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P r r f a o r

ttsoRE UNlvERsllY ttsMe{
r / | Y 5 C ) P f ,

Thts Thesls 1s the rcsult of an endeavour l io add to thc

erlstlng knovlcdgc of thc curvature properttes of a Rlenannlan

hypcrsrface, by generallslng several vell-knovn rcsults and

procosses of thc dlff€r€ntlal gconetry of a surlaco ln a

Euelldean 3-spacc.i I atudy of Rlenannlan Geonetry clarlf lcl ."*r-

thr lnhorent algeblalc atructur. underlylng thc nuneroul ard

var16d rcrult i  of ordlnary S.onctry ard thls the313 ls lnterded

a! e hunblc contributlon ln that dlroctlon.

Paper I ls prellnlnatyr and ls dcvoted to thc conltructlon

of hypersurfaoes and subspaces ln Rlenannlan tpaccr 811 of Yhola

polnts arc uabll lcr. Such speco! erc fr.qu€ntly referred to ln

the subsequ€nt pap€r3.

6
fn papcr fI, vc rtett Ylth r !.t of Blcnrnnlrn rpacat Dn,

t&+r , - - . : Srrt F 
ca eh lnnersed ln thc succced 1n8 one. Thcn

consldcrlng a curv. C ln t}r., rthe roletlons b.tYeen thc prlnclpal

ourvaturos, thc nornal and toodoslc eurvatures of C ln thc

gevcral spaeat havc becn studled ln some detall. The veII knovn,

fornula + - q1o + 4P ir generallsed so as to bc appll-
5 A 9 1

cablc for any tyo of thc above spaeeg. Thc generallsatlon 1r.

glvcn by ,,
@ NoVs ! _.6-1dqo1-q-- r ,  \

( 8 5, Pelat rr)Rnr
U)'t'q+t6-l---W*,1



Euclldern 3-spacc; l '  l tudy of Rlcnsnnlan Ooorctry elarl f tol  , ,-
' 

th. lnherent algcbralc structure underlytng thc nuneroul ard

varlcd ratults of ordlnery g.onotly ard thls thesls 1r lnterded

er a hunblc contrlbutlon ln thrt dlreetloa.

Paper f ls prclhlnaryt end 1r dovotrd to thc oomtructlon

of hypersurfeoes and rubrpaco! 1a Rlenannlan rpaear all of v}torl

polnts arc unbll lcr. $ueh spaccr arc frequently referred to ln

the subrequ€nt papelt.

s
In  paper  f I ,  vc  a tar t  v l th  a  set  o f  Rlenannlan spaccs Dn,

. t&*, , . - . , L4,rp "ron llcrrcd ln thc succcedlnt one. Thcn

conslderlng a curv. C ln t9nrthe rolatlons betveen thc prlnctpal

ourvatur€s, thc nornal and geodcrle eurvatures of C 1n tho

sevcral spacct havc bccn ltudllcd ln sono dctall. Ttto u.11 knova_

formula + =- q!'n + @P lr gcnerall.sed co a! to bc applt-
5 ' - 9 1

eablc for any tro of thr abov! spacel. Thc gcnerallsatlon 1r

glvcn by .Lt) Nq61 
+ YFqg -_a-+*,ol r \

tlrc ncthoit of vork ln the flrrt part of thc papct hr! becnT

nodlflod ln tho seconcl part to rtudy slnller propertlcr of a

iurvc vhlch l lcr ln the varloty of lntcrcseetlon of tvu mutually

orthogonal hypersurfaa"r 1.9,1, t4euotir of vhlch 11o 1n l,!nn-

. tho lntrlnslc drrtvatlw of tho unlt norlrl to a hTper-

turfacs flguror pronlnently ln thc ttudy of lts curvtture ftlllt:

properttes; but as far at th. autho.r 1s awarcr th€ succGsslvo

lntrlnslc dcrlvetlves of thls lntrlnslc derlvatlve hav€ not

" t
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fourd ant rpplloatlon ao fan. fa pepcr f l f ,  r nunbcr of lnt.rcat-

lng applleatlonr of th. sccord lntl ln.lc dcrlvatlvc of thc unlt

nornel havc bccn obtatncdl . Thc rrpreerlon g"f gPlfZr, S2qi

uhteh 1t dcrlvcd fron Blanchlrs thlrd furdenontel forar by sunnlng

lt ln n orthogonal dlrcetlons 13 lnci.d.ntally provcd 1n thlr

pap6r to bc equal to thc sun of thr squemr of thr nornsl curva-

turcr and th. gcodacle torllon! of tt nrtua lly orthogonel ourvct

a long Un.

