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This Thesis is the result of an endeavour 'to add to the
existing knowledge of the curvature properties of a Riemannian
hyparsﬁ?ace, by generalising several well-known results and
processes of the differential geometry of a surface in a
Euclidean 3-space,’ A study of Riemannian Geometry clarified .
the inherent algebraic structure underlying the numerous aﬁd
varied results of ordinary geometry and this thesis is intended

as a humble contribution in that direction,

Paper I is preliminary, and is devoted to the construction
of hypersurfaces and subspaces in Rismannian space, all of whose
points are umbilics, Such spaces are frequently referred to in

the subsequent papers,

R,

In paper II, we start with a set of Riemannian Spﬁc.s U%,
Opeys - - - ,U%tpeach immersed in the succeeding one, Then
considering a curve C in U, ,the relations between the principal
curvatures, the normal and geodesic curvatures of C 1in the
several spaces have been studied in some detail. The well known
formula —é— = Aw ¢ &Z%;E is generalised 30 as to be appli-
cable for any tzi of thejabove spaces, The generallisation is

given by o _
gziffzgj__f_UV5UWb41_=:(;A1U€*“r’
Rq,' Eq,] E%_II (‘35“5, paper IIQ
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- The method of work in the rirlt part of the paper hns been, .
modified in the second part to study similar properties of a
curve which lies in the variety of interesection of twb-mutually

| 2.
orthogonal hypersurfaces 1J“, WJ% both of which lie in tjn+

The intrinsic derivative of the unit normal to a hyper-
surface figures prominently in the s$tudy of 1its curvature prapmx

propertiesy; but as far as the author is aware, the successive

intrinsic derivatives of this intrinsic derivative have not
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found any application so far., In paper III, a number of interest-

ing applications of the second intrinsic derivative of the unit
YyY _pa

normal have been obtained, The expression g9 3f (sz gqu;

which is derived from Bianehi's third fundamental form by summing

it in 7 orthogonal directions is incidentally proved in this

paper to be equal toc the sum of the squares of the normal curva=-

~ tures and the geodesic torsions of 1. mutually orthogonal curves

along Bg}.

In papers IV, V apd VI the analogues of some well-known
images or representations met with in ordinary differential
geometry have been introduced and a number of known results have |
been generalised and a few results may be new. In paper IV, the
familiar spherical indicatrices of the tangents, principal _
normals and binormals of a skew curve have been generalised and
called umbilical indicatrices., Paper V gives the umbilical
repressntation of a hypersurface analogous to the spherical
representation of a surface. An asymptotic line of t% is ortho-
gonal to 1ts image at the corresponding point, while fora1iimm
Qf—~ i9-erthogonsl-te—itsimage atthe corresponding voint,
while for a line of curvature, and its image, the tangents are
codirectional., These azre familiar results in ordinary space.
Amongst some Xof the other results may be mentioned the foliowing.
If C and T are a line of curvature of 1% and its umbilical
image, the geodesic curvatures of C in 1y, and the first, second

aetc.., curvatures of  in 1¢ are provortional to the corresnon-
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In papers IV, V and VI the analogues of some well-known
images or representations met with in ordinary differential
geometry have been introduced and a number of known results have
been generalised and a few results may be new. In paper IV, the
familiar spherical indicatrices of the tangents, principal _
normals and binormals of a skew curve have been generalised and
called umbilical indicatrices. Paper V gives the umbilical
representation of a hypersurface anslogous to the spherical
representation of a surface., 4An asymptotic line of L% is ortho-
gonal to its image at the corresponding point, while—for-siimme
ef— isorthogonsl to1ts-image at the—corresponting voint,
while for a line of curvature, and its mage, the tangents are
codirectional. These are familiar results in ordinary space.
Amongst some %of the other results may be mentioned the foldowing.
If C and T are a line of curvature of 1% and 1ts umbilical
image, the geodesic curvatures of C in U, and the first, second

etc., curvatures of C in ¢

ey 9T proportional to the correspon-

ding quantities for C . In paper VI, the remresentation E*ﬂ1+c$
(zx,b,,mas introduced where C is constant. The image of 5 has
been called a "parallel" hypersurface, the parallelism being not,
however, in the Levi-Civita sence. \Q%Land its image have co-
directional normals, and several properties of parallel surfaces
in ordinary space have been extended for these parallel hyper-
surfaces, Two or thrae properties of the representation E ~ijw

'(ﬁ;bz?,n%)havo also been studied where R 1s the radius of normal
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curvature in any direction of tﬁ, .

