
. o  t h i t  K :  4  4 c ' a g r i 8 ,  l l a = o 1  X a r  - i  l e c ' e i r ) - .

{ho profth oonedltg ic t}rk' ttr!.fro}?nstldt ls ".f1t""6{ to rl tb 8i6an

proftle/ and ltr cqurtlon oa bc obtalncd m the rcsrltant of the cqtratlonr
'  

2 !  - w i  + K *  + x 3 = D
. ,

( i  z  -  c f  -a  (z - r ) lFz-c )3  +  i  (z - r )L ( fz  -c )^+  i ,  (e - r )+ .  o .

tlrc lart .lretton 1. Ao 1s + A,zs + A.1t + lt z a Ao=o riorc

A . =  i a - a  i 3 + E i " +  [ .  ,  4 1 :  - r * F 3 C  a a i L f t i + t c ) , a ' t r  F ( r r r c l

A r =  L i L  c L  -  s i t i  c [ r i + c )  +  [  ( ? ' F " +  + ? ? a ,  1 . ' )  - ; ; . ] : . ,

A s  =  -  t + i  c a  +  f i c a ( a r l  r c )  -  e i  p a  (  r r -  + c )  - A  r s i ,

A +  =  c 4 -  n ? c 3  + f  r i c '  + F a p 4

Ore cqrretlon of th. S-fon profll. tn leotropLo ooordtnato. ( W t tr )

La thcrefore glven by

A o

o

o

o

t

o

o

o

A ,

A o

o

o

I

o

o

A L

A f

A .

o

ti

I

o

A r  A +

A! 43 h4

A r  A !  A 3

AC A '  A t

O l ( a o

K O ,(,t

-vJ 
.  K O

t  - w  K

o  o l

0 o

x 3 o

o  K g

o 0

o 0

A 4 o

Ar A4
= O



I
ttr c.rt slan oquatlon ln tfr ( t1 r u ) ploc tr obtalncd by rrtttng Fr3 q+in,

Q = q-itaad Lt 1: of the 8th dc€r.€ I'r ger.ral. !{ha P= o Lhi.s cquatlon

lo of tbr 6trh rlcgroo. To rrlt€ tlre a$retlon tn nrll tcrld b. ".ry ambctr@.

AFT"A

1. l,'lanclllr JoD.lhThoEaBr BGtty
2.1'anol l I rJ.9.
).von'iLsesr R.&Frledrlcho, K.Or

laancltll lrr glvan thc tbr.rnrle

A ( c )  =  - i ( Z a .
i  "  J d

for thc area of a olorad crtllr F r tlhf Slbstrf acofoll (l) |. trr tfnn

A(r - )  =  +{ l r "  =  *  J t , * [ "  \ i , * -  . , * ) ( ' - i -T t - .  -H . , ) r "
^' tr)

rlr6"e C o le tln rrppbg olrola. r v!,L ;

lb oralurtr ttre lntegral !r. nola the flltorlaa rrraltrr

5 f  f  z r . .  =  r l  ( ? t - c )  =  / a ' L ;  J . 4 - - ^ - - '  ( . m :  r , r ,  - .  , r ) . i^ "  t c .  n / . o  7

\$,n --, (m = r, ar .., tr .n) *!+., = h,l[^J"' (+*.)'.|,."'co '

A [r-) : nl^'- -],0,h, G*)"],; * ;,l,[il'[;;i f],""
r t  C r  |  \ n ,  . _ ?  \ L l  i- H L o"L6"l [+-.1t.=" r

xherc ll eaoh crrurtlon on thc rlght (;- rt rilran rr : t .

lor tle i-foE profllc nr hrc

A fr) = r lt-r&".;;;Ji r.[f,.[#if] .=: ep'i,r"[6.1'ej
= ti{ r- l i" ' '*if - L&+ c* e'io1f ac'€'ie)}?r ̂ (cr+ c,rcio,)(.. '. 'oJ'i- ' - v  

T t - F - 6 * > - U ; * l - -
-  i  l "  . ,  " ,e lh  la  f i '+  s  p f  a '  "  ̂ r ) l ( r i  -  o ' , l ' ]

Rcf,erancel

Iqro". :,:atlL UontlfyrS)( 19&6)pp. 147
tbtc,.,5P (l95tj ,'p.2,P-zfi. (14
Fluld }yndrxlc., (Browr Untverslty

19f
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YIBRAIIOI{g OF Oo\ifogttE STnIM}8

?lbnttoal ol oonpoclto bodbs aro eo,a6tlinos cnoount rc.l ,,n praott 6a, ,rch
'r ln rsm typea of rndr.an n'greer. .Jnm, anar ar€ oftsn rtr,ftanrt, to aol*a 6r.otr,

undtr the partlorlar banndary oordlttons obtalno.l, ?h, Elaplcst o, thoro, lhc
tLbratt-ons of a conposrta .trlng l68ar. to a typrcar, thurgb trot norsl, bduidar?

valuo problal ard lcndc lteolf to analyals by cler€ntar? ncthodg.

|. eonrlror hcrc thc vrbratrona of r conpoet,te strrng oon sl ettng of trc

Ldcal ctrln8a of I tncar dcnsltles g, and €a and total lenlltb unttyl ( rhlch lmot_
ar. rD los6 of generallty) Jotnod togoth.r et h (och<r) .nd lnld fl:tsd et lt, .t!dr
und.r u?rlfor4r tsnaton T. ?hc rnal ln vlor la to dsterqlno th, totellty of, clgfi!.

vaLua. and cigorrf\rnotlolo of, the brnrndary valuo problea

?LU

iT. =

rhcro

f 'r'#-
1 ^t ,t,^
L - !  n ^

o . (  a  s  h

h < ) t <  |

.
c i =  - r l e ,

U )

c rL  =  T l e ,  a ' n l

?r I o r &)

tlt I h-o; b)

t t  ( r r b )  =  o

?L (h +o ) lt)

? rr L I +o r b)_-TT-

+  $  Y ;  =  o

+ f i  Y ,  =o

for arirttrary valuea sf h rn{ th6 retlo t :,lf,ler.

