IX

Differential Invariants l
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Many of the familiar éoncepta and formulae of vector
analysis in ordinary 3-space have been sxtended for a
Riemannian space of YL dimensions, but with sultable modifi-
cations. Tor example, the Cross-product of two vectors and
the curl of a vector in ordinary space are vectors, but these
are tensors of the second order in Riemannian Geometry. The
definitions and formulae concemhing vector analysis in
Riemannian space will be found scattiered in the text books
and other references on Riemannian Geometry. These formulae
are all confined to a specific 1%1. An attempt 1s made in
this paper to define gradient, divergence and cuil in U9 for
vectors or tensors defined in an snveloping space 12n+, . |
The idea is analogous to the process of what is known as

tensor differentiation (the Semi-colon process) which gives

a covariant derivative in kﬁh‘ for tensors defined in 19 -

In section I, three operators Y/ ,7/, x7/* are defined -
operators in Q%L acting on functions defiped in 1%%t1 ahd
their properties are studied., Thls may be compared with
C.E.Weatharburn's definitions with the same nomenclature for
a surface in ordinary space discussed in his Differential

Geometry, Vol,I, Chapter XII, and Vol.II, § 19-20.

The Laguerre function and the Darboux function well

known in the ordinary geometry of a surface in ordinary space



are vendSors ol Tne 5S5econd oraer in flemannian useomeLry. ine
definitions and formulae conéonhing vector analysis in
Riemannian space will be found scattiered in the text books
and other references on Riemannian Geometry. These formulae
are all confined to a specific 1%1. An attempt is made in
this paper to define gradient, divergence and cudl in C%Lfor
vectors or tensors defined in an enveloping space 12n+‘ .
The idea is analogous to the process of what is known as

tensor differentiation (the Semi-colon process) which gives

a covariant derivative in Lﬂh' for tensors defined in Lgb+{

In section I, three operators ,¥, * are defined -
roperators in ‘Q%’ acting on functions defiped in 12%&1 and
their properties are studied, This may be compared with
C.E.Weatherburn's definitions with the same nomenclature for
a surface in ordinary space discussed in his Differential

Geometry, Vol,I, Chapter XII, and Vol,II, Jf 19-20.

The Laguerrs function and the Darboux function well

known in the ordinary geometry of a surface in ordinary space
are sxtended to a Riemannian hypersurface, and a few properties
have besn noted. In section II, the cu#l in iﬂn of a vector
or tensor U of Lﬂh+,,, and the divergence in iﬁh of a
tensor of Ighfl are defined, and the consequential formulae
noted, No need is felt to complicate the notations by writing
Vzﬁ), &;wﬂao , dtx%m) etc. to denote the processes of this
paper. We use the ordinary symbols Y/, Curl, dow for

these operations, as the context will be sufficiently clear
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as to the functions on which these operate and the field in
which they operate. Some important differences will be
observed. Thus for a scalar :unction qb in U, , the
gradient V¢ defined in 1%1 is a covariant vector, but
the gradient /¢ b V;($) defined here gives a contra-
vanlant vector of 15h+, « The curl of a gradient in 1%1 is
known to be identically zero, but cur]b1§2gp defined here
is not zero in general, These concepts have made it possible
to extend to a Riemannian hypersurface some of the results of
Weatherburn for an ordinary surface, and the subject appears

to be capable of further extensive study,

Section I

2, The intrinsic derivative of a vector txﬁ w.r.t. a

curve C in 0

" is defined by the components Sut Uf_ef

‘ A=
N ,
where € are the components of the unit tangent vector to (.

The intrinsiec derivative of a vector with components Lj“

in U w.y.t. C 18 given by the components 51)“_ % o§
m &b _'Léy '

Let us denote ~|_ by _ELE_ vwhere |° i3 a tensor

5.
¥ Sx ¥
of any order defined in 19 § . 1is an operatur which
S T%e

raises the degree of covariancy in L%m by one, In particular

for a scalar function o of 19, op _ o =¢. -
C.a e 124
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i1s not zero in general, These concepts have made it possible
to extend to a Riemannian hypersurface some of the results of
Weatherburn for an ordinary surface, and the subject appears

to be capable of further extensive study.
Section I
2., The intrinsic derivative of a vector txﬁ w.rt. a

curve C in 19, 1s defined by the components de:: uf‘ef
- SA ¥

b .
whers €. are the components of the unit tangent vector to C.

The intrinsic derivative of a vector with components L)M

in .t is given by the components su”
Y, , wrt. C £ y p &_u;e?’
¥
. _ \
Let us denote T by _%QE. where <" is a tensor
r % ¥ _
of any order defined in L%ﬂ. 6 . 1s an operator which i
%
rajises the degree of covariancy in 19 by ons, In particular
for a scalar function ¢ of 19, S¢> ¢”
S'x?' 'D;{?’ 23

Let us next define the operator

V: 30(?’(,2, . X W

51?'
Thus [;_ ¢> be a scalar point funection of ‘Qb)

VZ# = j ?, are the components of a
o¢
contravariapt_vector, say -V, in 19 .

n+)



We ohserve that \/ P J y
PR T ”"‘ﬁﬁ;‘ﬂf

_Lh? ) S,}"qf’k R

In -genefal, for any tensor "] of Um_

vT- D( vy §T " 1s a tensor the order of
54?5

eontravaniancy of which is one degree hLigher than that of -

VY is thus an operator which raises the contravariancy of

any tensor in w’n—u by one degree. Let e,': define a

X '
vector of 9 whose components in L9 are L= }o( et
M JL

Let us define V.E = ‘,3(,/ j_of?c}. _5__€,/

Sxr

4
O&N,,,?’[ ek
=(ay U,,LJJQ)?’TQ TR WA 3‘9/ !

=(9497 s s (% 13t w‘/)?m e

Bl 2} observing that Q )}yo" NJ_O (e=1z2,- 'JU

4

1-030 V.E:. div‘)\e . . . . _ - - _ ) <§J

Therefore, the divergence of a vector e" in ‘L%\_ is equal

to V.E . This agrees with the well-known formula V.E = dewt

in ordinary Geometry,

VI(¢E)= Gy yiqg ¥ 8 (¢EJ)
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YV 1is thus en operator which raises the contravariancy of
any tensor in (L’Q%-H by one degres., Let ¢ define a

o '
vector of 19  vhose components in 19 ~ are £ = y,f’{ et
n . / T

Let us define V.E _

i.e, V.E:. d&w@ . ) . . ‘. - ._
. ‘h

Therefore, the divergence of a vector e," in 19% is equal
to V.E . This agrees with the well-known formula V.E =diwt |

in ordinary Geometry, ‘
V(¢E)= g 7“%“3 s (cﬁE‘/)
- X o Eo "
- T %5 3’}‘{% + Q9T %ﬁ-
b VB = WEpp(ve) . . g

(4 )is comparable with the well known formula

div(pu) = ?56&‘(9#1- Ve U g

Ir _’C is a scalar point funetion of l&]n )

Vf: yﬁ?’&}fial = ?c( | (say) .