In papcrr fY, V rd VI tha enalogucl of ao!. vcll-Xrprn

kegcr or rGpr.!.nt.t1ont nct vtth ln ordlnery dlffercntlal

gcoratrt hava bctn lntroduord and e nunbcr of Lnoun ralult! hrva

bcen gcnerallsod ard a fcv rcrult! Dey b. n.u. In paper IV, th.

f,arl l lar apherical lrdlcatrlcot of thc tangont!r prlnelpel -

nornals and btnormels of e rk.u ourva hrvc bccn gcneraltscd rrd

oalled uobll leal lrdlcatrlc.r. Poper V glvcr thc unbll leal

reprcsontatlon of a hyperrurfaoc anrlogou! to thc sphorlcal

lcprcscntatlon of a rurfec.. An attnptotlc l lnc of lJr. 1r ortho-

gonal to lts lmgc at thr correrponding polntl rr$tlr-ffitrr

at- r
vhllc for a llnc of curvatutc, rnd ttt Lgo, thc teng€ntt .!c

oodlreetlonrl. Thcrc arc fanll lar ro!ultt 1n ordlnary !rp8co.

. Arontrt lofa lof thc oth€r r.lultt tey br mntloned thc folloulng.

If C and e aro a l lnc of curvature ol tr4 .nd lts umbll lcel

* hagc, thc gaodcrle curvatur.a of ( 1n t9r'' and thc flrrte lccond

atc.. curvaturcr of C ln 10.-.. aro Droportlonrl to thc corrclDon-
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elong Un.

fn papcrr IV, V rniM tba eneloguer of ronc nll-knoyn

hagot or r.prooentattonr not wlth ln ordlnary dtfferentlel

g.or.try hav. b.an lntroduecd rd I nuLbcr of knoyn rerults hevo

bccn gcncrellrod ard a fcv rcrultr Day bc n.u. In paper IV, th.

farl l lar aphcrloel lndleetrlcor of th. tangonts, prlnclpel-

nornals and blnormals of e skcy curva hava bacn gcneraltrd end

oelloi l  uubll leal lnl lcatrlcer. Paper Y 81v.! th. unbll lcal

laprcrGntatlon of a hypersurfrcc anrlogour to th. sphertcal

lcprcrcntatlon of e lurfaca. ln arynptotlo l lna of 1lr, 1r ortho-

gonal to ltt 1!€!c et th. corrcrpondlng polnt, vh$l+-tffitrr

at* '
vh1lc for a ll,nc of curva turl, and ltr htc, tho tang€nts erc

oodlreotlonrl. Thcso arc fanll lar lolultr ln ordlnery lpacc.

lnongrt sorc lof thc othcr r.!ult! ley b. nntloncd thc follovlng.

If C aad f arc a llnc of ourvatur. of t-on and lts unblllcal

llagcr thc g.odlclle curvatur.r of Q h tyr, and th. flrst, rccord

atc. I curveturct of C 1n l.9r*, aro proportlonal to thc eolrclporr-

d t lng quant t t ler  forT.  In  paper  VI ,  thc r . l roscntat ton ! !y"*c f l
(o(=t,z,.,nt\t lntroduced wherc c tr oonstrnt. fho lnarc of t l  har
\ h

bcra eall.cd I 'rparalloltr hypcrsurfec., thc parallcl lrn bctng not,

hovcvcr, tn thc tovl-Clvtta !.nc.. l$rrard ttr lnr3o havr co-

dlrcetlonal nornals, and rcvcral propertlcr of parallol gurfaceg

tn ordlnary lpaca hav. bccn crtcndcil for theae paralhl hyper-

turfaeo!. tvo or thrtr propertter of thc rcprcrcntatlon ityt*f"o

(atfr l ,u) havt elro^bccn rtudlcd vhere R- tr ttrc radlus of nornal

.t
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curvatur. la any dlrcctlon of t{.