?L  ca ,  g )  =  J  
Y '  t t t ' t  ed -c

I  Y^tr) e"t
lcnda it ihc equat lanr

tv,
trtL

At Y"
4r ( t

(r) ann ('+) ctrply ercrrt thc oontJ.nrlty of ths vortlcal -dl.splaoaent and t*re

rloFa of ths rtrlnf, aorosg th€ Jol,n of,.thc parta.

Thc u '.ri'l eEtinptlo of !ryrronlo vlbratr.ong
o < 2 t < , L

h  < r ( <  I

o s r < r "

, !  < 2 t < l

( L )

[ 3 )

Cll)
'!hc bannilar3r coadtttors

LF)

?  u  L h - o

L6)



I
rhe?c

2 -  L t  L
) r  =  a J  / c l

-2-

a,n,L fl = ,r"/ "i

atc thG ellren:.valuec para'nctcro rah!.ch dcter:lrl.nt tho na{ ra1 frogu*rclao of rlbrc-

tlon r^r . In vl.en of tho bounca4r concltlo{rs (2), 'wo tak6 for thp eolutlon of (6)

l'1)

te)

(.e)

Y i  =  A r  l ' , h  ) , r  o  < a  < h

Yr- - Aa fin'n l:-tl:a) h 3 2( < |

ltc borndaty condltlons (4) lead to t}c chaFactcrl.ltic equatlon

) re . ) ) ' . [ r - t t )  r ; "  ] ,h  + ] r@] ] , t  r " ;  ] r -L t -h)  =  o

c9l
C,,

TR

iqtactrg l1 r and )! frod (?) ln (9) and uatng thc relatlon 9-.)9: ,l€iEr= )t,

ra obtdln tira frequeacy cquat!.on dlr.atlf Ln ta.t's o? lt .

co} @*?Il x. qglt
Ct +  z o $ ,&; esf = o C,o)

u t l t l ng  oh fq :1  and ! - l ) / nh  =  o ( r  r c  ob ta l : '

eD t  o l  1 -  * i , v ,  t  +  n  c .o t  t -  iY laa ' l  1e ,  U ' )

a toa r,:ore erltabla f,or tltnerlcal co{tFrtatlon

Ttrc roota of tlrc ttanaeGndcntel tguatl.ot (U) 16rd ts r dl.sereto sPactnr

of cl.gen-valuce a4 rhich ln gcneral dopcnd on both r anit o( r Anon6

tln clgeralucr a1 iof rr'tlcial ralu6o o( , 6 patlsulF.r arb-sc$rcrm of

c!,gan-valuea t\ , nlrl,oh oontalDs thc fuadfir€ntal, dercryct tpoclat n€nttoh.

It vlll be ghora bclow that lchcn d !s ratlond, tl,orc e:lot etgon-valu€B

rt^ lor nhlch both lJro tranr g ta cqrnt!.on (tl) are elo"rltane*rgly E6ro. Tha

ronorponilt'rg arbsct of clgcrfirnotlons y' trvo the or.mplo physleal Eeanlng

thtt the Jola of the tro perta, a.:[ls 6ttha? r node or an antt.-nodc for.ech

of llrcso nocoe. )onvcrocly, thc JotD po!.nt of thG aorlpostto strtrlg cs b. r

lDdc of a,ntl-node only whcn d\ ls ratLonal.

Tht e apeclal orbscqr.enoe of algc*valuas and clgcrrfhnctl.one vtll bo

flr.t obtalned. Ttpes arc rlctsnntnod by both t}ro tonrs ta Equation (ll)

ranl shlng eAnrltesscu sl3r' t.c.'



{

+
t o ' " (  r  ) r f . r . l -=o t

tarr t;^ '(.r. = o .

llru€ thr rlno anii collno tcr oan rr rlr ll'ulterocnrely vardrh, oaly tm glrrt-

bl l lL lce cxloip

* iq l "  = o,  1. i . "  o([  = o

c . c 3 e  - -  o  I  t . ; l o ( t : o

c (  =  ( r v n + r )  J  t u t t r )

:le all.tlngptrh tlo a$€.t tho ft"tt ln r.hlob ir( le of thc fo;r

It ia readtly recn that tot tln :t .d eln o( l( to have colnoltlaO

!6roa, a prcroqulrttc la tlnt o\ !fiBt trr rattonal r

(  r4)
l and n bctng ln tblr lorogt frr .

!owev6r, lf both oor 2C and ood o( t at to ta?" oolnoliltrt ldF r1r o{

Errt b. lhrthcr tcgttlotcd ta. fational r{,rnb6r of ths fotrn

( tr)

Ltb,)d :  - l n
*l*rc bl,h u. end a ur6 no',, cdd lntcg.rtrr .nil ir,]t Ercond tn |fitoh d lr

of i'!ra for:n

d ::. [r.m +r) / Cr-rr + r) [ts')

ln th€ flrat oetar only thc alnc tar?lrt oanr rrtrl Eh rnxl thc aolnolicnt mota o?

6tnr- and llno(r lcad to thc clF-en-rralucr

" A  :  X n T  ( l ( :  l r l r - . . .  )  ( 1 3 )

In t:ra .ccobri caa rrl'cro le of t,he foFd (lt') it ls posetblo *r bot$alrt

Ef equatlons (12) *rrd (fr) b b. tnra anil rc obtetn tha sat of alg,orrvaluoa

2q(  = x  l rn+r) {  t t r )

drar relger of k glvtng tha ooincldqrt rcoto of tl,a palr of cgettona (f2) 3r{

odC veluas of, k glvlng the oolnclddlt roota of t},c p*lr-of cqtatlona (lt).

fi. rsr Flic dosn thr oorroopondtng olgen:i.rnottoas. Ja not6 tht ctnl'r

thc ratLo of thc alpll,trda. ls dctslt:tlned for aesh ed6r thl. balng obta|'lud



{

-+

Itua o of tha cqretloar( ) ) rd (4),

.,ra glrGt b5r

Itr clgcn-funotLctrlr .orr.rponalqg to (6/

v l r ) t . l  =  A t ; r y r  r  o ( r < h
. : '  .  (t i)

