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. t{any of th. fanlllar ionocptr rnd formrkc of Y€ctor

analysts 1n ordlnary 3-spaoc havc bccn artcndod for e

Blcnannlan spacc of YL dlocnllonsr but vlth sultablc nodtfl-

catlonc. lor cranplcl tho Cross-product of tvo vcctors atd

thc eurl of a vcotor 1n ordlnary sploc rla vcctorsr but thosa

arc tcnsorr of th. sccond oritcr ln Rlona.nnlan Gaonctry. Thc

dcflnlt lons and fornulac eonccli lng vcctor analyslo ln

Blcoannlan spacc v111 bc found scattlercd ln thc tcrt bookr

and othcr tcfcrcnccg on Rlcnannlan Gconctry. thcsc fotnulac

arc all conflnrd to a spcclf lc Un. An attcmpt 1s nadc ln

thls papcr to dcflnc gradlcnt, dlvcrgcncc ard oull ln L9^for

vcctors or tcnlor! dcflncd tn an cnvcloplng apacc V,'*, .

Thc ldca 1r analogous to thc proccss of vhat ls knovn tt

tcnsor t l l f fcrcntla t lon (thc Scnl-colon proccss) vhleh gtva!

r covrrlant dcrlvatlvc ln \9r, for tcnsors dcflncd 1n Ur,*, '

In  scct lon I ,  thrcc op€rr tors  Y,V,  W* arc  dcf lncd -

op.lators ln q.9- rcttng on functlons clcflncd ln t9', -, andlcrl n-rJ

thclr propartlcs arc studicd. thls uay bc comprrcd Ytth

C. E. Ucathcrburnr r dcflnlt lons ulth thc sanc nonrnclaturc for

a lrurfacc ln ordlnary rpacc dlrousscd ln hls Dlffcrcntlal

Gconctry, Vo1.I, Chaptcr XII, and Vol.II, "rf"f fg-ZO.

Thc Lagucrrc functlon and thc Drrbour function ucll

knovn ln thc ordlnary gconctry of e surfacc ln ordlnatt sprcc



rrc tcnsors or t|rc 3aeond oFocr 1n r1cDnnl'an oroDlFlo IDa

dlcftnlt lons and fornulac conccti lne ycctor aoalyslr ln

Rlcnannlan spacc w111 bc found reattlcrcd ln thc tcrt boolr

rnd oth.! tcfcrcnccc on Rlcnannlan Gcomctry. Thcsc fornulac

arc all eonflncd to a spcclf lc Ur.. An attcnpt 1r nadc ln

this pap.r to deflnc gradlcnt, dlvcrgancc ard cull ln L9^for

vactors or tGnsors ttcfincd Ln en cnvcloplng apaec V,,*t .

Thc ldca 1r analogou! to thc procrss of yhat ls knosn rt

tcnsor dlffcrentlatlon (th6 $cnl-colon proccss) vhlch glvcr

a covarlant dcrlvatlvr ln L9r," for trnsort dcflncd ln Ur,*, '

In rcctlon f, thrcc op.rrtorr YrV, W* erc dcfln.d -

opc:rators ln U* rctlng on functlons dcflncd 1n U^*", tnll

thclr propclt lcs rrc studtcd. Thlr nay bc conparcd vlth

C. E. Wcathcrburnf a dcflnlt lons vltb thc sanc noncnclaturc for

a surfacc ln ordtnary spacc dlscusscit 1n hls Dlffarcntlal

Gcomctry l  Vol . I ,  Chaptcr  XI I ,  and Vol . I I ,  ur f /  fe-ZO.

thc Lagucrrr firnctlon and tho Darbour firaction vrll

knol.|l tn thc ordlnary gconctry of r surfrcc ln ordlnary lpaga

rrc crtcDdad to a Rlenannlan hypcrsurfaec, rnd a fcw propcrtlcr

havc bccn notcd. In scctlon fI, thc eul1 ln L9n of a vaetor

or tcnsor h of Unn, , aad thc dlvcrgcncc la t-9o of a

tcnaor of \9* . .rc dcflncd, and thc conscqucntlal fornular
7tJ I

notcd. Ito nccd ls felt to conplleatc thc notatlons by vrlt lng
,  i  i ! -

Vrn, , U" Lrn) , du,nl cta. to dcnotc thc proccsscr of thls

p8pcr. Wc usc thc ordlnary synbolr V, ctrLr. &U for

thcsc opcratlons, as thc eontcrt w111 bc sufftelently cJ.car
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as to thc functlons on vhl.ch thesc opcratc and thc ftcld ln