?hc transfotlatton of lnverl lon ln ordlnary gconetry lr

crtendcd ln paper VIIr by neans of thc fornula

xD  . - L  . . 8
> = -!--T sJi'&pV U'

thc crp csslon Or*y{yf = ^.1,t thul oorLng ln thc phor of fL

A hypersurfacc of unblllcr ntnYert!?r lnto a hyperrurfacc of

unbtl lct, tvo hyp€rsurface! lntcrsect at thr sano angle al

thelr lnvcrses, and l ln.! of curvaturc lnvcrt lnto l1ner of

curvatutc.

papcr@r r analr notr rtrerctn en etpr'ttlon for

gcodcrlc curvaturc lc vorked out lntcrnr of tho R1col ooefflol '

entr of rotatlon and thc anglcr nadc by thc curvc ulth an ortho-

gonal cnnuplc of dlrcctlons. lhc expresslon reduces for en

ordlnary surfacc to Llouvll lcrg fornula.

L )  '  - t  g 'ae ko/ . " 'Y = 
fi]+ Gsv $l' ' lt '

the extenrlons of the dtffercntlal opGratotr [, dlv and

curl to a RLcnannlaa t\9", arc vcll knovn, and the e:tenslons of

nany of thc rcrults of ordlnary v€etor analyslr arc knovn. In

paper IX 1s drvel0pcd a nvector analysls't pertalnlng to voetors

and tcnsors of a Rlcaannlan Ut 
ft , tha op€ratorg dlv. autl €tc.

hovevsr opcratlng 1n a rubrpaoc Uh . lhe ldca ls sl l l lar to

the proccss of  tensor  d l f fc rcnt la t lon ( the scn lco lon process) ,

vhereby covartant dlff€rantlatton 18 effeetcd ln a t9r, uPon
q o rnr-^ - - - . - r l  a-  - - -  . |  -
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unbll lcs, tvo hypersurfaee! lntcrscct at tho srr antlo ee

thelr lnvcrscs, ind l lncs of curvaturc lnvert lnto l lncr of

curvaturc.

paper@Js e snall notr rtrerctn an orpr.ttlon for

gcodcllc curvaturc 1! vorked out lntarnl of the Rlcol ooefflcl-

entr of rotatlon and the anghr madc by thc curvc wlth an ortho-

gonal cnnupla of dlrectlons. Thc cxpresslon reducer for an

ordlnary surfacc to Llouvll lcrs fonult.

hu = 4n u Gr* kotn, -t ft'a s h.qlr'
d- -il; ' rt'

the extenslons of tho dlffcrcntlal opcrltor! [, i t lv antt

curl to a Rlenanntau '\Xr aro vcll knovn, and thc ertenslons of

nany of thc resultg of ordlnary veetor analysls arc known. In

paper LK 1r dovcli lpetl a trvector analyslstt pertalnt 'ng to veetors

and tcnsors of a Rlemannlan Unf 
, , tha operetorc dtv. curl stc.

hovevcr operatlng ln a rublpace t-9h . The ldaa ls rllllar to

thc proccrs  of  tcnsor  d l f fc rcnt la t lon ( th .  lon lco lon process)  t

yhercby covarlant it lfferentlat lon lt cffcetcd ln a t9r, uPon

tcnsors bclonglng to an enveloplng Un*, . thc results arc ln

goBa casc! analogour to thc correspondlng results vhcn thr

tcnsors and thc op€rators arc both eonflncd to a spaotflc

but ln rola cas€s thcy er€ dlffcrent. Thc vork attempted la

pap€r IX can bc oonparcd to the tbeelor tnalyl lsr on a aurface

ln ordlnary lprcc alr expounded 1n Prof. C.E.lfcatherburnr r

Dtfferentlal Geotctry, Vol. I, Chapter )(II and 1n I/6I.II. It

should bo qultc posrlblc to extend thc nuncrous lnt€rcltln8

results contalned ln Prof. Weatherburnr s Dlfferentlal- Geometry
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VoUf to Blcnanntan hypcrrurfaccs ard rubrplcrlr Juct a lcr arc

glvcn hcrc, and thc author hopo! to dcvote sone tlne to thLt votk

on a futurc occaslon. I short blbllography ls addod at thc crd.