Yrs) tr) = 1-,; i(e'rn)+1 An ,,;n t{f tr-,t.1 , h< r 3,. '

gldlerty tlr| rfeG.aMtorr corruponibg to snt raluu of t 'rr (l?)

a;o sh' bY 
f)tr) = a u^ rJfflJ r o <  r  <  h

(x = r, r.. ) (rl)
h  ( a {  ,{ 'c*,  = -  An , ;"  }G'r+'n 1r-r  t

rldlc itr rigcn{tnoittone oorrelpondlag to oetd valucE sf L |'n (l|) arc

A , ;  t  ca4 I r  ,  o1 r  th  
11  , , , . , . . 1  t ro )

vl'(*l =

r l  t t t  =  t . , ; r ( r - to )A , r ; . ' , ( tg t r - r ) ,  h<a<,

tt dll br rptrd tlEt the poLat 1: It lr a nodo for eaoh of thc €lg.tFfirnatlons

(18) and (19) and rn errtt -iod. f,or tl6 cLgcrftrnot!.onr (2o)r llro ftrndarcntal

loda of vlbratlon lr l,!uE obtelncd by Smttlng L'l fn (2O).

th. clgonr{ilu.. ei glto by oguettone (16) rnd (f7) rrrd thc oot"ctpm-

illrg elgerfirnotl.onr givca by .guatlorc ( fO)-(2O) er. .derhat apccl.al ln tb

ecnec tJrat rhllc thc rf, uo iho root. of, (U)r ibty rskc thc lndlvlihral

ta"rla yrnlEh rl'mlttnrfirtlt Ir havc ytt to obtaln thc clfion-naluaE x,{

rtrloh erc th. root. cl (11)r hrt fo1 rl4€h 1!r. tradtvltual tcrzrr do rpt vardgh.

?h.8. ara th.rGtrotc tllc rootr of

L * r  x .  + Z t D , ^ o ( t  - 3 o ( e r )

tbc clgon-na1u6E nN arc tn gwlrl thnotlar of bolJr I (o (r a oo ) ct d (o <a<9

ard hrro to b. dtt r:Etntil graphleally cxccpt I'n rrry rpcolal ['.|. ltr '

grapldcal rcrlt rqutrcd .qy b. oonoldcrably rc&rcetl by plottttg g: to- r /ta-r{f

rtth 4 at . Ftoctcrr nhan thc rooil t*(c I corrcrpnrtlng to a'ry t rt b'



q

rcad off dlrootly r. tbc a.b.aiaalc of th lntcrs.otloda af th.s anrnct nl,ll

y ". Dr. aobral o@putetlonr thor.fora nccd to tako tnto ecoannt only

oar of tba itrc tcrlablc par@at ra, rlt r C , ff.ttt *, tho rnrlgc of r

nacd.d ln tha g".phlcil rort u1;r bc rcrtr!.ctcil to O(r (11 f,or, as r11l br

.hon b61or, thc clgen-valuct fbr sry r ( lcr<oa) rrd o1 ( o4,"q1oo) ara

illrrot rarltlploe by tho factor o( of th..lqcrralucr oorraepaotlrfg b 
n.

( o <*< t ) enC r/4 o to prove thlr, lot

I l n t a  j * )  =  E o * ,  t  1 ^ e a -  a r
. thdr r. noto thrt

, L  + ( i , l ; r ) =  + t n , . { ,  * )

( .aL)

rtdoh prxu thc rborc trrortlor

Phlralcally, tha tro oapot!.tc ltdrrgr nlth t dit , s,A l/t lrrd Vd

at td6ntlorl ( fcr aqy fkcd r and d ) cro.pt for th. lntc"char€s of tb.

otrtrpqtalt parir, end Gquetlon (2) k acrely e ltat-Gt of th. obvldle lbct

tlut thc f!.Srcnoy of, vlbrattqr t^r,. taalne tlr mnc rhcrr tlrc txo paltr aro

lntltcharagod. llovrr?otr t, lrrctrl€dg of thtr faort onnbloc u! to cdrflnc

orsolvog to plotttqts the orryar ln thc strlp of rldth -l<n(o. It tny al !o

bc rotad ln perelng thrt lf ( t. I retioul nnbcr ,4/n, tl,e graph can tc

oonflncd to o< z.qnrfaa f(r,41 e ) lr tfrcn prctodlo rlth parlod ni-r.

Flg.l ahova the various brarchcr of t af r/t na{l' ln tho rrqg.

tor 21416rE.

l. r prrtl,oularly tlqrl,o lllustretr.otr of ths abovc analyrte; r oonrLd.'

a ooeooltr rtr!.nq aedo of tb partr of nanry oqual llnar aldr.ltr.es and of

oqual laryth. Aooordlnglyl tct

E ' = C  t  € ^  =  € ( t + f , )

tfh.r ly b. po.ittva ot !.Eatlrr. nG..

t * {n-, =

f d l < < l

: r -  . .d , -  {  , < r ,



&

d - obtda Ar t} dgcnlrr.Srfllo!

t oh  ( ,+ l1z  >*  r .  +  ( r  -4 )  - ra  t i nL t " { ) r  =  o
lilgl.atr|t ttt ryi.rilt d$r unltg rn tL.edfrd*lt of t&r nd tar
r o'btaln fur r f,lnt f,pprodr*loa

, [ ; n  [ r + 4 , . ; r  -  o

drtob lcdr to ttr clrqr-trlur

aK  =  K r r  ( r  -  i ) 1 "  ( x  ' i , r ,  .  . .  )
llr ryb; lIrlH.I t'db*lttc

a r A . "  L c  a r  =  , ( t t . U - 2 )

.!r l*hrti l trrtft oiur{rtrdd,tr e !,f, t bldl l | tr
". ErG-It

Xlnllyr * ttltr itdr ttr A6o.*Wonr ao'n.?oal* to & FEta
r.,( d.f.ttorr (21).