Vi-vets 3lg7BE = g (% gy )m

= M[l’,mﬁ"?f + 37 994, o]
— Am @ '
= 90 3% 150 9%

)3:‘m

T T .
. adrgvjf-_-g’;”}:tm Laplscian of { tn v . . . (8)

This may be compared with the result (12,11), p.63 in the
book "Matrix and Tensor calculus' by Anistoittle D,Michal,

The operator V.7 = Ctdﬁ (:f c} 313—)( ﬂn%m

i.0. V¢ V—" ?« Té-’- g,x ) ) ) _ . (6)

This is an operator associated with the ziven scalar function qb

and we shall denote this by the Symbol { ¢ }

S ely=vevy= ois by - {v}# o

§at fam
ng,' V¥  are contravariant vectors of L9 , ‘but by 17)

the valus of the expression V'qb Vv is equal to the scalar
product of the gradients of 7‘: and \ 1n (9 ,
i.,e, the vectors qu and VY, .

Next {zpir\(: ?/ __f_ o _ ?(MEE N./

g)L Sar, Syt sm
_ b s / b,
“7 T gy Gt o -y 4]

P ‘ 17’\ ba V4



-

pRaw R . WRE R e & -k WaAS WaalWwW & W R WAew = T ) e W AsL WIAE

book "Matrix and Tensor calculus' by Anistoltle D.Michal.'
The operator th v = a y "3' ) En g
- (

1.3. V¢ V = ’E‘Q ‘ Sq 6)

This is an operator associated with the ziven scalar function qb
and we shall denote this by tho Symbol {qb}
{4>}4z V. Vy = Sy _ n
?’ {1 cf:(,"”’ {’\V}?S -

ch, V¥ are contravariant vectors of L%f , but by I7)
]

* the value of the sxpression V{j} V¥ - 1s equal to the scalar

product of the gradients of 7@9 .and \P in t,on ’
i.s, the vectors CP:(. and \V,,m .

~ Next {4’}'\!: c}/ __,é_ér\f :?['méﬁ “{;/n

L™ YR

/ § / oY/
9 ‘O‘?m s?b ,_é ,since N = ¢ 0, ))6 [1]
{t#} N= — T ¢ Q‘mej_;/‘b %L- - ‘7?\5 (say) (8)
Thus from (8), we obtain a new operator : |
= _ b p J/ |
Vo= b 7 "Q NJ',P?%{ - - (9)

| Equation (8) can be compared with equation (1), chapter III;§19

in "Differential Geometry" by C.E.Weatherburn, Vol.II,

Lk 5
G

»
Let us next define V/ = tj.oi ()
3

EERLrSVvax Sanoogx
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. Contravariant operator, where L2 1s the assoclate tensor

of ‘th in the usual sense,
v - 4z ot e,
—. the components of a contravariant vector
in Y,
Vo v= aytotsy of s
M S'«lka;: S ¥
= (94, %) %Tlefg%«
Vhv= a* 5 5 |
T etk Ll ey

We observe that V/, V', {/* are all operators defined for

a U, 1in (9““ y While {4;% and J:cpj are operators

associated with a given c}:

@%-V}N: Q __E N/

il |
7Y "
= ’s%q ( ,:-QH ‘h/

R —

iy jJ 5 - _vy

3 S‘x

Hence we have the result V*qs-\?’rv = -VvVe - - - (12)




T o
¥ Lk :
Ve V= Cmi‘n- Byl g8

9o R ST

(g ?9}) gxh 523, :

Vsb vV= O"_§¢ & _
e — Sx{’ 896 [C#J G/‘)“ﬂ (1)

We observe that Y/, 7) 7* are all operators defined for

a U, in Dml , while {4,% and [cp] are operators

assoclated with a given c’:

67@&» ‘V)N-— _Q _?:". wj‘/{

R |
Q‘s%q( QH’/

___(_Q_ _(1[){)556 9 b};’/n

mk \/
AT 1
2 ;. ok V?"
Hence we have the result V*qS-VN = -V - - (12)

Also, jjc ¥ 18 another scalar point function,

V. V= 5¢ 5. =V\p‘v¢ (13)
| L 31."«
L[]y = Ev] i
More generally, g T~ and § are any two tensofa it 1is easily
verified xxk that

vh vT_ _QQ‘I_L VTVQ

———

__Vég.v-r,‘\?T’.VQ‘ﬂ._. o (14) -
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t-e. EQ]'T-'ET]Q

| | 7
—_— ¥ « : Im [3 ) ot
Ve v =q, ylgoPn 5 “hy
o Sp (} Y m Sx'ej L2 ng ‘ “
% gV ) ghral 7
Uy %y Y _Q L8 Sy
- & TR ¢
- (%N )? iy €2 gﬁt ?a
: dom * .
N T
le’ Sam |
VN = Ve Ty = vemy
. : - (18)
Siﬁilafly for any two tensors T and Q
Lo —
Vrvie =974, - Vs v
=V T = VRIT ..
—_, dm po v/ =
VbV = g Ty B 92 g
Yyt 7 54 SxL:j}&.?}%b

- 124 )y, e

- '77] - ’
R VfJV\P = % ’Q'ym a’wv’_‘%‘-‘fl £t = V\P v - (17)

Similarly for any two tensors | and §,

o o temsors b
VI .VQ=9 (). 9777 q,=VQ.vT

= VIT.VQg=vg. VT . . . . Q8
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i
gz( Sy &

=~ ot g5 gy
' 5'{51

Vo V= VeTy = vé.vy

i "~ (15)
Sinilarly for any two tensors T~ and Q
VT v = % TR, = Ve v
= VMU = VRYT . Cae
Vé-vy = %y ?zm?,b Q. ‘Qﬂl q ¥ Sy
€4 St

=@ ) (5, 5, 8 )

te. VETY= 7 "0, 978 "ot S Tyv

Similarly for any two tensors | and &),

VT Ve = ?"Qzﬂn?’ T1 %= VT

= VT.VQ= ve. VT . . . . a8

Taking any two of the operators _\/, v, v*, they have thus

a double commutative property w.r.t. the dot product operation

on two tensors in that the positions of the operators can be

interchanged, as also those of the tensors [ and g?

3. We have C.E.Weatherburn's well-known result

VN = Ao N =— — mean curvature of L?n
We shall similarly consider Y/ (/ and V’?’V _
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VN = C%<¢ ?' :} _flq’w‘J h/‘{ | | f\‘\

' | _@*N,p qt)( - IW %Q \4

7 :—?, _Ql,sQ ﬁ’

‘V’m? o - = - (19)

deyivable from
The expres;ioﬁzon tho ;;épt i3 knewn—as Bilanchi's third funda—
mental form [ﬁ ror Y} and it has been proved in a previous
paper [Ei] thaéritR{gg;ﬁual to the sum of the squares of the
normal curvature and the squares of the geodesic torsion along

the dAirections of any orthogonal ennuple of 12h,.

