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THE MOTION OF FOUR RECTILINEAR VORTEXK FILAMENTS
1., TNTRCDUCTION

The motion of three parallel rectilinear vof‘cex filaments of streﬁgths Ky » -K,_

K‘3 in a perfect incompressible fluid extending to infinity originally consi-
dered by Grobli (1877) has been again considered by Synge (1949) who has made
an exhaustive study of the motion by representing the various configurations
of wvortices by points in trilinear co-ordimates on a representative plane,
& similar study of all the motions of four vortex filsments presents geaat
difficulty owing to the very lorge number of cases to be dealt with and the lack
of corresponding geometricrl representation adequate for claszifying all the
motions., The problem of four vortex filaments which form fixed configurations,
i.e., configurations with fixed sides and diagonals w:s previously examined(1951).
Synge's method can however be used for the study of motions of four vortex
filaments by making some simplifying ascumptions, Ve ctudy in particular the case
vhere the configuration is initially a parallelogrem and the vortices at the
ends of diagonals are of equal strengths.

By taking the adjacent sides and a diagonal which completely specify the
configuration as the geometrical magnitudes, it is possible to classify &11 the
motions in a manner similur to Synge's and the present paper deals with this
problem. The theory resembles that of the motion of three vortices in many
respects, but it is felt that it may be of interest to see the chanées due 10 the
presence of an additionsl vortex. Under the more particular case of rectangular
configuration with special choice of vortex strengths, the motion is examined

by representing the configurations by cartesian co-ordinates,
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2. TQUATIONS OF MOTION
Vortices of strengths Ky Kz, Ky, K, lie initially at the corners
Ay By Cy D of a parallelogrem. Let O, ¢ and & ;) 9 be the adjacent
sides and diagonals respectively, the diagonal 6— Joining the vortices K,, X )
and ¢ joining KoyKa . Then these vortices remain t the corners of o
p rallelogram at the end of any time (Gorjatschaff, 1898)., The configurstion
is uniquely determined by the mag;ﬁtudes o, b, ¢ except for orientation and
the motion of the vortices is represented by a pedint on a representative plane
rby trilinear co-ordinates,
The following equations of motion of the vortices have been obiained by

Lekshmana Rao (1951).

‘*i{ = 8aqa [_K, (62— c*) - ko (972 c’-)] (2-1)
j_\_'é = S!:"[AK:LLC."".—Q”')] : | e
LC - golklet i) - Ky (togt)] )

where S=area of the parsllelogram ABCD.
We have the integrals due to Kirchhoff(Lemb, 1945).
X KKy log ac 4 kg & 4+ Kyloggzconst. = o (2-4)

Ky & +K 9 =const. = §. | (2-5)
3, VARIABLE CONFIGURATIONS o

Following Synge's proccdure we write

% = af(at+b+e) - &-n
Xy = & ,k&aﬁ' &+ ¢) - 7 ' o {3-2)
Xy = ¢ | Lot b+e) (3-3)

and take % , X, , A %to signify the trilinear cowordin:tes of a poirt with
an equilateral friangle of unit altitude for the triangle of reference so that

Ko+ Ry Ry = 0. (3-4)
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For any parallelogram configuration we have definite values of &, {,¢C
g:.vmg » unique representative point 2,2, ,23. For a givenz-point
vwe have an infinity of similar paralielogram configurations. As in Synge's
theory of three vortices, the possible collinear ponfigurations correspond to
points on the lines of Join of the middle points of the reference trizngle.
Essentially there are two disztinct collinear configurations only. Differentiation

of the egu:tions (3 1), (3 2),(3 3) gives

dx A -1 -(da di
s a—%_(a-i-b-rc) —a[&-}-b-t-t‘.) It-‘ra\t-*'dt)
and two similar equations. Tt is seen that
Aty Ar, A X3
ﬂ.‘ = KGj, IE'_ —KG‘_l d-k' = KGS
with y )
= 9l lartact (abeg)™ (3-5)
G = =Ky (xE o8 ) o ko (XS )5 + 2 8, - Lee)
G, = - Q.K,_’x,L(x;' - x) 2 4%, 6 y : . (3-7)
a
Gy, = =KX, (-2l )2 + K% a—a*yax + 250 (3-8)
. ]
6 = Ky {1’;_-13‘)1"-&—&1(,_15_(}3‘ - ")Z'L +K113\’¢-‘l§:)11
Ko i oad) - Kax o)k, (29)
where
%) (a+ b re) =2, o (3-10)
s0 that -
LI § L 7 (3- 1)
The differential equations
d A A ‘
o M o 2B - Kat {3.12)

Gl . ‘9_ 63
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give the motion of t};e representative point. They define a congruence of
A~curves giving the behaviour of the configurations and also the rate of chunge
while the size of the configurrtion is given by one of the integrals (2.4), (2.5),

The following results are then simply deduce_d.

If the strengths of the vortices do not setisfy the relation

K+ KD 4Lk K, =0 - (3-13)

and of is known from the initial ';;onfiguration (equation Z-4) to each X~point
there corresponds a umique parallelogram configur:tion except for orientation,

‘Whereas if they satisfy the relation (3-13) then to each point on the conic (hyper

bola)
'
Ky a0 + Kot = o | (3:-14)
~ there corresponds a single infinity of paralielogmm configurations ob both
orientations, and to a point off thi- conic there corresponds & mique
parallelogram configuration except for oricntotion.
4. SINGULAR POINTS
The eguations , - :
2 ‘ Lo L b - -
G, = =K% () - 23 ) 3Ry (F-a% )Xy +4 0 =0, Ch-1)
L 2 b s —

2 IR L N a
Gy = =Kixg(w—a2 )+ Ky x5 (4 -a*) %37 4+ 2,0 =0 (L4-3)
give the singular points of the representaiion curves., Under the condition
K; 4+ K, = 0 the collksions of unegual vortices, viz., the cases ¥y=o,a,= 13=‘11

and Xy =0, % = 1;'*}5_ are seen to correspond to singular points,

To see any other singul r points we first consider the case where 6=o0.

Then from (4.2) we see that 2 = X; and additionally (4-1) or (4.3) .ives

Ky (g =) 2" - K, (@& -x*) x> = o | (4-4)



-5-
 The case %= Xy = A3 1s seen to be exception:l and is to be ruled out.
In the case B3 0 we have % %2 13 ve h ve then the easily obtainable

relation

: 2 L -

b LK™ +hrKe 4k ) 7= oKy (3] -a) (K)o 4 Ky o) (4 -5)
In case equation (3-13) holds we hare ledto equation (3.14)

Ky x5 &+ kyd = 0. - | tt)

We have thus the results:

If
K," +K§_‘ + 4K, K, ZFo. , : “".5)
Kot ko Fo - La-7)

the singular points arise when %4 = Ay corresponding to rhombus configursti.ns,
The case % = x, = % jcorresvonding to on angle 60° in the rhombus is an
exceptional case,
Ty
Ki™ 4+ Ko + 4 KK, = o (4 8)
we necessarily have (4-7) and the singular points lie on the hyperbola
i r

Kp A . + Ki. * = 0
3r ,
Kl + KL = 0 (Ll 'q)
(4+6) is necessarily true and the only singular points are when =0, n,=x,55
o A3 =0, a., =%, = -3_ corresponding to collisions in pairs of unequal

vortices,



rectangle initially,
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5. RECTANGULAR CONFIGURATION

If vortices of ctrengths X y =K, K, =K lie at the corners of a

they do so at the end of any time (Lamb, 1945) and the

configuration can nevep pass through collinearit_y. The initial orientation is

thus preserved for all time,

and take (a,9) as

>

To study the motion we may write

n.=—1, &L=

representative plane,

the motion of (%,9 ),

04 %,y £ o0

the rectangular Cartesian co-ordinates of a point on a

The co=ordinate axes are non=reachable barriers for

The equations of motion are exgily seem from (2-1), (2-3) to be

dx ay
T Ve

2K

——— At .
xy (at+y?)

The representative point moves on the curve

-2 -
A +y-*

codlt:. = 1]d* .

which is equivalent to the integral (2-4).

This congruence of curves has no singularities and the configuration cannot

remain fixed,
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O A OLASS OF VISOOUS COMPRESSYBIE PFLOWS

Intoduetion. The squation of motion of a viscous ocompressidle £luid san de
put dn the forml

(1) %’-—? = -v(_n.+S‘%'4') + ¥ v(va) + vo* D
when the external foroe field is conservative and is derivable from the poten-
a1 (1., ?q'f » £ » $ 5V wre respsctively the fluid velocity vestor,

the density, the internal strees or pressure end the kinematic viscosity. The
equation can be integrated onse if ¥ 1s constant and the motion s irrotational,
the integral being

@ - asd e +[Y _sye?