Y , 6 )  =  h L ; ^ \ x  ,  o < r < h

"l' = ft 2*'a tx c-r- - 1- r l
,r crblrrr." *.,-- *..rFffi-::Y?* 5;'; *
iiltltat la t&c |iel ilIl & *rrt to tlrd ne6tto, *ra o( l.
nrtl6|d, trlt ..EE dblottcr. (ISHAO) ar. aitqEl ln aob d t|r tllr
(  o  _<  a<,1 ,  )d  (  t  _<  re<  1  )  r rp r l t c l r .

I

t
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*

+



I
A PROBLEIi n[

of
HBA? &TDUC?IOtr AIID l'HE }NOil]O?
IIIREE ERROB FUTCN9NS

Ealavlllel haa obtained an erpanoion for the ptoduct of tro ctto"

firnctlona by oolving a ttpqilmenglonal problcn ln hcat conductton Ha

obtalne the tonperature tllstrltutlon ln o qutdrantal tnftnttc olld inl-

tlally at a corr t nt tcmperatrra ( wfrtctr ".rey bo tak6r ar un!.ty) ard ftr

trc faecg orr fialnt{a.lnod at zsro tdpcratrro trt tro dlffatcrri fotrna and

thalt ldentifloatlon provldee th6 r€lat!,otr

(l) enl [rr cor g) cn] ttr r; 0) = + j
n--

Hhere Ur. .ttor flrrstton ls doflnotl $

(2) ut,  L

tu o Lunylg. nat*",F;(tr+r; hrr3i-t l ,

o (r t r  * , )  ea" '  (  !^)"o

-  r " )

). C ls nclthet roro not

2 ( :
6 t=  * \ 6 ' a a  - -

^,1II J
0

a:t
vrr , F ,  ( i i  1 ^ ;

ed 1F1( a ; t; r ) t s thc oeflu;t ftpcg.oornctrl.o i:nctlon do?tnal f

()) ,n, [";  C; ") =

ud (c) ,  = F
r nogatlv€ lntcg6r.

Pro.cntly s atudy I ll,nllar probla ln thrcc dlturslonr. ta o6trn!

trl olld bound.d by tba g.radrante of plance l. o , 9: o , and z.: o lnd

othends. extendlng tl tafr.nlty c|ah thai the olld oc(lrplee tlE r.glon

o 1xtgt z vlttr no lsEtrlotto! or ttre rig.|rt gldc ls kept lnltlal.ly at !

oonatmt tqcetrrc (whloh la t kat u irn!.ty) nnd ,tlrc feoct x: o , J _- o ,

and z:o arc k6pt et "!ro taps"atrrrG for 6>o . we alct rdlr tha

tap6rrlnFc flrnctlsn ln tho sollrt ta tm nlra tn a nanmr cntlrely alatlal

to Fainyllla l e. f6 rmJr thar doducc an srpanel@ fot !h6 p"oduct of thrco

ctror furcttona by ldanti$lng t$e tn fortra of solutlon of onc 6d th.

eanc plryrsloal problen. Itor.rcf 1t nrr6t be noted that the last ctap

? Lo), xn
#e n! {..J",tr'-
( n = o r  t r r r  - .



I
vla., of equatlng th. ts fotros of solutlon ls valld only lf thc phyalcal pro-

bla ls aholnr to hlvc a urtguo solutloa. lio atternpt ls nadc hcrc ln tltta

dlroetloo.

ltc tn'rperetu". firnctlon I (!r9rz, e) tn thc octantal oolld la a Flutlott

cf thc bqrnilary value problan strrtcd by the followtng equatlont

( r )  * =  * L t * . * ' i * , - * )

( 5 l i e  L ; o r  ,  7 L  - r l

( 6 ) ' a  ? r + o t ,  u - t o

( ? )  r r  9 +  o +  ,  1 ^ . i  o

( E )  r r  L s  o t  t  7 ^ ) o

b ({) fe thc thcrEal rllftullrtty end la r.a!.d constant,.

tt lr caslly verlfJcd that t'h6 problem deecrl-bol by the ebove equatlona

(4)-(B) hag ttrc colutte

?r= enltTrh) -r[=;) -r [1fu)

llrlg le ofoorr!. a claceloal re*rlt

L,ct ug nor cnploy apherlcal polar coordlnalca ? t O , 0 for etatlqg

ttrc srrnc plgratoal probla. P r e r { erc rclatod to tho sarLoslan coordl-

natoi thror.rgh the uanal .luailona T = ? t*.od rlr 9 = t l*o*i, z= ? cAA -

Thc borndery valuc problcn ls nor alaaorlbed qr follor.

(ro) H =

b > o i  ^ > o t  g > c t  z > 6

a ) o r  g > o ,  z >  o .

b > o . i  9 > 0 ,  z > o .

E > o )  L T c t  r ) o ,

6 ) o  j  l > o , 9 > 0 .

te)

. t f * t r  r -  ) r r  ,  a l u  b b o  2 ah  \ E ? ' n 7 ; j + ? L r s L ,  
- V ;  T o

r ?L rt \+ -7F:s ;et )
E ) o i  ? 7 o t  0 1 e < 1  1 o < $ < ' t ,

( l i ) A f  t + o + ,  t  1 l

( t 2 ) A r  +  +  [ D - r  a  - r o

( 1 1 ) A r  4  +  o +  , ,  r J D

( r 4 ) r r  n  r G / l -  r  r ! € o

-.

0 ) o ,  o <  e  <  ! ,  " <  4  < \ .

e ) o . i  e > o ,  o < O < T .

t > o )  ? 7 o t  o < E < 4 .

b > o i  ? ) o ,  o < 4 < I r '

tto rolvc tbr probla rt t,a tr trl. qrrtton (foF(ft)r fbllordn6 F.tsr'1lll. n



I

_thc coadtttonr (fl)-(14) nor bccooc

( 1 7 ) e e  v 1 - @ t  V - ) l

( 1 6 ) r l  o  4  { T ) - ,  v + o' \ 1 ,

( r 9 ) r r  0 - a  o t ,  +  r o

rcok oertln tvprr !tr.olut!6a of ihr <tlfferanttal .sratloa (lo) rnil ttren

t*. earc of th€ anbslallary conilltlons (1f)-(14). Yo ohoo.. pooslblc lolu-

tlonr of (1O) depcadfng only on thr€. rrgu:Illt. h t,ttc foll

l  l L  \( r r )  2 r :  1 F t -  ' k ,  e ,  f  )  =  1 ' t u ,  e , 4 )

eL
ttllh t = - 

;tT 
. E$t..tLon (fO) lc ttren rGcast Lrrio

(16) ," t :*  +ul i -o) ' , r"  n i t*"+ Y H. + 
*d,=,

( u < o i  o < 6 . T , " < t < I - )

o c E l \ .  I  o < g < 1 .

t  <  o . )  o <  e < L .