In ordinary geometry, (19) reduces to Weatherburns formula

VN = - k“‘ —r-f)_-: 1K -T T

Proof': Choosing the lines of curvature on an ordinary surface
I
as parametric curves, we have QP‘V*O f ¢ 2o (ﬁ_?!;q/) and

Qpq =0 (faj‘zq/), (boov=02

1.‘. F:O and M:—:O

‘y _ 2 s
? 0,0 g F7 = Z( 5= CZ—:’L +%{'—)
= 2LN -L——f P A YN Y

El E* G ¥ E ¢,

- i:. N '2;_ L
(E+ G1> _2'5_0'.

O




oy vaoiy Jross
The expresaio?gon the ;1§/ht 13 known as Blanchi's third funda-
g'7
mental form [;2 for ?;L and it has been proved in a previous
IKe R.ji L3
paper [3J that it is equal to the sum of the squares of the

normal curvature and the squares of the geodesic torsion along

the directions of any orthogonal ennuple of 19%

In ordinary geometry, (19) reduces to Weatherburns formula

_— L 2,
2
VN = — L_ +-§;’7)= sk-T
Proof's Choosing the lines of curvature on an ordinary surface

—0. aP¥v_/
as parametrie curves, we have 9#4/—0 . g, =0 (/’#‘QJ and

Qpg =0 (PF2)siv=1D

1.‘. F'—"O and N]-—-"-'O

ba -
), O L 2
5% Z( )= (5 g
. = QLN + __L____’_‘ _‘____ o 9LN

EG E* G," EG-,

_—
s _._..1-__.

= T — 2K, where < is the Gaussian

curvature and J° is the mean curvature,
| TN = QK= T,

Haxt,' V*N = aﬁ(\/ 3:{(' —Q.Uzl\/’{i
_ tk mp /

=@y Y 2 ) (*?r Q}ak ; )

== Ay B?NJ,M) (c} ! "QN)

= —( 94, 9" (> Qbk-)
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Lk '
= -0 Ly = _7n, where T 1s the dimension of the
lpao.. J : ’
N |
ViN=_n - : : - (20

In ordinary geometry, (20) reduces to the formula
V.*nz_.ﬁ in Chapter III, f20, p.32 of C.E.Weatherburn's
Differential Geometry, Vol,II.

Similarly, if \} denotes the vector given by the coordinates

:jc)( CO(:}JL_, c ;n-}‘Q

V-’lj, = qo(\/jj.b?’b? f Q‘Lgﬂ} =n . . . . .(21)

Compare with Ex,1, Chapter XII, 59120, p.233 of "Difrerehtial

Geometry" by Weatherburn, Vol.I, \
dm pa

= % (7 9 Qgm I, P) |
_<o(\/}j {j 4},) ‘s 4‘7'\_(2 — (94;’ jPV?}mﬁW

i.e, V\f = ?, Q4m=_.ﬁ7_ N = the mean curvature | o{zzl? .

This can be compared with Weatherburn's formula
Y. Y'=7, in Chapter III, § 20, p.31 of "Differential
Geometry" by Weatherburn, Vol,II.

| o .
V)' ngn"kyji: P2 - - o (23)

Tthe sum of the reciprocals of the normal curvature of @n

along any 9 mutually conjugate directions [ 4]
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S8imilarly, :F 3_ denotes the vector given by the coordinates

Y5 (4=n2y o0y

V’% = %Jﬂ,ﬂfw f 9?'3,%} -n . . . . .1

Compare with Ex,1, Chapter XII, §’120, p«233 of "Dirferehtial

Geometry" by Weatherburn, Vol.I.

Im po J N g%
Vg = Yy (F ?’ Qgm I p ‘5‘%&

m .
<°(\/3 o(,j .f) ‘V —(2 = 3‘“’ 3PV?/L ‘Q%-\

i.0, —7\1 = ?, _(247“=._.V N = the -mean curvature (¥ ofgzlf .

This can be compared with Weatherburn's formula _
V'Y=, 1in Chapter III, 4 20, p.31 of "Differential
Geometry" by Weatherburn, Vol,II.

V y = nggLQU(;f‘LHCHLD N e

~the sum of the reciprocals of the normal curvature of 9

h

along any 9 mutually conjugate directions [}tj

This reéduces in ordinary geometry, to Weathernurn's formula

¥ _ ,
Viy = T -

Proof:- Choosing the lines of curvature as parametric curves, -

we have gb%:o([a%@ and qu/:o(p:[,q,)(p,ay:hﬁ

ioe. F—_:O akd m:.—_.a

h _E . G - ENt6ilL
BTt :59%4€—L+N N
4 — T where T 1s the

K.

mean curvature and K - Gaussian curvature.

y

L
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V. Vy= ity (o, ‘Zr”v))e

vk
=7 —Q;k“’f‘ o

(24)

" V.V}:M ry vhere M 'is the mean curvature of U‘h .

S th
ViVy= g%y (v 9,

= { ) Ml
(qotvjfaﬂ;wr,)? ‘o‘jgh"‘%/ LU ks ?J;

J

_ Lk
= 91,,9" gt (o, 9% "’/)(ﬂmg?’ QQ&YQ)
N N[G‘ Since %(‘/J;(LN/;_O

If -

. 2 3 ‘ '
Thus \ V\}/ =my . . . . - (25)

e V.V - Uad5: 7 (”FQ& )

?’77‘/k+ (33 iﬁ ?"?Q

;7
lk
S

¥

= q, I~ I/
(a:iﬂﬂ J/k

+ p gy jgi 3’}-(1

. - -O-Jaf j;/h, -+ Q}A"Q kN{
L L
-V V= 0, 5 S5k + N (26)

We conclude that WV 4 + v Ve oo @




* AR Yy . m} *
VAR .A P
ViVe= 42705 (,j)"m% Ujg),-é

— th p Ik
(Wi, ) ¥ ‘a Siga %l T 3,.,,,113“

%)
G 0yt (o g ) g
- hN{G Semee a(\/JJLN/:O

Thus V* Vy =nv . . ) ) | ~ (28)

But VV?,— X@j,mﬂf?(jﬁ —Qﬂzj_’k)

T Q‘“F%”f: < %’JJU ‘L@t’a 1h ?mlﬁ /k
oéfsjf‘,;jj %}Ql/a /

= _O';B; j:/h —+ —Q’*_Q {

. sk .
B VARV Q;‘jm PN o e
We conclude that V*;,L + v Vo o o - (2D |
From equations (25) and (26), ve have o
,V VE) N= KV*';‘V? Van o g
Vivy= 29 O [3 ¥ vl ],
‘/ Py Lm