= F(¢t

T (&)

where ¢ 1s the velooity potential and 'iif:-'wa. We ocan integrate the aguation
the equation of motion alse when the flow is steady and the fluid is inviscid,
the result being the welllmown Ternculli's theorem. Inwviscid fluid moticn is

further characteriszed by the constancy of siroulation and the permanence of

rotational or irrotationnl nature of the flow. In a visacus incompressible fluild
however, the circulation varies at a rate depending on the kinematic viscosity
and the space rates of change of vorticity components., The vortiocity iteself
axperiances a decay on account of vissosity.

In the present note we consider the olasz of flows of vissous compressible
fluids for which the veotor vn‘a is irrotatiomal and l-us the scalar notential
functionH . It is shown here that such flows are similar to an inviscid flow

in general characteristics. The kinematio viscosity is asmmed constent.

For the flows under consideration
) 93 = - 9H;

the equation of motion can therefore be written as

I LI RTRICLINRLY



#r in the form

) P =)

(%) ?5-: -TxT = '-V(.n. +S‘3“—’ r39 -39 93 +VH)
D

where ?:wrlﬁza For steady flow 2—%-0m’d
Lot 3

@) Z2x?T = v(a+fddy
Scalar maltiplication of the twe sldes of (4') by %' and T??i gives

\
.;3 k-ﬂ— +S°%,—’ +5 4 - $VVT +Vh) =0

1 =)
3‘,_ (_n. + "—‘F—" +—‘,~_q, -Lve? 4vH) =0
dsy; do being elements of arc along stresmlines end vortex lines reaspectively,
We have therfors

P"'

(5) ﬁ.-q-j“" cﬁ‘-—'a-vvﬁf + VH = constant

along streamlines as well as vortex lines. This result,insofar as 1t relates
to stresmlines, is an extension of Rernculli's theorem and its anelogue for

plane incompressible flows has been noticed by Gortler and tﬂagl‘mrdtz.

The eirculstion In I closed ocfireuit in the fluid is d = S 7{ A'ﬁ’

dd 4D 2 DY
E = 5 AR +_$q.-z-bu.‘n'3)

= ~fo(n+ {4 - Y92 syn)aR + (20T

= — 5 (a2 39T rvn)ds + [JiP)p=0.
" The ciculation in eny cimitming with the fluid is constant es in fnwvlscid
fluid motion.

The curl of the twq sides of equation (4) cives

2 = I

5t (et®) - am(Tx¥) =0
or

2 () - (o 2.9) T ~@. V)t -leunt D)(dir®) 43 divleiPfeo
at

(6) 1.00s i‘_'b(w‘é‘l) = {o@.9)% - ot ® 2y (Mv T .
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Felmholtz'e theorem in inviscid fluids oun be put $n the form’
=) ;
a%‘et%): JF@)V)?’ - |
and (6) 18 equivalent to 1t. (6) thus provides an sxtension of Relmholtz's
theorem, A comsequence of (£) 1s that the rotational nature of any rortion of
the £luid ‘19 permenent as in inviscid fluids. This is evident otherwiss, for
in the clase of flows considered here, there 1s no decay of vorticity in spite

=)
of viscoelity, as =G =0,
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m VELOCITY ©OF A ROTATIONMAL VIBOOUS FLOW INSIDE
A TINED  JONTAIVER
We express in this note the welocity of s viscons fluid motion within s
fixed oontainer in terms of the expansion anid vorticity, #e show theti the
velocity is ;iven by

rY ?

(1) %, = L 840y 2 % L ( 3

- - T .
S ) I T R e B e
) v)
where E 48 the surface of the comteiner encloeing the volume V end 6 ) f)

are the exprmajon and vorticity supposed to be piven ot every point of V , %‘,—'
denotes the opersior V¥ , whenever differentisticns are with reaneot to the
¢o-crdinetes of P . The relation (1) incidentslly provides an irrotational-

solenoidel resolution of the velocity vector field 4 4n the finite regioniv)

. . —) )
! S !
dt) + et -Lﬁjw“)

)

for we can write from (1)

-3

{(2) 9 = -~ %ad

T

lﬂT v

st all pointaof { V ).
Proof of relation (1)s H end -S-’ are defined eve!;ywhern In{(V )and we

have the boundary condition T zpon ( £ ). The vector function

2 q_a
3 A’P = 4.".j AT
satisfies Folsson's equation
2 > A 2
so thrt ' .
N ? 2R 2 (2 Ar)
W =V Ay = «ff”‘(a?" 'p)' ﬁ’(ﬁ‘ :
How _
Y P9 j iea L (R o 2. (L)aT
= — X AT = = —— | Lo X
";a’f’ x(A) LT oF ) Pa e _[v) o * 3 (53)
I - W L - (2,7 - i 2 | %a
= 'E?rS o X59 N)A'c - tmj Pq (*a‘&’* q"‘)dt L7 aﬁ’xtrq)"x
W) (V) )



s B

T m
= &
ATT é P8 Lm S s
by Cauns'® theorem, w being tl\e unit vecter along the inward mormal to the sure

face { £ ), and hore the surfece integral vonislcs By the boundary condition.

Honoce
? ry ! 3
() = XAy = — —~R AT
rid 4 Sw) 78
Also
> Ap L (0.2 (45)47 = - & [ %0 B (Fa)4e
Y M ﬁév?“'é? Pa ATy, & AP
- X ds
= = 2k j(v) et + o5 ‘m -{\E)(ﬂ ’a[P8)
agein by - ausst t.hem and the surfuce integral vanishss as before, so that
' 'BAfp _ ! 6a
© ¥ ° i S 78 4T

A
Using (5) end (6) in (&) :o)obta:ln the result (1).

Syngze* has obtained the necessary and sufficient condition for the sonsise
tence of given exransion and vorticity in a fixed container with vamishing
velooity om the boundsry in the fomm |
Q) i(e?-ys ?)4T =0
where § 1s an ar: sitrary sollution of 9~ Q = grad kdiv q) and P 4s given
by the equation grad "P "ml Q » 4o find on taking the divergemse of (5)

(8) o= 5 Vo = -7, 2, (75) 41

™ P8 )
This omn e cmparad vith dynge*s eondition (7) by taking 8_ gmd—- ard P= o0,
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TRANSIORT OF YORTICITY IN A OOMPRESSIBLE FLOW



TRANSPORT OF VORTICITY XM A OQOMPRT3SIRLE MOV

In a viseous compreesible flow transport of vortioity is broupht about by
sonveation as well as diffusion. The rete of transport of vorticity through
en open surfece ( $ ) in & flutd is
0 :rl = {R.2)Fas - S"’ ?,a-‘;';: ds

(s) (s) .
T » T aro the velocity and vortiolty veotors, ™ iz a unit veetor along the

outward mormal to 8 and vV ie the (conetant) Iiinematic viscosity of the fluid,
If S i3 a vortex disphraogm, 1.e., an open surface consisting of vortex
lines and closing a vortex line{ ¢ ) we have

freston's ’E‘l'moremls In the etmady motion of a homogencous liquid of uniform

viscosity the rate of transport of vorticity through a vortsx dlaphregm

closin- the wortex line ¢ 18

— b Y -
)
-
It 15 aignificant timt T, S does not involve 4 oxplicitly,.

In a steady flow of a compressibls fluid of conatant kinematic viscosity,

the equation of motion {with the umual assmumptions and motation) is

a' - - -3

3 TxI = v(a rfA L ar 4y 9B ) +V S
= - )
Hence ?\.X(@%?): -'ﬁ?xVL.ﬂ- +5‘? +iq_"“__%quz) .l.v'er(_VXS)

= . o o
(8)1.0., H. )T - vg-%: - R xv(n+ 4 +'3_°L"-%vv'13)— » (R x9)x?.

n integrating this eguation mand ucsing Stokcs' theorem wek we have
e L) e AW EY
Ty = -—jLO_-rS-P- +5_q,_‘_5yvq,)d$

which is Prsston's formla for compresaibls flows.

Mitne -Thombm ,L. M. Theoneliwl HYydwo dpnowied (Seemd
Edition) 1949, p. sar.
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OON THE FERMANEWOR OF VROTORSLIVES IN A
RICMANNIAN Vi

The condition for the permanance of vector=iinss in a moving fluid due te
zbmwak!. has heen proved by arpuments of Veotor Analysis some time ago dy Prim
and Tmesdolll. ZSynge‘? has obtained the condition for permanence of vectore
lines in a Euclidean spmce of N dimensions sdopting m s8lishtly different anprosch.
The present note is intended only to remark that SJynge's approach holds true
even for a general Riemannian space Vne  The chanres in Sywge's proof needed
for this more general case are only fornal.