,  w < o )  o <  g < T L .

( a o ) A a  e  r  G ) - r  9 4 0  . . . t < o  )  o < Q . L .

llb bon*hry relrtr protta (f6)-(2o) rt tnr bc -lr.d by tlrc lrDuit d

spalatlon of verLabl.ce. l,6t v : V (rt) . @l.e). { [+). (16) r:,hea takcc

tlrc form

(er) +|.,"fJ" + u[{-') H) * fr ($;t' + cot-, f ). 7E--*}t 5i = "

drloh an tr ohngrd tnto

(2?) + ["'f; *'1i-')*) . #t*g + cob0f) =-trti="',
. L !

thc equatton 
h? * 4,(L 0 =o hr tho ganeral lntcsrrl A crE ue 0 +l !'o:.r

rDd Ib@ tlre bounitarlr latEti r (18) a,nd (I9) lt ls elear thet

(2 r )  {  =  ) t ^ r1  a rn  g  ( rn  z  t ,  L ,

f! follon Fr fll (2) lrrt

frh) + l'" *n, + oll,-')f" ), = - ,A (*g + c.bo *).t = p'

,t



1*b

'fhc oguatla

<2r) *9 l coood@
Io +  f r / ^  -  # )O  =  o

ocr be eolved ln tolltrt of tho l.egenilre r r ttmoiiona anil to satlafy (2o) p^

ta to bc qu.ntl rpd rccordlng to th. t$atl on 4 pL= lra +r) lrntr) tha

thc relcvent .ol^utl,on ot {2r) L

? " t  { c " i e )
t-n +l -(26) 0 = t l  1 1 4  =  l t  L r 3 t .  '

L n T n )
V (t) fe thcn a roluilon of

(27) "' *u" * " (.4, - ") f"

l{o rnay solvo t}rla cquatlon blt tlre rnat}Dil of lntegratlon !n rarl.cl and flntl

that V = 4V1 * dlVa r*rere

V'  = ut t i ,F , ( r r+ i :  r r+ l ;  r ' ) raa Vr-  =  l t - { ' '+ t ) ,F ,  ( -n- r  i -zn- \ i  v ) '

V, !.a a polproralal tn ] of al€gr.. ut+l rnd ie to be dl'roardcd by ur

!. ^r lB ftnlt6 flhcn 1r ? o for aay flxed 6 .

Sr ct thon tska thc .oluttott nlt I u, e, 0) h t,trc fon

(2s)  V = 2 iAn.vn ' i ,F ,1 , ,+  
: " ;  ra* { ;  . )  t : : r ,  (c , ' }50)  s ' " 'L 'o  }

A . t  f i t ,

lll tlte aondltlons elih th€ axecptl.oa of (f7) arc al.reeCy eatlaflcd. lb

trla 0616 of thl! rG not trero that'2

, F ,  t ^ i  c ; r )  =  = $ .  t - ^ i "  l r +  o , r l - ' )

-  9d - ( . ]Cv :  o

{2})

ra tir ?( 1-o. lhar r€ ncct to hrt.

n4 m2-l

€dtr(r+i) ?"t t*te) lt io tm $
t n + t  

o < g < 4 ,  o < 9 < 3
( 9 ) l =

loroduct of.tho t|'ol sldcr rlth &-"fln{on tntegrailon rclt}r roepoct t" 0
(earl 16

l"
J  , ' ' ^^ep4 r4  =
o

ur i a fiil]� ,irtn+i) orF f core)
T irn*l'tnTL 

t' ' trr+, \

t l t  l r l l "  t ? r ) '  o < s 1 \



+ I
lr the lntcgral ta the left .n*nbcr 3 s for evcn vatuss of F rc tetr

( V ,  A . n ;  = o  (  f  = r r 4 t L r . .  )
{rl

(tr) i- l ,orrry 
Lt."tL) r '"t",, t-" o) - i  (p.ttzt." ( r).

Ito&ei of thc tro rranbcra of thlr cqr:atlon "1il, ? llr!*10)langad lntcgra-

t loa  * t th  rcopec t  to  O ovcr (o re  )  Iods to

ty) T o^/# "o(rt+rr) ;+a H = +i'i?-.,[core)r.uoao
t.3 clos€d forn of expra.sron is not kno*t for ths rast lntograr ro ,,rlta

thc pol'Snronr! a1 fonn of rlo! ,, [r I anil rntegratc tem by te* , d.ri"tng ttror

. I s rl cr - iz (x +i) l-F tFiJj 5), ,ro/ x+, 1'ten-rp+r)(rx-rp-r). 
-(u-4-,| , , )A tb=GJa . , . e - . - ' f f i } ' . - , ' . ( l ' J fo ; f t ; - , ) . . t l l . r r

( X '  l r ^ r . .  )  | :  r r 3 2 - .  S K  )

"it-,r"(l'1 
ffi 

' on'l,F, (r+i; e'n+f, ; t
n.  o  . r : ; " i "14)  h ;or ro{

Ltttln8 thk rolutl.c tr tcrma of gi 0r 0l b n havc [rr < o, oceyl<

l ' . L \( r t )  , \ r ( . - # r ,  e , 0 )  =  u  ( f , E ,  0 , 8 )

=t*;) '  i  ***(u#)"*t, ' ,(* ' i-, xn+{ '  -f;,) ' i i$?,t
L '  .o=t  t t

n -nt

. ?:',,("+r) r,; "- f I c-,ftlltffiS

Frou (28) thero follors

b > c i  ? ) o ,  o < + < { ,  o < o < L

I



x

r}tl ch r*ne

oqratlonc (!)