To(29)



- 94 -

v VJ " Q 3b3 (?’ mﬂpw—Qq/m V,#, J; ),-3;

#_QWU v L
: & ? y’LJr ? ‘- ”?? " (30)
\7?7"? %v-v}- .
i " (31)
Bt (Vivy)N= VJ) N = ?"’“Q{_Q%_?g
' Y - (a2)
V.V = a by, A
I = Yyl 4. 9 (i 2%y7),
A Ao
=F v ¥ L Q;f i
V- Vy=mw 4 3}"3(1,,, .Q;ij/
’ (33)
V7= My o
cj + ?’ ’le,a _O_'}\yj'{n (34)
V"Vy % v Vy, (35)
But Lﬁ V;‘;)'N :‘./v?sﬁj)"v: m . - . (36)

Thus, unlike the result enunciated at the end of fi y the

dot product of any two of the operators Y7, 7, V* is a

non-commutative process, when applied to the vector w + But

the commutative property is restored when the dot product of



7V#ﬁ‘ % jfac}pcfo_ Am /o G o
1 F ,I; qf’”\?’ (j_”_ }33’3'{
_ v Ao :
— ‘O_JE"N s Jl’"" ;I],}
¥ Inm 5
V- Vy=mw4 ?’Q’"‘fg“aij,/ -
— (33)
VST - My "
S ‘j + ?/ ‘Q—IMRQ}%{R. - . (34)
= — *
VVy# VY - (a8)

= % X — B
But LVV)')-N:(V-VJJ-W:M <~ - (36)

* Thus, unlike the result enunciated at the end of iji y the
dot product of any two of the operators T?,T?l‘vf* is a

non-commutative process, when applied to the vector ff + Bug

the commutative property is restored when the dot product of

the whole is taken w.r.t.N.

For a hypersurface of umbilies, in virtue of the property

‘Q,‘;a-:)\ﬁ% where X = ﬂg/n we have Y/ = v*:yﬁv)
and consequently, the inequalities (27), (31) and (38) become

equalities, -

Y. PP




T A (s ),

= o(\/j_wg'%[.j(?'ﬂfp-f-j(% Nﬁ]
= 9o g o g?

%P gtk y
? N, [%ﬂ R A L P

ik : - ) :
e ) ¢ "tk 97 ‘Qf Q2 @an *

= Vi byz (19
Lk TN
V*.Vl\lz-_ QO(I/Q '3/'/ (}f.}tggn()e)ij

VRS fii(a..h?r Nﬁ + Y. (}?,ﬁg)

@Hnw)@m iy

"'(9.;{ ?W -Q "’-E :QQLNP =_Q-C‘*' v
S5k Sak 511,;

_ th Ik -

= _ [—Q-ha:,}(} Uji + %« ’Qk.c “O‘a'*l J\IP Ot |

I ..
- [_(}J’—Q-L); Nﬁ‘f' ‘—Q'y/‘()‘lu‘,.j, Cj’ih yjfi(.]

N .(_V*V N) = _ M=- mean curvature of ‘U}h ‘ (38)




Ay ..
I E(}J’—Q-l}. NF"" “O-?Qh&-)?; Cj,lk :fj&]

CUON CV*VAD = — fl=- mean curvature of U}h (38)

— V WY by (22)

Tvn- 2 g (g,
= &g ysf;? cv_o_qm? h(gi‘? }N;é)’f

'—__-_ g b Am 3
: q"(ﬁ 75}9 % ‘Q‘V'ma’ 55?1{?7’“/,"/+ y;???: "//J
J} .

¥

- A% Am ‘/
¥ Qam Ny |
= v ™ Sk -
v ¢ Q -9 0 .
Y [ 4 k,‘,{y;g — ¢ _Qk}____Q{gnf]
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_ md -
N. (V- UN) = —% nk? Wﬂ_%? Qg . .. (39

= - 3’ m g ' :

On a surface in ordinary space, this reduces %o the sum of the

cubes of the principal curvatures,

5. We shall define [F.VT . Q yjq e" ,/ ?_ly 51- 4o
dx?
‘where | is a tensor of any order;
nd E. SGr - / 3 41
where "‘g‘k are the components of a vector in ‘{Qnﬂ whose r";x

components in U0 are £, and (s is a contravariant tensor é

‘of the second order in 19 .
N

Let 91[) e,_, s - - - .46 be the unit vectors of an ' *

orthogonal ennuple of directions at a point of 19% .

d [
E, 'j‘x o'  are the components of ek’ in the
coordinates of Y, Ch.._:,z,. Ssn)

Let us evaluate,
D, = E. . (L .
K hd | CSA».; V'V) E{/

Now, VN = y 9 D’N is a contravariant tensor of the

second order, in U
N+l

r-y (VN) "’? J) e‘u
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where T 1s a tensor of any prder;

and [, 867 & = ~(41)

/ .
4@70(3 QG'F et QySt! &9’

where ‘éoh are the components of a vector in ‘LQ”_H whose

components in 'LSL are ‘&“ and G—y is a contravariant tensor

of the second order in ¢ .
N+

" Let Q—,Pe,_} s - - . .4€, be the unit vectors of an

orthogonal ennuple of directions at a point of ‘L9h .

E I‘x ‘3“ QL; are the componar‘xts of ¢, in the
coordinates of Uhﬂ, (h=13, .. sn)

‘Let us evaluate,
D = E
o g/)h | V'V) =4

Now, VN = _"{ 3}'?;\,}/ is a contravariant tensor of the

second order, in L%l-l-l v
LS (o) = (4% ‘/)
z:;hl( ) X 1]
| :}»Nf ﬂ F v J

= ! 1/
“ %er‘i [ﬂe ¥ ey

By ”EZL,V") y N

—+ 3;:;‘31:9;%‘/.@ %9 Cleije}fl-
b

9,% ek[ ag.f j eq‘l/ ekl




Q o/ &
\” i *’»)ekl 4
But NJ A9}
u (S‘\/ b%’aq, -.-— "’CV
O A / _
O Nipe Yy T Ay Yy = 2
a v 48 { s
Ty = L pg,y since QW b Yiqp” ?Qqafy/v%::

| 5
Hence finally E—AI. (ﬁ’ VN).ELI = _Qf’%e ektkekg
Similarly q <‘—S— v N) hl = —-Q.M} 0 (1’ eL { e ‘i/
— "'Owkaf QL ek/ E,\f (TZZ‘V)
Henee we have the result

( V"Q = Ay (MV'\Q 5

1.e. :D}\k{, = :Df,l\_k

In ordinary geometry, (42) gives the results

4
&) 4 {r/a(;vn).a}

and - (—a;—;vn)'a = & (H;:,‘Vrj‘&‘ L] | (43)

where QA and “() are unit orthogonal surface vectors and ds, da



ANe )
B et = L2, i A L
F

ence a = 0 £, = !
H f1nally EA[. (SAa,VN) EL/ - "“Qb%g ekil”ek

Similarly E{I- CESXA{V N) 'Ea‘ = _QM;Q 84’ et o, q/

==y e Y= By (T )
Hence e have the result | . |
E."l'(f%\}v@ = By (5 klv@ o )
-1.9. Dyt = Loy - |

In ordinary geometry, (42) gives the resnlts

a(—j‘;&v-«.{,: t (4vn)a
_and A %v@.a = a_ %Vﬂ ,(;,.} (57 (43)

where QX and {5 are unit orthogonal surface vectors and dis, d./
sre respectively the arc elements in the directions & and 1~ .