The transformetion of inversion in ordinary geometry 1s

extended in paper VII, by means of the formula
€8 - §

= 'Té%;;;;fj"
the sxpression (£i§3“3ﬁ== \V" thus coming in the place of o'
A hypersurface of umbilies "inverts" into a hypersurface of
umbilies, two hypersurfaces intersect at the same angle as
their inverses, and lines of curvature invert into lines of

curvature,

Papeftfﬁilis a small note wherein an expression for
geodesic curvature is worked out interms of the Ricel coeffici-
ents of rotation and the angles made by the curve with an ortho-
gonal ennuple of directions. The expression reduces for an

ordinary surface to Liouville's formula,
17?_ = %_,_ (8o Iaﬁ},u T e 123/,19'

The extensions of the differential operators Y/, div and
curl to a Riemannian q&ﬂ are well known, and the extensions of
. many of the results of ordinary vector analysis are known. In
paper IX is develdped a "vector analysis" pertaining to vectors
and tensors of a Riemannian Wﬁnfj; the operators div. eurl etc,
however operating in a subspace U% . The idea is sikilar to

the process of tensor differentlation (the semicolon process),

whereby covariant differentiation 1s effected in a T%n upon

- - "~ . Y q4n ML f e mmec W e ot wam A e
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umbilics, two hypersurfaces intersect at the same angle as
their inverses, and lines of curvature invert into lines of

curvature,

’ Papertfﬁflis a small note wherein an expression for
geodesic curvature is worked out interms of the Riccl coeffici-
ents of rotation and the angles made by the curve with an ortho-
gonal ennuple of directions. The expression reduces for an

ordinary surface to Liouville's formula.
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The extensions of the differential operators Y o div and

curl to a Riemannian an are well known, and the extensions of

. many of the results of ordinary vector analysis are known. In

paper IX is develdped a "vector analysis" pertaining to vectors
and tensors of a Riemannian 19n+,s the operators div. curl ete,
however operating in a subspace U% . The idea is sikilar to
the process of tensor differentiation (the semicolon process),
whersby covariant differentiation is effected in a i%l upon

tensors belonging to an enveloping 9 The results are in

ner *
some cases analogous to the correspondin; results when the
tensors and the operators are both confined to a specific
but in some cases they are different. The work attempted in
paper IX can be compared to thevector analysis" on a surface
in ordinary space as expournded in Prof, C.E.Weatherburn's
Differential Geometry, Vol,I, Chapter XII and in Vol.,II. It
should be quite possible to extend the numerous interesting

results contained in Prof, Weatherburn's Differential Geometry
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VoLIi to Riemannian hypi}surfaces and subspaces, Just a few are
. given here, and the author hopes to devote some time to this work
on a future occasion. A short bibliography 1s added at the end.
The 1ist includes mostly those papers and books which can be sald
to have some connection or other with curvature properties either
in classic4dl differential geometry or in Riemannian space, The
bibliography is confined to such books and periodicals as I eould

get access to here.

Three of the papers comprising this Thesis have been sub-
mitted for publicatlon. Paper I has been submitted to the
Calcutta Mathematical Soclaty., Paper III has been accepted for
publication by the National Institute of Science, India, Paper IV

November 1956

will appear in the October issue of the Proceedings of the Indian

Academy of Sciences,

It 13 my very pleasant duty to record my grateful thanks to
my Professor, Dr, C.N.S8rinivasiengar Under whose guidance and
sorutiny this Thesis has been worked out, By a special arrange-
ment kindly made by the authorities of the University of Mysore,
he continued to gulde me even after retirement from official
service., Without his painstaking guididnce and scrutiny, this
work would not have been accomplished, I cannot find adequate

words to express my gratitude to him,

I am also thankful to Prof. P.H.Nagappa, Head of the Depart-

ment of Maothematicae. Central Collerse. Banralarae. and tha mamhars
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I am also thankful to Prof. P.H.Nagappa, Head of the Depart-
ment of Mathematics, Central College, Bangalore, and the members
of the staff of the Central College for their providing me with

facilities for my work as Research Scholar in the Department.

The work has been the outcome of a Research Fellowship
granted to me by the Government of India, The younger sclentists
of India are naturally grateful to the Government of India for
thelr wise and fir-sighted policy of fostering and providing
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facilities for research etc., and it is my earnest hope that

I shall be considered to have deserved the assistance and

ancouragement rendered to me,

Central College % _
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