Vi, 18 & Flemannian spage with the fundamontal fomm 9‘:‘.j da."’dl'i » 1J'£L1';°-:1”;‘=)
and ot (', »x™; &) are two {contravariant) veotor fields containing o parameter &
which may bhe taken to renrssant the time, 'u"" is the primary field and plays
the role of velocity. The veotor-lines of the seoondery flaold e-i' are the curves
satisfying the egquation
(1) et axd _ e axt - o,

We 1init ourselves by observing that all the oguatioms in Synge's paver hold
true for & V, when appropriate changes ares made in the vositions of 1ndioas..

Thus, for example, we have

(2) 2t = st (e, k)

where © is a paramoter remaining constant t'bf e fluid particls end
| axt _ 28 g $E_ a0

(5} P 5@_ A gg = A

The condition that a ourve G which 1s e vector-line of the secondary field ot

&t e ceriain inetant t= &, continues to do so for ell time is that the contra-~

variant tenaor

A

(8) 0t = oLl _ed gl

has zero components,




Ye may casily see that

_ 2.ALW Lé i
(5) a—-é — AL(A A -AL)

O 3 et d ¢ K (.4
where AL 8( 3t 0, ¢SV +¢ v,

The comma denotes covariant differentiation and the sunmation convention is used,
If C is a vector-line at L= &, so that nzoat t= €os 1t 18 necessary and
aufficiient for the permanense of it as a vector-lins ilat r%:%“: O »

Hance the necessary and sufficient condition Tor the nermanence of vector-lines

fn a Vp is that the tonsor & AY?

. should be symmetric.
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AXISYMMBTRIC FLUID MOTIONS WITH A OOMMON FLOW
PATTERN




AXISTMMETRIC FLUID MOTIONS WITH A OOMMON FLOW
PATTZRR
Speaification of a fluid motion means s imowledge of the streamline pattern
as vell as the magnitude of t.he flow velooity at all points., However the
flow pattorn and the velocity are interdependent though distinet features of a
flow and it is interesting to exsmine the measurs of this interdependence in
some ways Oilbargl has pointed out & way to this end by claseifying the
set of all dynemically distinct plene flows of invisold liquids having the
same streamline pattern and this has led to a further study of the uniquemess
of flows with given stroamlines?’?, In the present note wo classify all
axisymmetric motions of invisoid 1iquids with the same flow patiern.
Steady axlsymmetric flow of a nonwwiscous incompressible fluid is
defined in a region of the meridian plane by the 3tokes' stream functiom '\IP(VX,tJ) |
where X eand W are coordinates in the axizl and radia) directions. If
¥ s P ,and p are the fluld velooity, fluid density, and pressure

the equetions of motion, when the external forcee ere absent, sre given by

3%y 2%y 1 2 ri® 2%, 1
== —_— - 2 9tm —8 _ _
AR THRMRC T - x 52 +q’”aa“ PS%
or, sinee 1, = - é?-" y g = JB % also by the eAqustions } B
12y 7 Lo WAV )y Ph 1 2
o BRER R UR L. %,
Loy 2w oa ()t oy Lo tw L 13k
Tw* w3 \ax > X Pwon F aw

If onother such flow with etream funotdon - (x,®)hsc the pame stream line
pattern we have ~p- $(v) If P and ; aere the density end pressure of the

latter flow, the equations of motion of this flow can be expressed in the fom

' 13k _ L3 Loy ™ 2 _ v 2P
@ [FUw] 35 =35 Hewml s 3L = 7 5
H ' 2(p) })
ence it follows that A E) 0+ The compatibility rolation for the
2

equations (2) leads to

2! (). 3" L) - 2l b, ¥)

an, ®)



- -

Hense 3'(¥)is & cénstant so that ¥ —anry & where a snd [ are constants
:; 2———“”';” = 0. 1In the latter case we mey casily see that BL,FJ"}.)_ =)
2l %, ™) 2(x, w)

We have then the following result:

Steady axisymmetric flows of inviscid incompressible flulds with a sommon
flow pattern have in general proportional velocity fielde. The cace of flows
with the same streamline pattern but with velocity fields not proportional te
_ome snother corresponds %o flows for which the lines of equal pressure ( and
hence the lines of equel magnitude of velocity i.e., the lsovels ) saftweinient
ocoincide with the etresmlines. In this case the finetion $ is fairly arbitrary.

It is 2 lmown reault’-t.hat in an axisymmetric motion of an inviascid
liquid when the external forces ere sbsent, the isovels coinclde with the
streamlines if and only if the flow is purely axial, We may therefore restate
the latter part of the above result In the forms

" Two axisymetrie flows with the same flow patterns can have veloclty fields
which are not proportionmal only in the trivial cass vhere the flows are purely
axial.

¥We may now soxsmine the poasible flow patternms w@n to potentisl and

rotational axisymmetric motions of non-viscous liquids. If ~y 1s the stream

function of a potential flow and ~ = ${V¥)thet of any other flow we have

2. 2
i 2 i 2V V
G) & 5 - Frcm tw a0
and -
g - - L— )
' T 1 N v 2Ty s 'Y %
(3*) ™ o “mrcm T ®m SwE T —--(.""1"'"”5)'

The flew corresponding to ~ 1s thus rotational only if 4"1:0 and themn the
flows are seen sbove to be purely sxial, Thus we have the result:
The only flow patterns esmmon to potentisl snd rotational axisymsetrfe

motions of inviscid liquids are those corranpondiﬁg to purely axial flows.
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It 1s of considersble interest to exanine the flow patierns eomrmon to
axisymmetric motions of incompressible and comuressible fluids., Here we shell
confine ourselves to noting a certsin relation which may ensble us to determine
all the flow patterns sommon to steady, axisymmetric potentisl flows of liquids
and of ideal gases. |

If &,y and ¢, ¥ are the velooity potentials snd stresm fumetions
of the liquid and gas flows respeotively, £t 1o necessary and sufficient for
these distinot types of flows %0 have the same flow pattern that b= 2d), v=3lv) |

We hove the equations

3¢ _ rh g ? L
® mEam > me-53;
ay 28 o 3 L 2%
where P f(x,5)1s the density funotion for the gas low. A consequence of

these two equations is

(5)  #'(d= 5 3w .

If p= A PY, from Bernoulli's theorem for the gas flow we derive the relation
6 p= k(1- p*qr)l00

wvhere 4 1g the magnitude of the {(ouitadbly nornalizad) velacﬁty of the liquid
£low and K ocan be taken as s re erence constent of the Bas flow. As with
rlane mtionn’ we can deduce here again

M ¢ = (x-v)] xH |

where X =% (9) = (#'}*, and v = v'(vy)= @’)H-

It §is eoelly verified that s flow pattern corresponding to purely axial
flows is common to axisymmetric potentiel otions of liquids and gasess Fq.(7)
mey be of use in finding out if thers are other Piow patterns common to rotential
motions of liguide and pases,

_Fj__af‘erea'u::esi
1.CGilbarg, . : JaMath, Phy.26,(1947) pp.1357-142,

2. Prim. 5. 0. O 28, (1949) pp.50-53,
3« ‘ricksen,JeL, o mm—————em=$1, (1058) pp.63-6F,
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A CLA3S OF AXISYETRIO MOTIONS OF
¥IScoUs LIGUIDS

The motion of a visoous 13quid subjected to o conservative extermal force field
I8 governed by the Navier-Stokes differential equations
(1) i—zz = -%ad (N + %) +v D,
ﬁf boing the wvelooity wveetor, The sontimity squation is
Yy Avad = o

e make the assumption that T3 i the gradient of a scaler funstiom,
Gortler and Wiaghardt) have shown that steedy plare flows of this cless sre
charsoterized by the the biharmonicity of the stream fimotions i.e., the stream .
funstion of all such flows cetiafy the egquation w4 = Vlklelf)zo.

In this note 1t will be shown that all steedy, sxisyrmetric motions of

viscous liquids, belonging to the above olass, sre charactorized by the equation
PR R
E*ty = (& ¥) = o,

S i
. 2 .3 j .
where| = Yo w }u > Rand W ere the co-ordinates in the rxiel wnd

radial dirsctions in s meriddan plane end A 15 the (5Stokes') stresm function.
The flow patterne ocommon to (viascous) motione of this olnss and steady axisymme-
tric potential flows of inviz=eld 1iquide will alse be axamined.
let
(2) v*3 - -wnh
In axisymetrie motio-ns (‘2 )x'—‘ -%. % » Cci,)w = % % -
Por steady motiom _ ‘
(3) Px url? = gmd(_n.q-% +39- + vH ),

Jealar multiplicetion of (5) with C_izl )1E) leads to
? P ,
s lF +adroson) = o,

ds belny s» arc element alonz e streemline, so “hat

&) %+£$"+JL+VH:»{»L'\FJ



From (2) and (3)

PheR)=-% 0 )= -0

»o that
o 2 [ (%% ]+ 2l ()] = o

- L
% _ ,
Writing © .;3‘} + au"‘+ gﬁ,n mey eimplify (5) into

© (2, . 2 L 3 )Lwr
o o T T ww
Foting that @ x owrl 3 = E_,_cymwn obtasn from (3) end (M)

(7 %,_LEINP') Vad ¥ = 4 (¥) graany .
Yow Af cradayfowe have E}' N = wE Ay .

i
)

The hydrodynamicnl problem thma reduces to tho solution of the equations
bR VI
8 E v = = 4 (v), (g™ w) =
From the equatioms (8) there follows

2 iy (-m' i(w‘)) =0,

‘5;’-+§Eu’-“wsw)

or " 1 7
A7 (¥) . mH(ErwE) o+ 2§ e + Ve -5 Ye) 16w} 0
.9, .
=3\ 4 (v) &'(W) L #" (¥) }
- - 3wy VY
O { i) T \me ) A" (W)

It follows from eguation (9) that in all motions of ths clase under stndy,
the isovels (1.es, the lines on which the mmgnitude of x;elocity is constant)
cannot coineide with the streamlines e‘xcept in the cases where the flow is
purely radial or purely axisl.