We have D

= Byl T By -y, a4
= - yp oy Q}H Y= =gy ey
By (5%1‘7“) EBy— 5, (TW) N

- (—Q e—ﬂwe#)e 7 f
LS, ’fg{wa w‘"ng”g ﬁeue‘%g :

' (44)
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by the Mainardl Codazzi identities, where ﬁ%; /8§ 13 the
Riemann-Christoffel tensor of ‘l%‘ﬂ. Lé]

It ‘U}MI i{s a Euclidean space, the m right hand side of (44)

is zero.
For a hypersurface in a Euclidean space

F : | .
E“/'(T/TL/VN)'EAIE- ELI.({E:}VM).EA[ . . . .(a5)

oo D, =

tpﬂk L

In ordinary geometry, (45) becomes

a(i’vn)'a: Jr% vl (46)
and v(y.(%vn).»{,-: a ,(d-J_VY/)),“'I‘ rnm

Combining (43) and (46),
a. (ﬁ%vv«)-% = {r-r(%VnJﬂ: Q. (% Vo )&= =D
A %{ *Vn).@: a '@%,V'h).-{r-: 0-%17'%)-&: :Dr Zg

/
where ~]) and@ 1 are the Darboux functions for the
directions & and As- respectively,

In analogy with the definitions of the Darhoux function
and the Laguerre function for a surface in ordinary space, we
d - '
efine j)k{kﬁ' Elt.(ﬁﬂ Vﬁq) E,; as the Darboux function of the

?Z%
direction &,, w.r.t. the direction ¢,, A _. /¢ When A=/



Chl..(ﬁg\zuj.tkla bq_i_jzlv_n().g“/ . e . -\aY)
i, D |

-, .
ChER T TR

In ordinary geometry, (45) becomes

‘a'(ﬁi—,vr\).a: #.#'V“)_Q
and #(OL Vh)"(r: Qa (£7VQ+ EU

. {46)

a5

Combining (43) and (46), |
Q- (Gvn) b=t (vn)ac a @ gyyas —)}
b @own) s a i on) e L (f) 4 yfia

/
where " and D are the Darboux functions for the
directions & and As- respectively.

In analogy with the definitions of the Darboux function

and the Laguerre function for a surface in ordinary space, we

4

define D, - A (}{X{ VN) .E,; as the Darboux function of the
direction &,, w.r.t. the atrettion ¢ A When A-={
"\' {[) =i: _ ’

this is the Laguerre function for the direction C,Y

We difine a Darboux line as a curve in Tﬁh for which the tangent

vector 8,\! satisfied the Ch—i) equations ‘Dkg;\':_;o (&:bi.-m,
+ - — it _—!E—A)

Similarly a Laguerre line is defined

as a curve in 12 for which the tangent vector @1 satisfied
el

[

the equation :Dlxu\, =0
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The sum of the Darboux functions of a direction F Wb m o

mutually orthogonal directions of an ennuple ew Ch—ri ;
I - § B

"at a point of 12n 5
. ‘; . e ! l
% ﬁl ( b2 M) E;‘/ L Pe"j e‘.%’ *c’.})

(47)

where Ol s~ 1s the @ differential of the arc in the direction f
of & . )

- Hence, we have the theorem:
' —————

{1
i
|
‘ |

The sum of the Darboux functions of a dire'ction : @N _E)“,,V,&\

any 7. mutually orthogonal directions of %%1 is numerically

equal to the intrinsic derivative of the mean curvature 1n the

direction E N

In particular, choosing the vector & as one of the
directions of the ennuple itself, the above theorem reduces to

the following:

The sum of the Laguerre function for the direction Q{

/

and the Darboux functions of Q{[ wev. t. the remaining (?1f9

orthoronal directions of the ennuple is equal to the intrinsie

derivative of the mean curvature in the direction €11 .

This result reduces in ordinary space to the following

~ known theoremt



----- - ey, LS - WA e TRAasAWATWAMEAIEs Wa VAW Wa v A4 il WalLVeRAUVI]

of E .

Hence, we have the theorem: 3
‘ ——=

The sum of the Darboux functions of a direction - % E‘);,,,y_z

~any 7L mutually orthogonal directions of E%Q is numerically

equal to the intrinsic derivative of the mean curvature in the

direction § .

- In particular, choosing the vector }5 as one of the
directions of the ennuple itself, the above theorem reduces to

the following:

The sum of the Laguerre function for the direction €{

and the Darboux funetions of Q{, w.v. t. the remalining (?Vj)

orthoronal directions of the ennuple is equal to the intrinsic

derivative of the mean curvature in the direction -Qq .

This result reduces in ordinary space to the following

known theorem:

The sum of the Darboux function of any direction and the
Laguerre function of thé perpendicular direction is a linear
function, equal to twice the rate of change in the latter:

direction of the mean curvature of the surface. [}o]

':1))\1\_}\7— EL\‘- 6‘;’\{{7'\/) ’E;l —_—-_ _-QILCV’Q ek{},ekﬁ/ek)e

_ ;
g (L 55 2 Deffr

C . (am)
/ |




v 1 by |
vhere QJ\ % = —  principal normal vector.
- Bt glk

From (438) we have the result: A geodesic of constant normal
curvature or a line of curvature of constant normal curvature

is always a Laguerre line., For = p £for a geodesic and

O Ch v = for a line of culvature [
A - L9

In ordinary geometry, (48) teduces to L = %kh"’ 9-1\4
where [ = Laguerre function, )Q}\_z_ normal cﬁrvature, -f_._.

geodesic curvature and T — geodeslc torsion,

Proeof: Let eb') }’L (1; =, ,) be respectively the unit tangent
vector and the unit principal normal vector to a curve (" 1in

a surface in the Euclidean space % .

y’q’e 3 jn }3 N @E_;,z are mutually orthogonal unit

vectors of S
Therefore, in virtue of the Serret-Frenet formula we have,

& w

”g_ngjf’k:j S 1)
From (49) we get

'—C:ém‘ ozi)

of
But, sinece n/“ y p we have 8

A
— __h(°{ cf ('3MP)