vhlch thct oparatc. Sonc lnportant dlffcrcnecs w111 ba

obscrvcd. Thus for a sealar functlon P fo Ur1 , thc

gradlcnt Vf dcttncd 1n t9* 1r a covarlant veetor, but

thc gradlenl Vf U7 V.cfl dcflnad horc gtvos a contra-

vanlent vcctor of U**, . thc curl of a gradlent 1n 19", 1r

knovn to bc ldcntlcall.y zcro, but curl*r%f dcflncd hcrc

1c not zcro ln gcncral. Thesc conccptc havc nadc lt posllblc

to crtcnil to a Rlcnannlan hypclsurfacc somc of th6 rasultt of

lfcatherburn for an ordlnary surfecc, end thc subJcct rppcar!

to bc capablc of further crtcnslvc rtudy,

tleetlon I

of a vcetol Lt!  w.7.b. a

by thc conponcnts qgt -
d A  

-

of the unlt tangcnt vcato"

2. Thc tntrlnElc

curv. C ln t9.b

d cr lva t lvc

1r dcflned

conponc nt s
v

uhcra e arc thc

u". .eb
(

t o  C .

v
thc tntrlnslc dorlvetlvr of a

ln  U*t  ,  uJ. r .b .  C 1r  31vcn bY thc

Lct ur dcnotc 
-r 

br E r-
2 i  -  

Ez ' t
of any ordcr dcflned ln L9- 5

ralscs thc d.trc6 o, oot"trTno$rl

for a sealar functlon + of Un,

uh.!. -f 1r a tcnror'

ls an opcrator vhlch
n f'\(Yea by onc. In partlculer

JA = 'ar -&
9 - ?  o , - *  I t i

vcctor ulth

eonponcnts

corponcntt U

j.,"= u.d &.
d 6  t ,



1r not zcro ln gchcrrl. thcsc conccpt! hry. red. tt posslblc

to artcnd to a Rlcuannlan hypcrsurfaoc sonc of thc rcsultt of

lJcatherburn for an ordlnary surfaccr and thc subJcct rppaar!

to bc eapablc of further crtcnglvc rtudy.

Scct lon I

g. thc lntrlnrlc drrlvatlvc of a vcctor u." w.r.b. a

curv. C 1n 1.9.11 ls dcflncd by thc cooponcntl 6)s 
= ui .et

6 E  
-  ' h -

t -
whcrc 4' arc thc oonponcntt of thc unlt tangcnt vccto! to C.

Thc lntr lnslc dcrlvatlvc of a vcetor vl th

ln U*1 , u.r.D. C 1r glvcn by thc conpononts

conponcntr U
c du^u - u.ot &.
d A  , ,

Lct us dcnotc 
-[. 

ty qf. vhcr.
' V  b y ?

of any order dcflned ln t9_ 6 ls annn. T;t
ralscs thc d.gra. of covarlancy"In Un, by

for a sealar funct lon + of q,  jA.-_
by- t

I-f ls a tcnsor

operator whlch I

oncr In partlouler

' b f  _&
'Dzr t t i'

Lct us ncxt dcflnc th. oporator

Ylr?'' *r, \u

b; a ccalar polnt funotton olthur + +

Ve= X :
contravartant

9r,

o f a?" #n
vcctor ,  t r t

rr. thc conponents

V ' l n t 9.  n + l



,  

' " ' -

wc obccrvc that Voy.P - a . "J ^+ j! ,Fp ";[  
.  

"pl J;;  N [xt _;L

, : { o  - d t ' )  6 6  l
\Ydh?'  /  Tlr :  I ,L

In gcncral, for any tcnsor 'T of Urr,

V f = V.1 odt E is r tcnlo! thc ord.r of, L  I  b z  r
contravanlaney of yhlch 1! onc dcgrcc hlghcr than that of -1:

V lc thus an opcrator vhloh ralscs th. contravarlaney of

any tcnsol !.n t9-.. by onc dcgrec. Let ed dcflnc r'n+l

vcetor of \9 vhosc conponcnts ln tt ,. rrc t^: Y1. ei.- . f r  -  W t  o i i - '

( u

Lct us dcflnc V.e= 1,1 ti+

l o c e Y 7 r t
d i D Q

I

t ,  z/
6xi

: %t yl, V'(rln "t;,u-- (a ; y I rli T'i ":i + %,t ,X{, yl }
=n(r*?"')nlr + (%/ ,fr/ ) u:i'%"t

= 4g obscrylne thlt %tr ll.J=" (i=t,2,. ."tl

lhcrrforc, thc dlvcrgcncc of

to  VF .  lh l r  egrccs v l th

ln ordlnary Gconotry.