1t ie an iatsresting prodlem to emﬁine the flow patterns common to the
distinct olasses of Flows of inviscid and viscous 14quids. Heme1® appears to
have ehown that the moat general flow patterns cowion to aleady, plane potentisl

Flows of a non-vissous, incompressidle fluid and atesady, plane flowe of s viscous
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incomprecssible £luid are theae corresponding to spiral flows. In the oase of
axisymatric flows, 1f -\Tr- and A ure the stream functions of a potential motion
of an Inviscid liguid , and the motion of s viscous liquid of the type considersd

in this note, we have the equations

— - VR
VEIW, E¥eo, EY Ly, etw=o.

Henow E- $(¥) =0 or 3(). (Wi 4wk ) 4 H(W). (Vaxt Fom =hwg)zo
Loy ®o Pt o L SV g
. 3" (w)

or. 11" = _iswy ) s ew] A
This meens that t}'fe viscous flow is suoh that the isovels and the streaemlines
ere coincident, and we heve ssen above that this is -~oseible only in the trivial
casee of puraly radial op purély axlal flows,
ilenoe we have the results

The flow patterns common %o steady axisymmetric potentisl flows of invisoid
liquids and stendy axisymmetrie flows of visoous liqaids of the precent type

are those correaponding to trivial flows only.

1. Gortler,: .t ‘'leghardt,K, ¥aths 2eitachrift, 48 (1942-43), PP.247~
250.

2 Hemel, . : . Juhresbericht der Deutschen Vathematiher
' ‘ Yereinigunz, 25 (1016-17), p.34.
( cforesce in a paper of avid Gilbare)
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THE AREA AND THE FOUATION OF THE GENERAL

AEROFOIL . :"ION

Mancill snd Setty Thomes! have determined the emation of a Joukowski
a;or;foil ssction by a simple eliminstion process, ¥enc1112 has also given
an exprassion for the area enclosed by the Joukowsk{ profile using complex
integration. The object of the presaht note is to obtain the equation of
the general aerofoil seotion and alio evaluate the area enclosed by the
general aerofoll profile by the same methods,

The circle |z - (ae."ﬁ - e.)':q, ( ¢ p resl) 'm the Z-plane is mapped

onto a peneral profile by the transformation

(1) w Z 4+ i + I‘L -+ - ‘, . -+ -
This transformation has m 4} singular points at 22-¢, a, ) ) 9y and

the last v points are interior to the oircle while the point2--¢ %8s on

thecircumference. Kyr Kae - - . 4 Kyere general complex constants
and are expressible in terms of N4 a8 . - » %n o
¥e have then
. - -t 1
() (Z 4c-aef) (T +e¢ —ae"’) = a
%) 2™ oW R bR 2™ 4R 2" 4 4Kp, T tRp=o0
From () we have
(5) Z =2 (Pz-¢e)/@-7)

where P - ,ef _c, d:= PP -,

Eliminating 7 from (&) snd (5) we have i
- e _ #

(6) (P2-a)"""= W (=) (Fz-0) 4R (2=P)(Fz-0¢) #-  +Rp(z-P)20

The remiltent of the two th degree polynomial equations (3) and (6)
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gives the squation of the general acrofoil section in isotropic coordinates
W= w+itr # W zu-iv in the Weplane. For the choloe o,= ¢ , a,=ce®y %;"-'e-“

with » - 3 we have the transformation

. 1+
& 1 ale 1, L0
we 19 Sreiet? o leeleld)
ra . 313 . L
so that K = & 4e¢*e*8, Kyz0, K;= -5 (ece®) .

The profile correspending to this transformation ie reffirred to as the Heform

profile5 and its equation can be obtained as the remultant of the equastions

2¥ w2 + kit sk =0,

- ' - = 3 =g = -
(P2-e) -w(z-P)(Pz-¢) +x(z.-?)"(?1.-c)’"+ Ka(z.-ﬂ"=o.
the last equation is A,L"+A,13+A,_1L+A32- +A, =0 vhere
A-*—l’ — =3 = =3 = =3 - =17 . ==
o= PIoWP +KP 4 Ky Az 4B+ W (PP r3¢)-ak (PP e)
X -4K3 P,
. o —- 9 U - - - - - :
Ap= 6P ¢ 3P e(PPre) + K (P 5%+ wrbe 40*) + oK, P,
Ay = ~u%e + W (37F4¢) -2k Pe(9F +¢) —thaPa,
A"_ = d_“‘ - w ?Cs + T(- ?}'cL + E'S'P‘l
The equation of the S-form profile in isotroplc ooordinates ( w , w )

is therefore given by

A, Ay Ay, A, A, 0 ) 0

o A, Ay - AL A Ay © 0

D o A, A A, A, A, o

o o o A, A, A, A3 A, e
1 -w Kk o K3 o} o o T
o | -—W K o Ks o o

0 0 | -w K o Ky o

e (o] o t -W K o Kif
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The cartesian equation in the ( & , v ) plsme 1s obtained by writing w:ousiv,
W =u-ivand it is of the Bth degree in general., “hem Pz v this equation

is of the 6th degree. To write the squation in full would be very cumbersome,

AREA
Mancillz has given the formla
S N P
A(d) = 3 Saz_ d
for the aren of a closed curve, For the genoral serofcil (L) we have them
- = K. AK Y
A(L) = wolw = ;‘-ij(z_-r -r%’_‘,_-r" -{3:)('—51;. 2 7_3'«')‘“‘
where c,la the mpplng oircle.,vig,,
To ovaluste the integral we note the fallowing Fesultss
Ef‘jidl = TW(PP-¢) = Wor; j {E =0 (Mm=n2--,m};
m
¢y 4o Z
— L_
i - - .. M .._L_ - ‘ ) } .
S-;_;"Al =0 (m=tia-ome); 55 i"’z" ")'{(éz-) Fz-¢/ J .,

o

Y - n;«-xz,[ ,,.-a)"]z;%,;,mn-c)]:
S el

ﬂ-ﬂl

where in each summation on the right K =~ Kwhen n =

-0

For the -form profile we have

AL) = Wid- (6"+c']'e"':9)32=l [ (;,_ Pd)nJ?_ ) Luew) 2 A[&Ja%:i\

. 9 . _ . . 2
= J’ali | — .c_"-f c_’Le,"'el + (_b’_'-l- ot e""a) (_u.'e LO) P + (ci-_’_ cﬂ-cua)(c ztetﬂ)a‘ra
(P7 -o™)” (7 - ) (PP-at)*
. -2 - 1, -
~tlccer)t La PP 4+ 6PPoT 4 a")} \&3 -a‘)"} :

l.¥ancill, J.De&Thomas, Betty _ Amer. ‘ath.Yonthly,53{1946)pp. 147
2."ancill,J. 0. 1b3d,,50 (1951) "p.r52-238, (14
3.von “ises,R.&Friedrichs,X.0s Fluid ‘ynamics,(Brown University
1549 -
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(To be published in the Amerioan Jourmal of Physies)



VIBRATIONS OF COVFOSITE STRINGS

Tibrations of composite bodlies are sonetines encountered in practise, such
&8 in some types of Indian musical drums, and are of'ten di-fioult to solve exactly
under the particular boundary gonditions obtalned. The einplest of ihess, the
vibrationse of & composite string leads to a typical, though not novel, bourdary
value problem, und lends itself to enalysis by elementery methods.

We conslier here the vibrations of & somposite siring consisting of two

1deal etringn of linear densities €, and €, and total length unity, {which invole
ves no loes of penerality) joined together at h (0<h<!) and held fixed at tts ends
under uniform tension T. The end in view is to deteyrmine the totality of eigen-

values and eigen-functione of the boundary value problem

L . = - -
u o T o X2 h
2¢* c:_‘ -":-—:\,_ hEA s S
where
&= T]€ = ada cr= T[E,
(o, t) = w (1, &) = © ) : ()
R (h-o0, &) = U (h+0, &) (3)

QU (h-o) t - 22U (hto,b) :
pleet o 2unlaresk &)

for arhitrary values of h and the ratfo r -J¢,/6,. The boundsry conditions
(3) emd (4) simply essert the sontimity of the vertical displecement and the
slope of the string acrosz the join of the parts.