Progf: Let e(;) })i (1: =), ,) be respectively the unit tangent
vector and the unit principal normal vector to a curve ( 1in

a surface in the Euclidean space Sj .

yme 5 jw ,:;) N ('_,;,z) are mutually orthogonal unit

" wectors of S .
3

Therefore, in virtue of the Serret-Frenet formula we have,

S o (i ‘
dA < tj;;# "‘k'n_fj',c:'(,eb - (a9)

From (49) we get
y .
C = CSN ‘jsoq:)"

| 5a |
But, since 2. 3 ;. we have _%_r{ VA d PC
— -y
= —N d ('-\ju }))
T~ %S Cy
= w& [y E)'a‘ L' | ]
N e of
| [ 355 3‘; 5
T =_ Q..e‘:]ﬂ'
_ ¢ (50)
From (48) L = Z%h" -'—-B."C\/ " This is the same

as the expression (28), Chapter VIII, ‘EBG, P.139 in
"Differential Geometry" by Weatherburn, Vol,II,

“ | T

BT TP PIE - - P

Ty

-l
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On a hypersurface of umbilies, the Laguerre function in any

k direction 1s egual to _%C of the intrinsic derivative of the

mean curvature at the point in the direction considered,

On a totally gqodasip hypersurface, every line 1is a

v—

Darboux line as well as a Laguerre line,

SECTION II

ol
1, Let us define the curl of o vector with components (/

in lﬁkﬂ at points of 'valas given by the components

gt - ol };«d;;{)

This 1s a contravariant tensor of ?Qh*} of the second order

and will be denoted by \/x(/ , The definition 1s readily
extended to any tensor "] of order p>| . The tensor
U‘*\/F o Ufgu‘x formed by the vectors (' and \/ 1s
denoted by the cross product 'xV = T“ch. (say), It 1is
obvious that (/XV 18 a skew symmetric tensor, and that
"xﬁ e o « In fact if EQ&' is an?'symmetric
covariant tensor of the second order, gﬁ*ﬁ -t o

The curl defined above should be distinguished from curlu 1n

which i3 the covariant fensor with components (\ Tyg ,g) L}d N

b



SECTION II

. o
1. Let us define the curl of o vector with components (/
in

At

| otk L
. (uik‘? 356," Uai"r‘ kf’f{{)

This is a contravariant tensor of (w'n-u of the second order

at points of ,(L%L as given by the components

and will be denoted by \/x._ . The definition 1s readily
extended to any tensor “[ of order p>; , The tensor
U“vi'j S UF\/O( formed by the vectors ! ) and \/ 1is
denoted by the cross product UxV = T | . (say), It 1is
~obvious that (J/XV 18 a skew symmetri;: tensor, and that
QT — In fact if 1 tri
L — . n fac 8 any symmetric
(3 ! % QoL n{i y
covariant tensor of the second order, Q T ﬁ—zo‘,
oL fo
The curl defined above should be distinguished from curlu in
.
which is the covariant fensor with components Q,L,'-,,'j’_.. u’*’_f) [44]

We shall define the swa square of the magnitude of a tensor

T' Of the second order as

= —é- Qd‘/qu TQﬁT‘/{ and the scalar product
| 3
of two tensors Bdﬁ, /8 at faj:-qd\/ qpﬁ EdﬁQJ.

* This definition differs in sign from the usual definition
of curl in ordinary vector analysis, Hence we find
slight differences in the consequential formulae between
the results here and in ordinary space.



L

According to the above definition If U and \/ are unit

vectors,

(Hagrstude)? of Ux - CL,/ Qg Cu“\ﬂg ufy )Cuv _u‘?v‘/)
IR S e)

i.e, (Mag) of (uxV):[_(ﬁ &= &=n"o, where 8 is the
angle between the vectors (U and \/. '

It follows as in ordinary geometry that the magnitude of

the cross product of two vectors is equal to the product of the

magnitudes of the vectors multiplied by S - - - - - (D

Next we have,

Cud (P U) = {@’ uo()’.i%‘:'}-yf; - Gwﬁ)“: ?’C@Hfé-

_ Y B et oy .
=t (U, - P97l o [t ol
Gd BV UxVe 4+ dOlu o o - . (D

This agrees with the corresponding formula in '{Qh
BRI RN A IR b«
Curl V¢ = (33,9, bii )k & g,»fa @.,?.C} ¢>,-.~,]3H Y
,./30(

L 7y ;
D b 989 ha) e ofy S
o @ﬁ % ¢n, ﬁf_j_f;, ??:C?,ik/)%’ug

(e~ m,ﬂ../a e ~ e bl . N



It follows as in ordinary geometry that the magnitude of

the cross product of two vectors 1s equal to the product of the

magnitudes of the vectors multiplied by Siqg - - - - -~ (D

Rext we have,
Cuk (PV) = G u%%cyvf_ SCTPr ?’L}.gfé}
v _wubatr (0 B .
“?5)1, L(_:UO( ?UF v 3 ?f J"_‘P(__ :b??gf?‘%ﬁq’}jﬂ
Cund (PU) = va¢+¢(}n€u e (D

This agrees with the corresponding formula in 19%

Curl Vo = @"( %7"’@,-;, )ik ?uyf (3F ?%4'3») L% ﬂf

= (Y749 b+ %”cﬁ,‘,g)% s, o 5

*@’e b +3f ?'“‘P .,,k)?r %éi A

@a% 1 tfﬁw"% — Q1 975y qS,L)
= ¢, Qg k"/dﬂp “‘“ﬁﬁ)

— o™ gf — ""gd L/, ;
| where Q’ 96,.., | HJ

writing a(-——AE'Q where ‘E,{;— unit vector, and :

TR T ST e

#
T

A Q Lma{a”‘ = ¥ a?ﬂﬂﬁm P; 3:?{9;“(2&
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CurlVe = A (JNG%;FLEP - N@‘:jg& ‘5‘9

observing that J\(d' and '\(f_fi \g/'e are orthogonal unit vectors

we have using the result (1),

(magnitude) of curl Vg = C}mg?k‘b b ¢, ‘f’séiﬂ[g (%/c o

on the other hand 1in ‘Ul}L Curl V¢ =0-.

'8, Let us denote the tensor Nxf = “sﬁ- B E"{ ﬁ by ‘Bc(/g'

Consider B,curlE _J_q /}35 [N%:ﬁ wBE J[ ? tf E,tff’af

~qda3 N R o J 3%3

-,-_/czeagﬁ )chw"(s/

= (Xt of ) (4 el gt
g — 92 22 No(5¢ ol qﬂ/,\(dé\‘/ﬂef.‘.