(9) .nd (15) "rc tF forrr! of

problon. B€forold€ntlqrlng

e : l h J E r f  f - " r  a . r )  + ,  9

+

olutlon of onc and thc eanre boundary valuc

tha $a nr;r affect thc irrngfornrat!.on

:  A h f t '  L  * : - / , 9  h + )  z : a h V ? n c d O

Eqratlag the e:Eroeelon; of thc

expanel.ca

,.'qt?'. RVr. 22. (l?rrlpp. 4>ql,

iffit

?L = xr+ 9t+ z! - 4r,lt

errd (tt ) wc obta!.n

u|

tht

G 5 )  ? ^ | [ n ] m 9 . S C )  e ^ f  t a * O 2 , ; " D a $ l n d o )  :

I l.\3 ? -rrL ,.r+, r
\GJ ,i 

^ ,L ,F,('+r'; a"+ij -*) '; 
i: H,i"'i,tcre)L;r'e

*"." 
"i'n- 

= Yc,,o (:;t,-?-?:;i,il#'],,"t-;:-ii#'o1 
o{02f

t t - -o
Aa rnsntloncd abovo thc varldity of (16) te open to q'cetton unttl tt lr

tlgorou lly shoffi that tht ttrc o\yaloal probla har a unlquc eolutloa.

Roferancaa

I . fialtwl I I c, 9,.r1 D.
2. ''rde1ylr A. ( dftor)



t{rE lDRstOrAl, RtctDITr oF A BAR rtrf,
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fi{F IENSIOFIL FIGIOIry OF A BIR ..{TfTI
SEC1URIi.l. io( i;$-3f rl 'IIOtI

llrc anat;Ttlcal hlutldr of thc problcn of torsto?r of a bar rdth eeotorlel cro6r-

ractlon lr.a clarsical "6dr1t ihre to stokaa. llrrelor the torstoDAl rlg!.rlty

alocs not secrn to hsvc bean exprooscd ln r co?rv6n1e!!t fonn fur tho roctorlal bet ,

trcott ln tho oasc of tha full rnd scnl,-olrcular bars. 'lc obtaln Ln thc rrcae'nt

note, on oxproaston for thc torelonql rlgtdlty of e bat stth a .retor of anglc

aB ctooa-6ecu.on, ln totao of thc Pot- flrBcilon, anrl the!.r rlertva.tlvea, lor rhlch

1

prtparril tablcg of valuet arc avatlsble.

ib6 Btroas f\.tnotion for qroh a bar lsl

(r) f = +[-n(,-*f) .tf l,f-t.t)g
1

cpa ?!LY L^  . J
nrt?r A', = r#.'(- ' f l / * L"r H) (r-"#)
?!p torsl,onal r"tr{lClty for at{f cyllndricol bar 16 glven-W Mb =

ttGrcc 1/^ .t-'o"'+* = i",t. {t-":t,-H ).*.t.Bf"t"g
:.jn perforTrhg tf e lntoT;rat lon, ue bave 

' tl:" 3t"

*t = ;*tto,trcl-e\) - 3a"Lr 
,i,.,/ 

r,"tr- '#)trr?)t

a. fJg ' ,a ' 'av

]  
, na "  .

to sceluqto tho a*rl of the scdae on t!.e rlr'-ht rrtr t:"ite
ts

A. l  , t t  - .
2_,1"'F-"#)("' *)" = E"t [""-Ti|  60."  ; i r . :

3 @
.al rl 7r'
i ,  I  tTi :#,1[+ - +- # )4

,r- ' ^  
e  

- -  l r 3 r "

* ; . ; " "  -S.  i  t ,
= *.,i.tn'"'-or')-' + #. l;

-# ;J - #, ,*,,'n'+)-'(+-+4) - r?(n--r ) l
-f i,*"') - #, { 1 t"."#)-' - i ?("'+)' '}

Ualr1q the pertlct ftaetlon expanrlons of tan o( r .lr [a) =ttoglZ ."i V'(z)

thc above ssrtas rcduo€g lo

#.  * f  ** , lv t , * '#)  - r^v t ' ' { " ) -  j iv t r ) }  -  # : .
- il,l*'t"# ) - j; *'{.*)} .
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-e-

Ilr than havs

# = "7  -  E-+ lv t 'n?)  - iv ( r t * )  - iv t ' r1

*  1# l* ' i?)  -  i .v ' (+)J

Fri! thc relatron# vt'rz) = ,trt j '91r + *) + bgln .na ,vt(mz)=u"i'v1.4;

ra oen rl ro rtlt6

k = + -  T ' i ivB+f1 lbee- f ,v( r ) ]  +  $.v , t ** l )  .

r .e . '  Mg = ee a4[ t  -  iL*( i ** ) -v t i )J  + $^v ' t * ' i )J
r ' l r raaaaaaaaaaaaaaa�  o(=t  ,  r iu , ;  to  thc rc la t tonr  V( i . )  -V( ! r )= r ,  v ' tg , - )  =t  -4

. ya htrva th€ rrowr erprosaloal

m e  =  6 o " a t { - + )

I.ETENEIruE9

t- rrnaricnb, $.1,: fioodler, J. u. ?heorv of irpstlcltt (:Jecond r.dttlon)
I,c5t, p.279.

?. Er{elyt, . (ldltor) t|1f'her (*nsce-,derrt*Mnctlcna, yol.I
t9rr, t).16.

!r 8lrcngr,r.l.. grart. Appl. ,ath. gr(1951 ,\, p./p.
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(.rotnt lor* rlth tr.B.3rn6 Fltrln)

(Rrbu.r'.d b frltlrvol.rT (ftt))
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I ttloomr4gtRlJ sERlgs IEED llf
P!'iY3IJAI. PROBLTI:fS

!! caurrta rdttr r l-fary-.vrlr*l p'rbta tn |ro{r loqratlo., n rar b{

b conrtd6r thc follovLng td,gononetrlo Ecrle:. 
. rt l'ac bfan not d furthor tbet

oortaln other trlgooactrlo alrlcg oroounterocl by R.S.Krlolrranlr2 ia.i t.s.