The usual ésmmptiont of harmonios vibrationa

. Yiln) et®t oL A S h )
n(x,E) = L we )
Yaola) € h S
leads to the cquations
y o
bR £
J."LY:. ALY -0 Hh LA L)
S o i A - a .

ant
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where oz o wfd amd My = e | )

are the eiren=volues parameters which determins the natural freguencies of vibra-

tion w «+ In view of the boundsry conditions (2), -we take for the solution of (6)
- Yo = A P AN oS £h
Y,_ = A v A;.U;'l)‘ h &% %)

The bourdary conditions (4) lead to the charscteristic esquation

Mg o} hn..(."’h) Aren Mh + X cod Ak S M UI-h) =0 ‘ (9)
Replacing ), , and ), from (7) 4n (9) and using the reletion G )¢ = V&/€y= N,

(2)

we obtain the frequency equetion directly in terms of w .

- . . ~h
co® w—'_’_—-ert'c:‘) Son B2+ moodb “%‘ S “’——L—,:q) = 0 (o)
Yriting whlg = A and (1-h)[nh = o, we oltein

WHhAL v A 4+ N bl IHInLkA = 0, ()
e form more sultable for mumerical computation.

The roots of the transcendental equation (11) lead to & discrete apect.m.
of eigenevalues 2, which in roneral depend on both rand o o+ Among

the eigen~values Ly for rational values ol , e psticular sub-sequence of
eigen-values x’x » which contains the fundamental, deserves spscilal mention,

It will be shown below that when o is rational, tliere exist sigen=values

%k for uhich both the terma in equation (11) are simultensously mero, ‘The
oorresponding eubset of eigen-functions Y’ have the simple physieal mesning
that tie join of the two sarts, %=his either & nods or an anti-node for each
of thease modon, Jonversely, the join point éf the ocomposite string cen be a
node or enti-node only when & 1s rational.

This special subsequence of eizen~-values and.eigsrr-ﬁinctions will be
first obtained., These are detormined by both the terms in oguation (11)

vanishing similtenecusly, i.e.,



Whd X A =0,
WAL Svadx =0 .

8inse the sine and cosine tesms oan never ls.mltammaly vardsh, only two possi-?'

bllities exint,

n

B 20, AmAx =0 (1)

or : ;
cRA =0, tlidxz=o - ‘ (13)
It 45 readily sesn thet for sin x and aind X to have coinoclident
geros, a preraguisite 1s that « rmst be rationals

« = 7 : _(m)

m and n being in their lowsst form.
However, if both ocos X end o008 o X are to have ooiﬁoidmt paros, o

mot be further restricted to & rational rumber of the form

Kk = Ln_-m-'-l)’ {x=m*+1) (-IS‘)
7e distinguish two omses; the Pirst in which K 1is of the form
k= min ()

where both m emd B are not odd integers, and the second in which « 18

of the form
&= (am+1) [(am ) , Lish)

In the first case, only the sine terms oan venish and the coincident foo'bs of

sina and sindx lead to the elgen-vanlues
)

Ak = knT (K2 bz, = oo ) “(1e)
In tie second ceae wisre  1s of the form (15') i1t ia possible fer boﬁ#aﬂ.ra
Of equations (12} and {13) to be trus and we obiain the set of eigen-values
Ak = K ('Ln‘n)-l{ (n
' m valuss of k giving the ocoincident roots of the pair of eguations (12) and -
odd values of k piving the coincident roots of the pair of equations (13).
¥e now write down the corresponding elgen-functions. ‘e note that only

' the vatio of the amplitudes is determined for sack mode, thie boing obtained
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from one of the equations(3) and (4). The eigen-funstions eorresponding to (If)

ere given by | . _
K
YW a) = A)m""” , 9& A gh
(18)
) -m} 41
Y,(_')(_l) = (-r)K(” * An Am 5—,—?‘% (-2 ,hgusg:.’
Similarly the eigen~funsctions corresponding to even values of k iIn (17)
are given by
'Y.l”(ll) = Akmﬂ%—aﬂ—)—ﬂx o< X < h
| Us=2,5.-) (19)
Yw(,l) = —_An M R "’;:;:)” (1-%) h&A$H
while the oigen-ﬁmctions corresponding to odd values of k in (17) are
YOUR) = A A KGAT, gy g,

(K=13,--) (x0)

YO = (M RO gy, g ag

It will be noted that the point A= h 1s & node for each of the sigen-functions
{18) snd (19) and en entienode for the eigen—functions {20)s The fundemental
mode of vibration is thus obtained by putting ksl in (20).

. The eigon-values %y given by equstions (16) and (17) snd the correspon=
ding eigen-functions given by equations (18)~(20) are somewhat special in the
sense that while the 3, sre the roots of (11), they make the individual
terms vanish sirultanecusly. We have yet to obtain the elpen—values Xy
which are the roots of (11), but for which the individusl terme do not vanish.
Theee are therefore the roots of |

kom 2 + R bom kX .m0 ' {a1)
The eigen-values %, are in genersal funotioms of both r (0 &r 4 ™) amd A (o <<t}
and have to be determined graphically except in very special ouses, The -

graphicasl work required may be conelderably reduced by plotting y: boaz Ibomd.k )

with A as & psrmmeter, when the roots x () corresponding to eny r msy be
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read off directly ms the shacissae of the intersections of these curves with
¥ ¥+ The actual computations therefore need to take into account only
one of the two variable perameters, vie., o . Further, the range of r
nesded in the graphicel work may be restricted te 0<r <1; for, as will be
shown below, the eigen-values for any r ( 1<r< o) end A (0<<<) are
direst multiples by the factor « of the eirenwvalues sorrespending to é

(o<t <1)and 1/« To prove this, lot

$d; ) =2 Eboma 4 NEanmaAx (22)
* then we note that

n3(H185%) 2 $(n,a; &)
which proves the above aseertion,

Physically, the two composite strings with rand , and 1/r and 1/4
are identical (for any fixed r and o ) except for the interchange of the
componsnt rarts, and equation (22) is merely a statemsnt of the obvious faect
that the frequency of vibration w, remains the same when the two parts sre
interchanged. ‘lowever, a knowledge of thie fact enmbles us to confine
ourselves to plotting the curves in the astrip of width —)<n4p. It may also
be noted in passing that if X is a rations]l rumber m/n, the graph can be
sonfined t0 o< A <MTas f(r,o 32 ) 18 then periovdic with period ni,

Fig.1 shows the various branches of ta‘nx/tuna\.x in the range
for 2,4,6,8. .

As a particularly simple illustration of the above analysis, we consider
a composite strine made of two parts of nearly equal linear densities and of
equal length. Acocordingly, let

6] <<
whers may be positive or negative. Hemce
R "‘%: £z n o~ 44

.
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end we obtain for the sigmewlus equation
td O+8)2 dmz + (1-Z)eda W li+d)2 =0
¥erlecting in comparison with: unity in the eceffiolent of the second term
we oblain for a first approximmtion
M (_2..+-‘§_)a.=o
which lesds to the elgen-values

xg 2 km (-g)fa (keha, )
' corresponiing freqguensios of vibmtions
W, = acA, = xnc(u-g)

&7 lowsr than those of a string of urifors desity ¢ 1f 5 1s pesitive,

a, of sgantion (21).

YW = AM% X 3 o0& X<h

w Sve

Y = ** . -2

* A A o X *x nnJ h&x<)

mmazyoruunmmaw the density as the weight, may be
 werified in the usual rmmee, In cemtrast to these functions, when 1o

rational, the eigem-funotions (18)={20) are orthogoral in emch of the renges
( os2s A)emd { 4 < %< | ) saparately.
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A PROBLFM IN HEAT OCORDUCTION AND THE FPRODVCT
OF THREE ERROR FUNCTIONS
7 Eainvillel hes cbteined sn expension for the product of two eﬂ'of
)funct.iona by solving e two~diimensional problem in heat conduction, He
obtains the temperature diztribution in & gquadrental infinite solid ini-
tielly ot a constant temperature (which may be taken as unity) end whese
two faces are mainteined at zero tamperature in two different forme and

their ldentification provides the relation

0 . el . ST P
(1) en}(newd @) et {ndmd) = irf z S (ume2) . |F’(rn+l; R TEIES o
n=o (zm+1) g B4 (%-)a.u

where the error funetion is defined by

.