But q,x\/fv Ef -0 Differantiating intrinsically in the
direction of £ we have,

Ay N;EIQEEJ + Qv NdE;(geg-‘-‘O

oy | .
%\{' N E,‘g eg= — qﬂ, n{fé eg E/ which reduces to 71[2- 9

the normal curvature on substituting for N?jg by its value

St

T S LT Sy PR



bl MG WBEe UTLIVLE vl JOLIIUVUI Y X =AN"E"—~ NI E -ﬁ by B

Comsider B.curlft -_—é_q }/%6— EN"%ﬂ vBE ][E

_q({aéﬁ("(ﬁx/?rj

But o«\/ 'V’\E\/ =0 Differentiating :I.ntrinsically in the i

direction of £ we have,

U ice! + g nehedes

: C&\( N E)-é EQ: — qﬂl Nfé eQ g‘/ which reduces to '—ERL >

the normal curvature on substituting for n(i.)/g by its value

h ol
—9 L2, %
i (NXE V‘CU.)LE — A . - - . o
R
Compare this with Weatherburn's result,
Cox
dadt = -k [2].

It ( 1is an asymptotic line, Boourlfs = 0

we shall show that Curld¥ is a tensor of zero magnitude.

,La”f

(&) ‘

® Vide foot note to 6f 1y to account for the change in sign.
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(Hagnitude)2 of curldé

T xf%é[{92ﬁ NIT Yk

f( \/J’hjur)C% Nﬁ , )? 77
@&y dh)(%s &?;

N T
D67,

= sm,w)a (s 08 o) =t )(w )7 w

- 5™ Caps whon) =ty ot Yol Yoy

But Nﬁ = ~ fgl’ L2y SF

and cXJ y { — ‘_l:l
(Magnitude) of curl \ = f} "Qﬁ.n Ql '3 o C}Jh-le -Q(??

el eREL LTt e

But' curl N 1in 'LQMI is not necessarily zero, since it 1s well
known that Curl v = o is the necessary and sufficient
condition for a system of geodesic parallels, The present
result can howeder be compared to the result curl 1 =0 for

the unit normal vector on an ordinary surface |I!5].

It pust also de noted that the magnitude of a tensor may

be zero, without the individual components being zero., This will

PRI O

]



A A A AN Y TR LR AL 2

e NE o= 3 pa sF

2

S

a,, 49 ¥
k

. ()'!agrxit:udta)2 of curl \ = C}’(hllh. ‘Q-{y' %".?'.__c‘.} D pe ‘Ql;‘?dios:

But'curlf( in 'U%+’1s not necessarily zero, since it is well
known that Curl v = © is the necessary and sufficient
condition for a system of geodesic parallels, The present
result can howeder be compared to the result curl % — 0O for :

the unit normal vector on an ordinary surface |!3%].

It must also be noted that the magnitude of a tensor may _
be zero, without the individual components being zero. This will

be clear from the definition of the magnitude of a tensor.

Koxty Etudwv= E. (Noi?ikyﬁ——-!v/@ Ak ot ) | 1

/

—
e

::(%( V(N,b_ ’lkfjﬁ —-;NF*AC}J
O‘o(

795 Mhety" «VFE-—-%H/N’Q@Q“/G%

= ~Ly, aikfffe b f’éf‘?L 'ﬁ@‘?’p - "C@QLO

i
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E.Cl.\'Y{IV:“O . . . . . . (é) g

These two results, viz. mag, Cuy( ¥ =p anrd [ - Cuv{ N=o1o

correspond to the well known formula Cuyl V¢ =0, where

the V amd (uy operations are confined to a specific 19”
only. |

Consider N.GAE = %‘VNO([E:-{L ?ik}ff —-Eﬁ c}!k /
= %(3/ No&fl %Akdfh
= _%{wjigd?lh 3’@.

=y ¢ Oy ) 9t e g t

- (O-‘ouf 95 3}-/m) 95"’@“ 'vfuj*e’: | | ;
¢ A ¢
= 9w ¥ mﬂg{ 336:? e

N AE =~ tgft“:. . E.vN

i ome oIt

= -~ (the intrinsic derivative of N) - - . (7)
Magnitude of N. .JE -  Magnitude of IYf.(le _ %
= G nenfiek rc:, fot

=g% 0, Q. eeF NI4T



A | 24 ¢ Vsh -

= —%{N‘/e“ 1’“39

.i

.

% ?g, €y BJ _e 3/0 e g
t%u%”ﬂumi%e :

¥, g e!

. rv.cwfszé fﬁ;@’“: —E. VN

= — (the intrinsic derivative of N) - - . (7}
£ ok @
Magnitude of N. (B = Magnitude of N'kQ )
O/ L e - - .
CL@ vo.e rwB = ’C, t Ty

=g J)_b_‘ _Q(?re‘*ea’ [lq.j
From (7) we deduce that for an asymptotic line ,
EMade)co o - (e
vhile from (4) (NKE)-&M{E =0 | |

For a line of curvature, /.Cu~ E is codirectional
with ~

7 . . . _ N . N ) N ' /?)t

3

Also, 6(&”(9 ‘N=0 for any direction of {Qﬂ - p
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3. By an extension of the definition of the divergence of a

veetor, the divergence in Whney of @ tensor T in Ny

is defined by

. _ . . . B |
door = 15 A ]

We shall now define the divergence in L9,n of a tensor | of

order of contravariancy f>_>_[ in UAH by ‘

V.T = %5‘ ‘J il (} TI». " which 1s a tensor of

order of contravariancy (jO——l) L. . R 01

Therefore, the divergence of a tensor of the second order 3

13 a vector and that of the vector is a scalar.

If "] 1s a tensor of 0,, ,we shall define the tendency

of T in 9, 1n any direction [ by the expression [ yT.r.

We have, L VT B = q)/g J_,JC Tﬁ; fxi@ 3f€~p
g

:@ca%c")f( %R Tf; "‘J)@eg | |

EVT.E = %@T,z“”e?"yfzei’ . op

But the right side — tendency of T w.r.t. C 1in U”H
. A %
Therefore, the tendency in ‘U’“ﬂ oti-a tensor 'T‘“ ;n 'Foﬂﬂ . 1s a

- o o, N o - P



oraer o0l coniLravarlancy ,’J—,I) . - . - . . . LI LB

Therefore, the divergénce of a tensor of the second order 1r

{s a vector and that of the vector 18 a scalar.

If T 4s a tensor of 10,, ,we shall define the tendency

of T in 99, 1in any direction [ by the expression E yT.£

e, EVEES Gybelyl g

=997 e % T o ! -

&'
e | -:
EVT.E = QT Yyfol - .
- @ Sy ,e 35@:2 .- e e (l!.,)
\ o ’a
But the right side — tendency of T w.r.t. C 1in Un” |
Therefore, the tendency in ‘Ul"_” of a tensor 'T‘ in '19 + is i
it

equal to its tendency in ‘an ;

If . 'is a vector of Y, , with components U H?’.U’:
: L

in LQM,, | E.VU.E = Cg(ﬁ Ude’w& Q‘e : i
' U (95eul); Pyl .
Yo F u).g. e*yfgee: 90 ef;.e?"ef j

—~ tendency of % w.r.t.s C in U”_.