- ( u
L

! Y€etor Z tn l-.9 lr rourl
ca

thc vcl.l-knoun fornula VE =d*E

){ e(V (+e ) = et yl?'r
t - . 4 - '



. . . 1 - " 9 q 6 ' r g t

V 1! thus !n opcrato! vhloh ralscr

any tcnsor ln fr.- bt onc dcgrc..',1.f 
I

vcctor ot \9 vhoro conponcntc ln
n

Lct us dcftnc f 7 t r

1 . 6 .

(+ 
) 

f, conparablc vlth tho vc11 knorn
I  t -  - ,d , " sCku )  = -  kd^ *  L t  vQ ,u

rc 
+ ts a scalar polnt functlon of

V I = \ 1 . { F t . = 2 <_  a ) v o  _ r t  
I

: %,t tii V'\rln J;,0
-- (a 1 fi{,h'i uli + a 4iTrylo^e!
=^(e,q ?"')"!r + (&/ ,fr/ )rtrtks-4g obrcrvlng that Al r lrrt=o (i=62,- ..a)

= 9q ti,?', #

(4, )

lrlC,rrss r|Iqu lsa l lJl | -

tho contravarlancy of

kt €." dcflnc a

formula

. 
icr t9%.

a * '

(  say)  .

1 o  c . \ 2 r dtve
I

/  2 l

Thcrcforc, thc dlvcrgcncc of a vector ed fu, $ ls rquel

to VF . thlr agroor vtth thc ucLl-knoun lornuh VE =d*E
ln ordlnary Gconctry.

VL+e)= %y|.?'rq
7.t T

= *"t YirJ*tr&. + %fir., 
/

, Li,) : o+,'�l'f;:%"i{si+ @s



.f+ = vp4 -- ,,f-*r ,,::- *,frf^ ( y,i. t, f,*),'^
: ,,P, el^ [-y.,7^g;, f ;* I t,I gi t, *i
= ,t.fift^or^ fn*ru** y,tti" ?l\U,i;

( 5 )Un

L ;,'
i, %,"V{ = ?t 1,.. . = thc Laplaclan of t ln'  o  ' l l i

Thls nay bc comparcd wlth thc rcsult

book rrMatr1r and Tensor oalculurf by

( t 2 . 1 1 ; r  p . 6 3  1 n  t h c

A l ls to t tLc  D.X lcha l .

?hc opcraton Vq.y = al .  (yf t {'#)(,!,?^*)
1 1 c .  V 4 .  V  =

lhl t  ls an opcrator a! loclatcd ylth thc glvcn scalar

end ur rhall. dcnotc thlE bt th. Synbol f + t

{elv = v+ vy: ?'"#th= l^y|f
Vf ,' V ,f arc contravarlant vectors of gnr, ,

thc valuc of thc crprcsalon Vf.V,y ls cqual

product of thc gradlcntr of f and V ln lgn

i .c.  thc v.ctors ht  and 'Vrm a

rrert {tJ ,= l^#"ff i= *
: l^/t r^r(! fi1,"tno"

.  t 1  l n  b q  r

(6')

funotion

(?)

bv lz)
thc ceel.ar

+

t l' ^  ! l - . * {
S * t  i m

M . '  = _
t y n

but

to

bq. ./

7 en^Jit f r l



book i l{atrlr and Tenror oalcululr by Antstolt lc D.Xlchal.,

Thc  opc ra to t  Vq .y  -

11 !o  V4 .  V  =

lhl l  ls rn opcrator al loclatcd ylth thc glvcn sealar functlon $

end yc sha1l dcnotc thlr by thr Synbol 
f + t

*o Qi,?"#)(tf ,rb*^)

'  {p} Y: vi v't: i"19*^= lvJf Q)

Vf , V'l arG contreyarlant vectorl of 9r*, , but by I?)

th. vl luc of thc crprcsalon V+ VV 1s cqual- to thc scala!

proatuet of thc gradlcnts of f .fr r.P ln lgn ,

1.c. thc vcetors P,t and , ' l / ,  
n .

r{ert {+J ,v = l^p#^ = ?r^ ffr*,/_
- -l^/hr^r!r Hr,"r^* *,/^= - i t

P q.. ,/
a l  C)  t t '  r  1
f, "Y 'r;l L1l

(say)  -  -  (8){f}" = -x'^uo*or*r!po*r= -w
lhur from (8), vc obtaln e nGU opcrrto!