_ % - ot X, . 3. X
(2) et 1L = ——Se Ad = -4-_1—1-' IFI -'3_, 33., -2

and yFi(a;4;1) 15 the confluent hypergeometric f‘upction defined by' '

©  (a n
G Rl = 5 Sk

nzo - -
and (0}, = ____....“':" (n=0,t2,--- ) { 48 neitker gero nor

& negative integer,

Presently we study s similar problem in three dimensions. An octen-
tal solid bounded by the gquadrants of planes X=0, y=0 , snd 2:-0 snd
othervise extending té infinity quch that the solié occouples the reglon

0 £ X,Y, z with no restriction on the right slde is kept initially at a
oonstant temperature (which is taken me unity) snd the facesx=0 , Y- 0 ,
and Z -0 are kept at zero tempersture for £ > 0 . We determine the
. temperature function in tho solid in two ways in 8 mermer entirely similar

to Rainville's. ve may them deduce an expansion for the product of three
error functiona by identdfying the two forms of solution of one amd the

same physical problem, However it rust be noted that the last step
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viz., of equating the two forms of solution is valid only if the physical pro-

blem 1a shown to have & unigue solution. Yo ettempt is mnde here in thie

direction.
The tempereture function N ( %,Y,2,¢) in the octantal solid is a solution

of the boundary value problem stated by the following eguations.

@ 3= AUR T k203 230, 430 230
(58 £ o0t , U : o x>0, 470, 250
(6) 's w5 ot n -0 _ ) E>0, Yr0, 250,
(7) As y - ot , n 30 o : 05 270, 250,
(8)As Z 5 ot , U0 o £>0; 250, 470,

in (4) e the thermal diffudivity and is asmmed constant.
It 88 ensily verified that the problem deseribed by the above equations

{4)=(8) has the solution

@ = elgy) () o (w

This ie ofocurse u c¢lmssical result.

Let us now employ spherical polar coordinates P, & , ¢ for stating
the seme physicel problem, P »© s ¢ are related to the cartesian coordie
nates through the usual equations X = P Ambtodb ¢, Y=P dmddrmp, 2= Pedb.

The boundary value problem is now dmribed as follows.

(10y 2% . ( L L __u wko 2u , L % )
Py T3t praerT T 36 T Titade 24*

£y0; pro, 0<e< X, °<¢"~'
(13) A £ 501, n =9 #>0, 0< 0T, o< ¢ <X
(12) as & 5 (3), n 9o | £y0 ;- Pyo, o0<b<.
(13) A+ & 5 ot , w0 | E>0 ; fy0, o0<e8<T.
Q8) e & 2(J) , w90 €>0; fPro, o0<$<%.

To sclve the problem mte& in the sguations (10'}-(133), following Rainville we
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seek certein types of solutions of the differential equation (10) end then
take care of the subsidiary conditione (11)~(14)e. We choose possible solu~

tions of (10) depending only on three arguwents in the form

an w= w(-tg,ep) = wive,9)

f"

with 7 = - ——— « Equation (10) is then recast into
L htt
32‘? 3 oy 2y ot ‘a_y_v coser® 9 '«‘»‘LVV

v* v —-v' o - — or =

(16) o T t v Ty *"' 4 t % e 7°
(v<o; c<oc?, o< $<T)
The conditions (11)=(14) now become
(IM)as v 5 -0, 1 o< 8<T y o<co<®.
- ) . i n

(18) 48 ¢ - G—I) , ¥ 20 v < 0. o< 06< 1.
(19} Ae $ 5 ot, W -0 ., Lo o< 8<7T.
(m)A‘ B"’(LI_)-J 'P")O ' ‘ ) "0 0<¢ 117

| The boundary veahie problem (16)-(20) mey noew be solved by the method of

ssperation of variables. Let ~f - V(v).®(6). ${¢). (16) then takes

_ the form

@) LA 4 v(ir) o)+ 7®

d"@ +,_o“%_‘@)+ codert B

- which oan b changed into

. 2
' "L L 3 AV Sma at @ 4® __!J_-__Q._J
(22) SMB("’L‘HL +"'L’2-"”);ﬁ,.') T Le ( o TP L )R T

%
The equation f{—ﬁ 4+ Ld*d —o has the general intesrel Acod vd ¢ 4B 5mist

and from the boundary somditions (18) end (19) 1t is clear that
(23) ¢ - Som am ¢ (m =1, 2, --- ) '
It follows now frem (22) that

‘Ga 3 2
o 3 av - A ) P =




The equation
2.

(25) %@ ceoto 88 4 (4 - A )® = o

' 2
osn be solved in terms of the lLegendre's funotions and to satisfy (20) p

iz to be quentigzed according to the squation 4 pz's (2m+) {z2n+1); then

the relevent solution of (25) i

2m _ '
(26) ® = P ((eone) mym=z 1,2,3,- "
7 M +) (,7\.7/”)
N (7 )ie then a eclution of

2 4ty 3 av e +1) (2m1) | _
27y v o + v(,_-v-) Iy — —a V= 0.

Yo may solve this equation by the method of integretion in series and find
that V = &4V, + ¢,V, vhere _

N+l 5 S AL -yt =—2m-L%; vr)
V, = 2 F(neds a3 pjand V, = JF (=m0 53 7).
'Vz. s a polynomisl in .!7; of degree mMm+i and 1s to be discarded by us
as ~ 1is finite when » 5 o for any fixed € .

¥ may then take the solution + (v, &, ¢) in the fora

0, M N+ . N LM .
(28) ¥ = ST AV "'F'(,'N+-5_; an+ s v) 'l"lm_'(_aﬂe) Sénim
Nn=) M=)

211 the conditions with the exception of (17) are already setisfled. To

take care of this we note here that-z

— -
¢ -‘"
(29) .F’ (a; e32) z__lz.:: —x) LH» 0 1z} )
_aaRe'x-a-M. Then we need to have
© m [Zn+s  cm(nty) _am .
o 3 “{ede) v
(50) ' 2 ZATJW n+r € ?s.n-rl( ) -n-d, ?”
MM M= 0<0< 1, 0<€P<1

Product of the two sides with A AP ¢ on integration with respect to ¢
teadd G

> L o T . :
‘ aIn+z ¢ : p
J}"—:""‘Pd’ is = 2]-‘; z A%,,I n3 X mn+l) 'Pg_n*,tm"e)
. o m=j ‘Yl‘l'.?-

. n
['): Ly, ) 0404‘1



As the Integral in the left member - o for even values of P we take

(30) A'-np ) ("="‘"'J‘J", _ )
and .

23 Mg GiTlnrd) p*F 2 L 21)3,- £ m).
(31) ™ "%,An’,-—-—-:-:: L 111”(_“’ B) P (_" 129 )

. 1p .
Product of the two members of this equation with 'Paxﬂlme)wuﬂtd integra~

tion with respect to & over (o, ) leads to

N LI _
¥ [3k+3  ox+3) [RR+2prl  _ , ( 2p Do
(,52) AKP Kzx ux+3 [k —2b+2 - PJ P:.KHL“AB)'&MaM

.A® & closed form of expression ie not inmown for the last integral we write

the polynomial form of ax Lx) and integrate term by term , deriving then
(33) A 3ok _imikad) B RN (_))ﬂ-(KH)‘"""”P"M"“"'P-')"(”H*;.'
kp =7 2 e 2 n Chak+){ux-1--(4K-22
il“ “'2-’-‘-)— Nz
(K: '}’-)" ; b:.l;.%," SK)

Frém (28) there follows

- | R Y L
Y y(r,e,4) <|2) 3 2 gimima) I )
18, Lﬁ) 'n%' ; e

2N $+2im+d

. -1w-2N 43)  nal -
-3m ) (an-rm-) - - (29270 ) p"*3 F, (44 an+3 ;%

(29~
) +| _ . . - 3
ZL ) G G - Genae) 1 (0) $ianmd

:.n-H
mts.ngthhaoluuen!atermeof Pib, &, ¢t we have - (r <o, v<b)ée
2
(35} «p*(—h%b, e,c}) = w{f0, ¢¢t)
: l,a,
n+i , R

:,13 ol -;.-n.( P ) Lptn_’_i; gm-l-%_}.- 2(“11, r
{;—;} 2, % L& o TEnsimi

N=1
-m

" (et0) b am ¢ ZL--U ¢4

-1 Lo~
+) @m -2 ){an-2m *)\(-:!
(une){un~) - - (n-2R7 .