Thc l lst lnclud.r nostly thorc paper! and bookr vhlch ean bc retd

to havo rona conncctlon or othcr vlth curvaturo propertler clther

ln classlcAl dlffercntlal gconetry or 1n Rtcnrnnlrn lpaccr Th.
blbllography ls eonflned to such books and pcrlodleals as I could

gr t  acers!  to  hcra.

lhroc of thc prp.!! oorprlslng thl! ?hca1s havo bcon cub-

ntttcd for publloatlon. Paper I has b€on subnltted to thc

Calcutta Hethalbtlcal Soclety. Paper III hat bocn aeacpted fol

publlcatlon by thc l{atlonal Instltutc of $ctenec, India. Paper IV
.  Novernbcy  1956

wll l  appcar ln thc Octobcr 1!!uc of thc Proecedlngr of thr fndlan

Aoadeny of Sclencc s.

l

It tt ly vcry plearant duty to reeord ny grateful thenkr to

ny Professor, Dr. C. l l .  Srtnlvas lengar Urder vhosc guldanoc ard

rorutiny thlr Thcsls ha! bcan lrorked out. By a speclal arrange-

ncnt klndly nedc by tbo authorltlcr of thc Uni.vcrslty of Mysoref

hc contlnucd to guldc Bc €v.n after rctlrcnent fron off lclal

scrvlec. Wlthout hlt palnltrklng guldlnoe and rerutlny, thir

vork vould not h8v. bccn acconpllsh.il. I cannot flnil adcquatc

vordr to .rprolr ny gratltudc to hln.

. I an also thanlful to Prof. P.H.Nagappa, Ecrd of thc Dcpart-

ront of  Mathenat las.  Ccntral  Col lase. Banpalore. and tha manber.r



gct. aeeosr to heDa.

lhr€. of th. prp.!! oorprislng thlr Thcsls hrvf b6cn !ub-

nlttctt for publlcatlon. 
. 

Paper I has beon subnltted to thc

Caleutta l, lathcrbtlcal 8oc!.ety. Paper IIf ha! b€en aeccpted for

publlcatton by thc l{at1ona1 Instltuto of Sclencor Indlar Paper fV
'  NoveYnbcr  1956

vll.l appcar ln thc Octolo+ lrruo of thc Proeeedlngr of thc fndlan

Acadeny of  Selenccs.

It tt ry vcry plcarant iluty to rceord ay gratcful thenlr to

ny Professor, Dr. C. I{. Srlalvastengar Urder vhosc guldancc ard

rorutlny thla lhcsts hag bcon vorkcd outr' By a speclal arrangc-

ncnt klndly ladc by th. euthorlt l€! of thr Univcrslty of Mysor.,

hc contlnucd to gulcle r! ovsn after rctlrcnent fron off lclal

scrvlec. Wl,thout hlr palnrtaklng guldlncc and rerutlny, thlr

vork yould not havr becn aceonpllshsdl. f cannot f lnd adcquatc

vord3 to crprors ny gratltudc to hln.

I an also thankful to Prof. P.H.Uagappa, Eead of thc Dcpart-

ront of Mathematlcs, Central College, Bangalorcs and tht nonberl

of th. staff of thc Central College for thelr provldlng ne vlth

facll l t lcr for !y vork as Rcroaroh Scholar ln thc Dcpartnent.

Thc vork hrr b€an the outeone

grantcd to ne by thc Govcrnnent of

ol Indla are naturally grateful to

thclr vlso and far-slghtcd pollcy

of a Reseerch Pcllovshlp

fnd1a. ?he youngcr sclcntlstc

thc Govcrnment of Indte for

of fosterlng and providlng
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.  fac l l t t les  for  rcrcarch c tc . ,  and 1t  1r  ny earnest  hope that

f shall bc eonsldcred to have dercrved thc asslstancc end

€ncouregement rendered to ne.
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