Goddard, tn itlfferant phyelonl citnratlong can be obtatncd e..p.olal caecr of

thc abov6 rerlca.

thr aerlos caoou[t!rud ht

e

2
t t =

t ; ^ L r 1  + 0 ) a A ( o r 4 r r r ) , r r y ,
O l L 1 t t

? . + 0

.nd i( 0 ,4 , 
'/ ) can bc cxpreeeed al

i  4* :?4 ly t , *e.1 -  nr( r+4) ]  +

c .b  to -  4 )  1-----d:3-

& ; 4  l o - 4 ) l-=a-

I
i

I

.L

g(e) = 9, c (0.,r)  = i  
.E:" j j ' "

-  
F tz)  rL=t @

lLErr) = e, *91!
Th€ tren.&Etloar for c ( e ,t ) rrta ,t (el? ) loerc obtalnaa Uy C.tt.,'"tqy4.

nr t t fq  e  -  |  a l  t  ld r rg  t l r .  uo t rA(g ,  e  ta )  and A(  -6 t  -e  t  *  ) ,

onc oStatns t ll' raalt, ( xrtshltlh loo. o1t. ) r

P;* 1rrr. +a) ,f

o  l r t r  +d )^  a

firttlng O = -9 = o(tt( €(> I,

( Coddard, loc. olt. ):

t t-* t*:l.1t>
=

,tt-L - o(r -t

,*i,yr Lr +4)t
_--....-.-=-.tu+ al

Lo,  ! r )  -  c  C4,  ar ) ]  r

+ E(4 ,  r r ) ]  r

an = L,2rJ,. . . . .)  raa f -- 
{  ,  oo obtdu

( e ,  e r )

l c

I a
yhore

e

2
) l = -

I

n : l

o .
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tb oorrcrporrllng rcrlcr lnnldns tlrc oocLnct, nooly,

: ' c " D L . l e ) a .  g l c t - g - 1  "  B ( 0 , 9 ; r . ) 1  r e y ,
4  T  

- r L + s -  :
au- - l

can also bc tratad ln the eme Er nn6r.

Tto laat gar:ler can ba uaad to obtaln tho raarlt

l l , = - @

5ho dctatls of thc calqrlatlcrs end oertaln othor r!€nrlts vtll ba Inrl,llstred

t loenhorg.

islFErctss

t. frloluranr tr.8.rrfoc. noJr. $oc., A, l!/2., 181 (1947).
2. K"ltlrran, F.g.rJ. Ind. "httl. 3oo., 12, 79 (f9rA).
) .  i :o i tdrrrd,  i .s.rr?oc. lanb. l ,ht l .  $oe.,  41, l l *  (L9kJ).
4. Fardy, O.F.r aco ltrqmlch, 'i.J.Ita.; 'rAn Intrortuction to th€ Thor? of

Ini'lnlte $erlosn, t9? (l1acntll.[rn, 1F6).

R.

a
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(lotnt lork dth Dr, B.s.idr

( zutllarrcd ln tb. Proo.edlnga of tlro
tor.)6(t9V)l
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Indlen A8rdqr of gat Go.rt
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- .ra

oln|stlr lltl0lGt?mtc sus.q$fiqs

, tb e.||6g|[io c**r od{.rod hlor lr'o boc.r }lq|trtctld l|t i}p oa[t

of cartrt n lrr.o3tl*rrtl6n6 ln roca asidttoi anil ln derd of ih€ ore0tfGrE d

elnllar 6cflo. Ir dtt.foo plgd,€rl probls-.E, s!6 ffiljc tt of soc tnt5let

to :]f6o€r3t !t6re att olacrtaryr !'cthod of sr??6r'1''l' ttec! ta t.|ill ol ltentlrd

functtort. 61.:tg tl'e6c ilen€forgdloao, tt lo etnnrn ti*t oon reanttg &ra tc

?.rlri r.lanl. a*l ;oddatd2 Fro {:er1lveblc.

''c cenollor tl* tilgw|s,|oteto lorlsa
d

? S; (rr+e)r . si^n (n+4) t
3;i 

-Tiloi- ' --t.,,+4t ' o < ''< rr (r)

rnd the ,:.:r' re$por.rl:lng sorl es tn coil"a-?
oo
3 co$(4$)r .  c. t [n{)L 

.  o < 1_ 1i  tL)
Et 

"rt+g {t'+J

rllok are dei]o l.rrd lrro by A( e,4r aQ an.i I ( 0, 4 t r) rrqrct lvoty.

So u6s tl)o fo:,lar.rArfi knsa r rs.rigs)
' @

(n) cto,l) =:.*a#.!L
1 = 1

!

= i1"g13a.u+!1"try)-vtB.)]-r", - +
(qr A te, r) = -l&fif,Aa

?l : l
t

I l .  "* t l t  rc  +r*L^t t '+)-vte ' ) ]L ' 'nne -

ni.te

" i " , = *1  =  k - (u rn - i - #  -#  + ' )
f Lzl 

't1, -) a

?hr sor{- (:r {l) oan rlo$ bo tre6fora6{ t} B

A(e,9 ;  ) t )  = t  ? 
c, ' ' (o-4)r- :?L [T,Li !e+4)i  t ' t -

i t  ( ' r  +e)  Cn+4)

} ; s r

r  c o l t o - C ) r .  ? t  '  r  \= v s1;- 3t-'r+A-- 
' .+e I

+ L * .a Q$ 
- ;tt)'olfrr+ lt.+c{ t)t



T
l}ttt qg tho talctl

Thr-' :-.ll:::.;,:i

8 Lo, t t  t )

4-

cor | l  +tte +{)u

., cot Lrt+a - Lts-4iler

c , :a f  n t  i (e+4) ]e r
- ' n + q

-t l"r+g + i te-4)lr i  reqae:t! .wl5r1
n + q

- Fi 'atrr+0)r ,r ir  ( t+ 4)f
( n l o ) L n + 4 )