:L'nﬂ

£>0; P o0, ©o<K ¢ < ,o<.ﬂ<”



(9) and (35) rre two forms of sclution of one end the seme boundary value

problem, Before identifying them we mey effect the trensformation
2AhJEN dmdeodp, Y= AnTER SmB Amp, 2 = Ah/l n 3

; 2
which means ¢ x"+ v"4 2" =yt Emeting the expressions of the

equations (9) end (35) we obtain the exnenaion

(36) ead (nAmodg) k(I mb dm §) ens (nudd) —

13,8 Nn — I-T_l-:;;l im ]
o :.'n-H l, 5. _ pk im 7™ o 3 e) Fmam
\'75') 2 : Fl(ﬂ+5“' AMrzi-n ) Z Bum AN +amir 9-"“"L
™ nyo0, 0£0)4

-m . 3
- A [y (e cama ) l2n-2m-0) - (29-2m-ans
whore 2 -1 ( ) (am+1} Lum-) - - (4n-2n+3)

Ag nmentioned above tho validity of (36) 1s open to question until 1t is

rigorously shown that that the physicel problem hees a uniqus colution.

Ref'erences
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THE TORSIONAL RIGIDITY OF A BAR WITH
JECTGRIAL  JRCIS=3ECTION




THE TORSIOFAL RIGIDITY OF A BAR ITH
SJUCTORIAL O20aJ=3F0TICH

The anaiytical s.olution' of the problem of toraion of a bar with m‘tori.al Croane
section is.a clamsical result due to Stokes. FHowever the torsionsl ripidsity
does not seem to have been expressed in a convenient form for the sectorial bar . .
excert in the case of the full and semi~circular bars. 48 obtain &n the sresent
note, nn expression for the torsional ripidity of s bar with a sector of angle
ne croaa—éection, in terms of the Psle funcilons and thelr derivatives, for which

proimred tables of valves are avelladbls,

The stress function for eush e bar ist

M ¢ = 69{% w)ﬂzp.n@@ 'nw}

"’)3;
with A, = '6‘* (& )ﬂ'?fl 'YLL‘YH— (n ’-"‘)
The torsional rirridiw for any cylindrical bar is given hy M = JS¢TL dn dy

Hmzcem cod 2y © n nwf Y
t . —= —— ndn .
&6 ..,,q,. j { L' eoha ) + “m_%‘:‘_"(“) Cod =3 }

*\

‘m perfoying the 1nt.e,j ration, we have

M . % |
0 = % (bannoa) = BB S 0 [ (n2d) (0022 )

To evnluate the sum of the series on the right we write

3 . )
at(w -2 ) (s 22\ o ‘*_dl 2( - )
a—zu-:a,.../ (e ) (ne 320 lew‘ %,( H,d." 5 m "2‘%
. iy 3 -1
ol ’%r“ - ﬁ.-cz-‘ 2 ('n-r

) 1
,“3 Z (“"'ﬂ -4'*'”) LAY ,“a {2 (% 'n+“'°‘ -3 ;(ﬁ T Tmg )}
i 3 -
_.Qr“’jeqsr* - ,—7(-:-&3{ E"(n+’:,2|})"' -4 2(1”“’-‘) ’"]-
_Using the portial fraction expensions of ten ol , y~ (2) ,a.log,lz snd ¢'(2)
the above series reduces to
.lr-f tam & o 7,-“"-
loatd” a;‘-& |edh{"'( +,:-)'_‘V(" )_lwb).}_ﬁqi
- { (*%)- -—wt‘;‘r)}

t o3




My __.a_";d_aa»‘r{v(,* £y 1y (H»‘*) \,,(u)].

ao."at {q» (22) - 29/ (% )}

_ . m - . ' ) ™=
Prom the relatione? y(mz2) = wi' z vz + ’;-f,) + bgm  and q:'(wz):rﬁliv'(z%!
n=¢ n=ze

- We can mlso write

Me ol  2a¥ (4 1 L d _1 ol 1t g

[ ok ! é 1]
te, My = 60 0% - Llp(5+3)-9l)] + S v'(Gr) ]
Whem o =W , duc to the relations ¢ (3) —y(i)= 2, \P'[%_): %"_‘,
we have the known expression? .'
x 4
Mme = GOG"L';";,—T)-
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A TRIGONOMETRIC SERIES USED 1IN
PHY3ISAL PROBLEMS
In cormexion with a beundary-value prodlem in reom nemﬁu, wo wore led
%0 consider the following trigonometric series. It has been noted further that
cortain other trizonometric series encountered by o5, Xrishnanls»2 &nd 1.3,

Goddard? in different physloeal situsiions can be obtained as apecial cases of

the above sories,

The gerias enesuntered isy

o . .
S (Mm+o)x Amn+rd)
2 T ma+e ) mn+ § - A(o, 4 3 L), my,
™= : ' 0 & X LT,
and A{ 0,4 § )} can be expressed as

»(0-9)1% :
) ssbleo [ Cve) - (149)] +

0-d) - ,
1 cob(o-d [ e (e,2%) - ecar2n)]+

_;._ WGU:‘:)" [ 2Ce,22) + 3(4, u)] )

where , oo st 8y %
"+
'\lfl?-)z-l:—t-% , el = § ST

r' n=\ o .
a8
8(8,2) = 2‘ M-y(t“.r: In

The transformations for C (© ,x J)and & (0:‘ % ) were obtained by G.li.lfnrdya.

Futting 6 = @ and taking the smof A{ 9, 8 3 % ) and A{ ~0, -8 ; 2 ),
one obtaina the result (Xrishnan, loo. oit.)s
P Sant (MR 4 ) ar
2 (2 +of)* - E3

Nn=-0

thting, 6 = —Q :dM( d\) 1, m = 1,2,5,---.0) and x = g s m. .bm
{Coddard, loc. o0it.): _
°°2 i nTIfd)

i
'n."‘-dj"m

)
o

n =1



-

The sorresponding series involving the cosines, ncﬁély,
S on(m+O)X  cod(med)x

_— B(Bo, 9 3 %), say,
n+ 0 nyq

n=i

cen aleo bhe treated in the gsme manmer.
The laat series can be used to obtain the result
0 Pnn +d >
s wrHrrd - (%) [w.u}@_z)- .&J.
: (M n +a) % o 7
"= -0

The detnils of the caloulstions and certein other resulte will be published

¢lsevherae,
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OERTAIN TRICOMOMTTRIC SUMHATIONS

The trigovomstric cerdes commidercd below heve boen encountered in the course
of cartain invostimtions #n voom acoustics and in view of the occurrence of
similor cerios in diverse physioal vroblers, we ﬁ(;ﬂﬂiflﬂr it of some interest
ts present hore en alamentary method of ewxproesins them In terms of stendapd
furctiorg., Usline theas trenafor-aticns, it ip shown tiat some results due to
rricioent eni Coddard? are cerdvable,

"o eanpider the trigonometrio aserice

0 . : '
Sin (n+8)t Sim (N4 '
5 “Onve) ST )
snd the co:cprogpornding eories in conines
o0 : '
2 co%'s:l“’:)l . uh{'ﬂ:'l?)!. R : 0 <& AL LT ) [:L)
n= + mie

which ore demo'ed hevre by A (0,91 20 an: B ( 0, @ 3 x) respectively.
e use 1he Collowine known resuite”’

‘ 00

(l) Q(_Q,) X.) — cob (n+Pia

Pran m +6
- ,
. ‘ el O
= 4 f e u.r-.L[qr(H_,__?)-«rL%)]eém - =
e w3
27
{n - Ssalmso)d
(3) % (o, 1) _2';‘ -
2 ] o
. . i ] N -
= 34 'ML'D'}:.:)L- dE +-‘,=_[~r('i,?)-vta))""‘"‘° )
where . _ : | . f
! . -y e - —
¥iz) - r;‘t[:.-: = 3w Lb’“ -3 T T i '"”')

Tre sorics (1) cen now bo tremsformed tiue
o oh(0-d)X ~codb M+ alsrg)i R
)= 1+
A(Q)QJ ) 3_“2';-' (_YI-}Q)L'VI»"'Q)

_Lconle-dx T L | '
oA+ m+d

+i -5 S Lm'_ra - .;1'-;;’) o [n+ glo+a)] 2



-

tod [_‘H +§_Le+:fjs.x mﬁr_n-y %_(31‘4)]11

2 M
writing the tornma e o | e,
s 0% [man-p(o-g)lan g 8L+ E16-)]2x " eanectavely,
Mm+0 ) ..'.Q
A(8,45 %) cun Lo trancforicd es
e (0-4)%
‘;7_—"9—“@—" Twr(i+e) - "l’(""‘”]

Y mbgo-i); Letsraxy-c(é,20] + 3 ;”1"_%.%?_)3 (800,20 +3(¢,20].3)

A(p,8;1) =

The ropios (2 aen bo writieon se
Ble,43%) = L) cohlD-4)2 - Sm(Mm+0)x S (n+ IR
SR ey (m+0) (m+4)

o0
i - Ale,9; )
“”‘“’Q’*,Z- (m+6) (M+d) e
ue thet we heve firelly

B(s,851) = 320D [y he)-yU+)]

s ng_ee-%L_‘l Lf_(;a,:_x)—t(gj"-x)‘]

X

"‘I Mna(e;&)l [,%(,e;:-x)-rb@;:—:&)] - - | G

hon 6=¢ , Ale,e;x) ari B(e,0;2) ero ensily ohteined from (3) and

(4) by passin: to the 18-1t. "ren

Ale, ;%) = & &XU¥O 4 & elonad) oy u 50,0 (3

Blo e x) = L AFIND L AH0Y Ly W)

<& now derive certsin trigonorotric suwmwtions)

F

S (Am(m-80x_ sin (mpada trifntn-d)x_ A ('n+t9)x)
2 m-0 m+o n-§ - M+4q J

wk”"“” “4a MJ L)
o+4d ‘
11. Mdding A(6,D32) and A(-0,-6; 1) we obisnin

mec}

—
—




% Id (MR +4) (¢)

Ao {ma +a)

AR I

- whore o= B , & result used by “ristnen in T4oht Zcatisring{loc.eit.)