L e e s sl ng




- 107 =

Hence, the tendency of (J in LOM_[ 13 equal to the tendency
of U in 79,, and when \ belongs to o,

5 these are both
equal to the fendency of W in W, - - S -CH}J

In particulér, the tendency of the normal vector

— -~ normal curvature.-

:EVN‘E = -—__l _—
R

Theorem: - The sum of the tendencies of any tensor | of 'U.hﬂ

in N mutually orthogonal directions of an ennuple Jz Eh is

equal to the divergence in ?,D” of the tensor | .

Proofi~ The tendency of T w,r.t. Qk/ = g(ﬁ'rf;‘ " 'Q’yv: -j’@ %}

Cknr,z_‘, R
Sum of the tendencies of T w.r.t. Q{ _ |
ZL%[%T;Z R TIR o

A T T

_ e
_H ; — ' d i N
| ?’ %@ ng by = v TS by definition

Copr.: Sum of the tendencies of the unit normal vector in U?,,“

w.r.t. an opthogonal ennuple of directions of ‘LS},L=~mean cur-

vature of ‘\Q},L .

This may be compared with the corresponding result known



* Proofi- The tendency of T w.r.t. Q,\/ = %ﬁr" Q‘Y(} wz E"fs
s I)
Chatz, - - n)

* . Sum of the tendencles of T w.r.t. ek’
& :.% %73? e g |
| - ¥ e b - . o
R e T

— %}Q%@ 3&. .-r—:’(a’ “ :_ v T by definition.

8

Cor.: Sum of the tendencies of the unit normal vector in n

‘Lgl = ~ @ean cur-

w.r.t..an opthogonal ennuple of directions of

vature of ‘\%i_ .

This may be compared with the corresponding result known
for a vector in 19, L’[ 67 . |

‘_=;¢;%
4, In ordinary space, we have the well known Green's identity

Ot (a gradd — grad @ ) ,:adﬁﬁ?/rmir-— 4 dev c}wuia,.
It is quite easy to extend this faxxik to a Riemannlan IS?ErL also.
We shall now extend this for the operations A1y and grad

defined in this paper, for tensors of LQ,\‘,_I the operations

e g Tt gt

being in the fleld of U, .
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It ¢ and \} are two scalar functions of W, + we have _ |
o[ pgredy —y gred ) = ce(p 43 9% — vy 9%, k)
. 1k :
= Ayf 9 (CP g F 0 = YE 19 ¢"‘)"9' ¥
A 3
CP\M?%)?’——\VPA? | | i

Also, o dxv?fraud'w'-—‘? cﬂlv?/r&dcj)

i
= ¢ ag 9f 3?(&,49 Vi k) “‘”%3,’3%”(9,;9“&),}
=PV P v 1
A (§ gredy — ¥ grady) ckdw%m'v “‘f'd‘”?"”?)

- ()

Next, d;\/(UXV) QOW t/,L?U?(U v/‘-—uf“ufﬁ
| = Uy —veadv - - - (.
V{(U.v)= yﬁ?’f?'(%u/ud‘/‘/)}f - | ]

= \V.vU +U.VV + V. C!A}'{U—FU-QAY{V - (1D

(16) and (17) are known results when Uend v and X7 are
a1l defined in 9, . |\7]

We can obviously extend the results (16) and (17) for any i

1
tUO tenSOPS l} am \/ of q-,o.,. A maldlrme e s d . =2 e om B



= ¢ ag b 39 (9% 9%y, Ky, ~Y Ve, ?5(939“&1}*

D ! v
o hl}'_ﬁ ko
BRI A TN o
A (§ qredy = ¥ gredy) - v gredy —y divgrod.
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Next, kv (Uxv)= Ay ﬁf“?u’f/u vls——aup\}d)
| = Vv —Vead v - - g
V{U.v)= y}}i %’:7‘(%]/Ud\/‘/);,;

= VYU +U.VV+ V. AU 40 tadV - - (1D

(16) and (17) are known results when \J)and \/ and X/ are
all defined in \9, . [\7]

We can obviously extend the results (16) and (17) for any

‘two tensors |/ and \ of UM., , 'V being the operator defined

_dx'U(NKE); 0(7/3{7 (NEF-—“N/QEO()A

in this paper, operating in ‘L% on functions of ‘U’h“ :

Consider iy (rvxE).
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Srace clhv € = dive Wy, -
skpee
in virtue of equation (3), Section I, of this paper.

. r -
From (16)  Chv(NxE)= e v +' vl E) - - (Ca9)]

from (18) and (19) we have in virtue of (7)

ME 4 wdive = E-GolN - -« - - - . . 7oy

L Nvfa-\'?{ N = Oh-ve . | - | ~ ~ N . . (Z_IJ

and (rnagnit:ude)2 of E.Cm(uyz _ML{-@A'\/EL, M being the

mean curvature of Qn c- .. . . . . 22)

: R
From (18) (magnitude)® of v CvxE)s mb+feny) Hdwe)3 2mT
BN )
where T and ’Cz’ are respectively the first and second curva-

l
tures in ’T%H of the geodesic tangent to C 1n U, . :
|

Taking scalar products with N on either side of (18)

\nhavo. N.div ( NXE)= _d.:ug_ 1~NrE-QA’Y(N" . 'C’-Qj

in virtue of the properties [y.F-o0 and @' Cuy(y~ N =D :

Taking scalar products with E on either dide of (18) and (20)
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4 & Wpasm H =TT o
=

ME 4 ndive = E-Golv - - -

N.E. Cx_{}( W= Cﬁ\lve N - - - . . . (2_1

o 1
and (magn-fltn.ld»ta)2 of E-Cm{l\(: MLJ&- (O(A've) 9 1] being the i

q
mean curvature of %, . - - - - -~ . : L z2)

of AvuliWxE)s= mbr ﬁc‘{L'*FCHL) {'@"UQL"' LME;
- Ty

From (18) (magnitude )2

where ‘(‘,"I and "Cz, are respectively the first and second curva-
Cw in UJ,L .

tures 1in "'(g\_‘ of the geodseslc tangent to
|

Tahing scalar products with N on either side of (18)

we have N.d)‘u(NxE): -d..{,e :_N,g.cu,,(w'- A~ e s -(zru‘

in virtue of the properties [N.E=o0 and JV. A E)- N =0

o
-

yaking sealar products with E on either dide of (18) and (20)

respectively we have for any direction along a hypersurface,

=y cnpE) = ~M+t _h, vhere —}FZ _ normal curvature - £ ¢

anpd E-UM(N-E.zmz mean curvature of ’\,Qn N P

Ll I
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o t.chu vegy=0 and K E.GA W <o

For a geodesic congruence the unit normal vector is

athogonal to QUU(ng) as well as to Eo&uXN-

1
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