? t + g

A tsr4i t) cur: 1o tra;:sfor:red ss

A(E,4 ; r1  =  I  
d9 : ! )a  

[V t r+a l  -  ^P( r+{ l

+ i# | c [o , r r ) . c [ 1 , r r ; ] * i * ! ? , " | 8 te , r r l + }C4 , l r ) ] . ( 3 )

" n t g

(.2'i c,,n bs nditan ea

% crsLo-4)r=  L -
1 l : l

oO
<4

c.o.b t0- q)L Z
?t=t

A t e ; e i x )  =  ; .

l v
da

ry
de

,  A t o , t r ? ( )
C i+  0 )  C r  +4 )

co tltt n harc ftrnlly

I  [s,4; a ) = i i t ]*# [V [r+e) - ' ,p1r+f)]

- i 
* 

tt= $r. !c Cel rrz - c 14,r r.1-l

-  1  l ; r (o :4 ) : t  
l . r (e r r r )  +  tC { r  re ) l

z -  0  _g

' t l hon  g= {  r  A te r0 ; r )  ou r i  t ( 0 r r i r )  a r : }  ces l l ; f  o i r t a l red  fnn

(l) t9 prroltqt !o thc ltt|t, ?i€rl

L4)

(r) rrd

u+e) + !^  |  c(e,r r , l

[ t + e )  _  !  J . _ c L O r e r )
L A A

,ie ;:,.rw darlvf olriLd! t+trarrot*to u!.stll,crsr

t.

!  ( t ;Ln- s)r-  .b. r ,  (x+e)a\{4t  g- .  _ , l jn  (u+4)r  )
^ f ? , \  n - g  z r + e  / \  n - q  n + q  t

=  r ( * ; ^ t o - 4 ) {  . r ; " , t 9 1 9 } )
\---=4- 

- 
e*6- )

' tL  r l td tq  At0rDi r . )  rd  At -Or-01 r . )  *e  ob{s l r :

G ' .

s ts ,e i  r )  - -  i

+ ,.  h [0, ! ,()

'r 
B LEr t-rj

t3')

( A , )

t5)

r+"

l-.
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*>

i t*,1 Lnx. +.() _ 5r
. - ' - - - - - -

f;,- [rr rr + a)r ]t

dt6!6 d = O I' , e rasul t used \r i?l glann 1.. 'tgl.,t ,ioatt er{qq( lac. clt. )

l I I .  .e'- lnc f :  -0 ln (r) 6 got

? ,Hvf tr+o)a.Lrn(.t ' -o)r - - tAf_?} *q L' ' / ' . tot ,r ,
"hr----------F - t"- .L gt - ,* --6- ' L''

:!l par?.5 -rrlarr nl.c{r O :o{rnerd ,' a} r Sarc n( !r rerrt ard 7 tp 6d }a la il

i,oolttvo lr.tag.rr, tlrc at'cro le.lat !.on beeo$a
---, fi Qor la)

= O
n1o, 'na - otr arr L 8 )

r  rer:r l t -  ,  ,  ' .J "ol"Jsr: t { l ,oo.cl t . )

tV. t| €4rk'!rfq l,}e irnrfonatlq: (4) r*e oaa ob.;.rtn ttro iollalr&g arrtto8

rm lol.orr to (!)

?  /  - l  ! n -o ) t  co t l n+e ) t  \  I  . r r ( r - { ) r  co , l t n+4 f f  \

# \  
. l l - o  n + 0  /  \  n - t  r r + 9  /

= -,(; -s',|"r) [4##- 
o rf+3,.)

, r l  j l  . , , b ' q l  ( c a t e - A l r  + c r $ t e + O ) f  \- a t T -  
/  \  e - E  ' r - s + + -  

)t'::::i*'"

" r { ; ^ ' t o - ? l t  -  ' - " - t e + 4 ) l t  \
t  e - s  " T V - )  L e )

ffiFlEcEs

!. 
"rfrlu*rrrr'.$ 

Janr. fnd. "atjh- fo6.,:g ,f, t2r?9.
flE ?- olr'ftdr;.i. :aoc. l:r::t-r.. /hi-l. ' rrc.,lf l:lr 4trl{8.

2, sJgr '1. i . .'.n :ntmi'.r\,.t lcn to tl a -1.oorf,| 
of iretnlto

r{xr'ror-4'dtcl,:..!.trl Sa']l.et, )fi. { -.'c,:' 'tt l r"r, 19€6).
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t[ tsllsttt0f ol Dlnlcmarfs :ilwr&

(fa ffr oqr'.r of pnbltoatlcr tn tb ,irrl,{rr tbthaatd,oel t{6tf,fy)

or
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t:,,::- -

ox IlIE wAII,Anor oI DIFIoHLET'g IHI8GRAT

b rtlb.fr anttlpb trirgr.t

( t  \  . f ,- ,  *r--,  .  .  .  *1":r Lr-4-rr_-..  -r,1"- '"nai^. - ar 'a
' -(fr) -

dr."c ?a 1r thr rrsfon dsllaod b! ?s)tor /.2).7o 1 . .1/.11)7o1 
1 ,, S I of

o(o r o(r r .. , drr arc rcal porltlvc comtant6 l,c uar*lly etaluatcd b3r t,lrc

ua. of Dlrlohlrtrr trangfoFmtloD. Th. tnteqril le erpreoecd ar e proiluot

of Beta firnctlone aa{ the ptoc.du"a doee not at angr stage anggort t}ro tora-

tion betroan the B6ta and tiante ft:nctlou.

lhc follodag ls an altomsU.ve procerfura for evaluating th6

lnt grrl bt thc urc of taplaco Trrnaforn. ft hea tht ndvantrge

a|,= I thr proccdurc pmvldos r plool of th6 lelrtlon batnoqr tlro

abovc

th.t |'hqt

ilota anf;

eina functlon!.

Lct +o(r.), |t(t), . . I lr, (r) bc rt+ | flmctlong rhoac hplaco tranr-
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