€- lm bqz t= ?' 
'7 '  'Qq^'t ! ,p*,

I,"t ur ncrt dcflnc V* == tr\t{'{n
dr,

n$llrtrrhUknqr

(e)

rrr, d IeEquatlon (8) can bo conparcd vlth cquatlon (t), chaptcr

ln rrDlffercntlal Gconetryrr by C.E.Wcathcrburn, VoL.II.

ru -
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opcrEtor, rhcrc

ln thc usual rcnla.

^ t
{2  l t  thc  assoe la tc  tcnso!

v{ = y.1 -a *o (10)

:- thc conponcntt of I oontrrvrrlant vtoto:r

ln U",..,.

r r Y
, / j i

fi_
E.,h

t-' L (V? v= cr

v \ v ^ 1 4 , .J L  E .
t x h
,*)

. .  o.
rsL

L b "
t

/ J

Ib

q.

l z -

lk

?  L f *

_6_
6*L 6* (u)

l{o obccrvc that VrV, V* .- r11 opcratorr dcflncd for

a Uru 1n t9r.,*, r vrrlh 
{ f I and t+l arc opcratorr

rsroe latcd wl th  a  t lvcn * .

/ - 7  r  t h . .  I
Q/d v/N = r)  j9,  N. l ,

[ ' . r t  E '{

= c'+h Ftrnwv{)
- - t o / h . ' , . ) t p_ _  

t - ,  ^ r h L / ;' *^ tb/ .
TA, {  I  C ,- ?  3 Y  o Q ,  =  - V b" - t''� tr-, R- t

^)",.,/

E r
:

thEcnor tr hrvr r r r u l t  V n + . V v -  - V e (12)



v\.v:  %t t \J#rur l ,
- dh (sr,fr) #o

^ntr D
Y -F---:
u dTlt

Ta"

v? v= nu#ri&:L+1. 6^t) (rr)

Uc obssrvc that VrV, y* arc aLl opcratorr dcflncd for

" Ur" tn D^*, , uhll. end [+ erc opcretort

6zti v) rv = <lLh t-f-, n./ ,
t t { h '  J (

= t"+h ?{ran/)
=- (o,n-,. ) X^ t, /.
= - f'rl^ S^v= -vf

ro havc thc rosult V++ vnr :  -v+Sa net

A l s o , Jf \P 1r rnothcr scalar polnt functlon,

(ra)

(13)
tlc-V^e vrp-- r:;-i!., t!

i ;b s,L
= vt.o+

r.c. L+l v = fvl f
l forc goncrrl ly, l l  

-T and Q .!c rny tvo tcnsorl tt 1r cari ly

verlf lcd trt that

v { vr-- r:/4q-t;
,  , t

-- vh. vq

1 . 6 -

.t loclat.d wtth a glvcn +

=  Vq ,V* r  =  VT .v *? (  r+)
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r e . f q l r - -  t r J 4

V4 vrv = %/rlrl^*hTnu,^frrr;.r"4+*

{ tu t,7 ,,1) fl* ?'^ '-r^nil!,, ,,fr t
' : Gno /9 ?'- o'^ t"L lz 'o

, 
o vb '07'it

= f #tH^
T7 T7+. , ---*, ;- .. v  Y =  V + . v *  = Y Q . v v

/

t t

\l
\

Slnllarly for any two tcnsorl -f

.-- * 
-' 

l*-
V T - V ' Q .  -  7  r ; ( . 4 ; -

andl q.

:  v4 .v* r

rzf --'- ri,. Yy'o -rz'r-
v  I  v q  t  \ .  v  . .  - '  .  ( r o )

s;i E,t,
'  t ; i
6-v ^i;)
T;;7 7

(r.5)

Y6.v,/ = qu ?,^{'nn^/, o Y,rri;
:(%u ,i,'lt) (fV^no^*,

1.., niog - f^t ;-fr#,
F,u

fr;-- v^tr 'v9 - (1?)

Slnltarly for any tro tcnsors 
-i- 

ani! Q,

: l  T . V q =  V q . V T
-

(18)



' .,4;btr / tr. '-?tn -o

= al^ 6f tv
r 5;L l.-''

v4

Slnllarly for

r-7 .-t- r-_-'
\ /  t  \ /
v  t  -  . v

ant

*
Y

*a

( ls)

- ,  .  ( rc)

96.v,1 = %y x.t^ /'s>r - /, n * r ti, ?', ry .Y' ,  t  #  LJ? .- (  6 x  . , V
E t a:(%r vfrt, T^9r^4, +rf,i4 T^;

17f --^ fir, - Yf a 
'=r

v  I  v q  v  \ .  v  - r -
+

T-7
lm

f .v ,Y = X)"'I);- f , H,

l;,i t3t!,) (fv^
1 . c . tu

Ft-i --  V^lr 'VQ (1.?)