111, 'ﬁ'dm- §=-6 1n (3) we got 2 '
2 Mm»,e)x).m(m-e)z - A" DU 7 Amarbr (")

2 -_ T ax m
Fynt Y 20 M o

In perii-ular, whent D -dmed L= -- p ¥roerad ds real and > I, emd m is w

g;oaium irteger, the abeve relation decomss

% A (mmfa) o

-—4!'! ME — AEmt = (_3)
ooronalt oo -‘"03‘1?9.1".‘,{}.06.@1‘.}

17. 8y employing the transformation (2} we con obinin the Following summtion
enslorouc to (%) -

, ‘i cop Am-0)X _ cod(nreIX ) ( eod(m-4)2 - conim +4)x )
m-0 R n- 4 Vi +§
mn=t .
=35l3- Jn.oue) L0-gr_ oA Lo +°”*)
6-9 b+q
x el (6400
—_ ;rre_oL-Sl"d:) (W‘Le 4
LT + 649
’rh';ﬂLD—q)l _ )‘n'rn(_Q*l-é)x-) _ Lq)
6-4 e+ 4 )
1. “rishnon, oS ST Jour, Ynd. “ath. Joe., 15 47,12,79.
Fa 07nrd, 1.5 Teocs b, Ril00., 1000, 1, 188,
Be lardysleile : ;n Introcuction to the "heory of Tnfindts

o “romwich, Ted.I'A orien, 397, (A0 i1lom, 1926).
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OF THE EVALUATION OF DIRICHLET!S INTFGRAL

™e welllmown mlﬁplo integral ' | -
SS S al.-l e x:‘.‘“-' (1-2 %o~ - -z,,,) dayd,. - A,

N
(ﬂn)
where R, is the resion defined by 2,0, X,2,0, 3Xn2,0, zxiﬁl end

Aoy &)y - -+ ydn ere real positive constants e ususlly evaluated by the
use of Dirichlet's traneformation. The integral ies expressed as s product
of Bete functions and the procedure doee not at any stage suppgest the rela-
tion between the Bets and Gema functions. h

The following 15 en alternative procedure for evaluating the sbove
integral by the use of Laplace Transform. It has the rdvantage that when
M =1 the procedure provides = procf of the relation between the Reta ang
Gamma functions,

Let },la), 5i(a), - - ,§,(1) be M+ )  functions whose laplace trans

ab
forma viz., _S 1 l}nlt)dl( R= 031+ ) ) existe ¥e have by the convolution
o .

theorem : -
L { $ol)* Sy(2)* $, (0)* * fal1)) = L 2 ‘L. L. L.
Now Sledlapr $0x) o - - - - - - -+ £ %) can be written as
kA
§ Smtrm)aty By wsi00 % - o w5ml0)] 4y
-]
x 2y 7:- g =pey= o =R
= (sabta)an, § 5 (), - S §,(x1) §, (% - Ryt gy - ~XpR)A,
o ° '
The invorse of (1) is
$o(x)» 3.,[1)-: s o -ene- - s $.00 = l:'{l.‘ﬂ,(l).b SLOL S (). ... & gnw}-
A-Am LTS TP :
Hence ‘S},_Ut,,) A%y S : SWIE NN S { 5.0 8,002y~ - - - 2y)da,
= {x.su)w.un.am R ety 3
(2)‘\!01:1‘&1'93!.'&) X" (n-o,a,..--- M)y AnD> 0 e
x - 1—1:‘1 ) n l 4."
N d.:t,,S 1,2 A ‘( e (X=2,- ... 2x,) dx
’ -) leto Ioh I } - l'_. LY LU I S TR SRR L AR
=t { TR TS T TR e, 4 van) |



-l

When X = | the above relation reduces té

' - Ay b= Ryg ~ -2 =Ry dy =1 fo. E ]Iu
Apn-t o L., aly~ ) - L — o I .
.(;xﬂ A2y J; x-u:' da,, -5 % (- Aa) Az = [Ao 4+ + Ty
1.... N
o) o f4) - - Ioa
TR Pl PR TP | U .
UU [do Ty + - Toin
=} this can be written
H o
"—" ' go o, 'dl '-*l_n
-2 day = 1. B o) 9 of = ee——— .
‘S ( l) J m | Oy ( 1y 9) m

If wo hovo instead or {2) the choloe
L) = 2%~ (n=na, -y m), So(x) =3r)= g0-2)

nhninﬂsmwthamgmnluluﬂm

- - - .
[ st ner e i
@A) " ,
S P B S
Jdi ¥4 + - - - +dn b
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A PROFERTY OF OOMPLEX MAYRI(WS
Severnl sthorsls? have noticed the following reosult conwerning complex metrices.

A and 3"aum1, square, symotric matrices of the ssme order M, A is
ATk |
assuied to be positive/definite, 1.e., the cusdratic form xX'Ax > 0 for all

renl vebbowddf X . Thon 4f det{ A +1B )= 0 thore &a n real vactor satisfyling

the opmtion (A+iB Yz = 0.

In tiis note we give aome more information on the conditions end rmtuve of
the above result end nlso an extenaion of it.

“he following 1e & proof of tha sbove rosult dus to Quade® end i inoluded
here for later uss, _ A .

Det(A +i8 Y=o | aét}nt there 1s & non-trivial complex vector 2 = x+iy -
amihilated by ( A +iB jo (A+iBY{(n+iy) = Ax-By3 +i (Ay+Bx)=0.

ence  Ax = By, Ay= -Bx. o 1)
Them L tax 4 ulAY = x'By -§'Bl=o0 (since B is symsetric)
imo.l’ﬂl = 3'Ay =0 {(eino= A 1s positive semidefinito)
This requireg that 7

Ax = Ay zo o | C(2)

and then from e.gation (1) we have
By = o, Ba =o . (3)

Henoe (A+iBin=0 o (A+iB)y =0
and efther 2 or Yy is a mon-trivial, real vector.

Ye cat sos that the above result 16 true algo i A and B sve symmetric
and anyons of them is assumed positive (or, necative) semi-definite. From {2)
anu (3) eleerly det A-o,detB =0 . |

let now ( A +( 3B ) be = complex matrix of the above desription with rerk n-} '



” Then the vector solution x+iy of ( A +£B)h}oin & real vector multinlied by
a complex soalar, Por, if not wo must have 2 end y independent, so that the
egation ax+by=o Imlies a=t=o0, Then X+ly 5 2-(y are two
independent complex vectorsyi.o., the sguetion (AH+LR)A+iY) 4 (Y4+id)(x-iy)=0
S Caypy b, 3neat) ©plios K27 =820, and thase tuo vestors are armihlated
by { A+4iB )y w!ick cariot be the emse na { A +(B ) rae 1ts ramk n-1 ,

Thas X snd y are linearly dependent and both the matricos A end B ere also
of reric n-l, _

Let us now take ( A +iB ) tobe of rank M -n. Then thore are % lnearly
indspendent complex vestors =X+l (K=1,2,..., % ) amihilated by (A-HB)_.
4s in Quade's proof of the eariier result wo hnve howe acain Ax,=o04 Aic =0,

B A3=0» BY =0+ do can see immedlately thet of the M wvectors X, , ¥i
eny +) sre linearly dependent. If £,,%,,. %y, %, 2r & linearly indepon-
Tont set 6f 7 41 veotors we see that the % +1 camplox vestors §, +i%,,,, 5,45, .,
e l;,ﬁ;f",:;&':lm linesrly independent and mre all ennihilated by the mateix
( A+iB ), uidch clearly 4a not poosible as ( A+iB ) has rarnkt n-n « If om
the other hentt u eet of % vectors , linserly indepmndent , 1s lso'ing (smong the
An veclors x,,-- , X, , 9, --2Yn ) we cannot have the n complox vectors Jy+i3,,
" \ -3 Xa4iy; linearly independent. Thus thore rust be & eet o~ % real
veotors, which are linearly independent and which ave emmihilated by the complex
mateRx { A+13 ). e ney also see that both the metrices A and B have ramk -n.
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