=  Y Q . v

two tcnsor! 'T

- 2l^.;, Q,-

and q.

- -Va ..i-z
v n  v

- t '-=:'l

& z -  b z &

Slnllarly for a4y two tcnsors 
-f end Q,,

9r vQ n : €r, t-tt-c{. r V +rl V J-. ,  Li^nr^trr,

faklng any two of tho opcrators .E % Vtr

: l T , V q =  V q . V T (rB)

thcy havo thur

a doublo commutatlvc propcrty n.r.t. thc dot product oporrt lon

on tvo tongorl ln that thc poslt lons of thc opcrators can bc

lnterchangcd, as also thosc of the tsnsors *T and q
3 . Ur havc C.E. Ucathcrburn I s nclL-knoyn rclult

l l .

V N = d,t"$ N : ncan curvaturc of Un,

sha1l slnl larly oonsldcr [] 1y' anA VT V .U.
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q, f; st*{\ ̂  l,/, v,1

@t',/or1) U"tbb,O

V,tv
\ i

\

:- lrV;rv = -{ a*Q*^trhu.

deriuoble f 'an
Thc crprcsslo4^ on -tho flght ls ;kno'vn-t! Blanchl r r thlrdl f unila-

go, Rip !L*+ e, "q

nantal forn ^ /.0 / for t j  and lt has bccn provcd 1n a prcvlous
- , 

" * -tr" R. 11 .9ho1 .,q.
pap.! L3 | that^lt ts c{ual to thc rur of thc squarcs of thc

nornal curvaturc and thc ltqurr.s of tha gcodcalc torston along

thc dlrrctlons of rny orthotonal cnnuplc of t9*.

In ord lnary gconctry, (19) rcduecr to llcethcrbu!!! fornuh

v,r v : -  t 5 - r # " ) = 2 K - r ?
Proofl Chooslng thc l lncr of curvaturc on rn ordlnary surfaoa

ar paranctr lc curvcs, nc havc thu:..  fz" ( l+u) "fr

Q p . r = "  I F *  o r ) ,  ( L , n - - l 9
1..o P: e anil tYl - o

{unrrnno{i =

I t - w

r l

) (rf Pr>^,\"=
-i.r. r r,/
P

_Ll 1_q_. *
r- 2-c  u t -

/!-" *t!j)
!E' G-/

I . L M

r v  \ z- 7 - l -
\rl ,//

E r t

|  ' _ ' t
l � - -

2. LN.
E G

EC4



i 1 7 . ' L o c r c  l t o m

Thc crprcsrlph:;r$;"T16,nt ls t€novn'as Blenchlrc thlrd fuirda-
g-' ).iP 

,rL*+ <' e-v

ncntal forn ^ /.2 / ror t9 and lt hes bccn provcd ln a prcvlour
lrre R. g.&ortrq.r_ - 

".--rr" B.g.*of.( lu
papcr L3 | that^lt  1r c{uaI to thc run of thc rquares of thc

nornal curvaturc and thd squarcs of tho gcodcslc torslon along

thc dtlrcctlons of any olthogonal onnuplc of t9*.

In ordlnary gaonctry, (19) rcduccs to Wcathcrburns fornuh

v rv :  -  tS. #")= z.K-r?
Ploofr ChootiDt thc llncs of eurvatut. on rn ord lnery lurfaca

'ar  
paranetr lc  curvcs,  uc havc thU: "  .  / " - "  ( f*U) , f r

a lQ p . r = "  I h f  o r ) , Q , v - t , )

t . c .  f :e  an i t  t4 -o

b q r
. nt ' a-\' v - t

turc anal

b;. ,  r v . \' 
G-,/

or*{i = )(}ln ,,\L- (_*''d u 
ira 

--u/ = (.-E'

:  l t - l v .  *  L '  1_V .  _  ILN
r_ 9-

b q  t r  g -  E G

=  ( l n * ) ' -  z 4 g
\ 5  q /  E G

-r-=  d  - f . K ,  
v h c r c  K 1 r

lt tha ncatr curvltur. .

the Oaurclen

rJqulYa

Xcxt , V1
7 . N  :  g K -  T :

N _  e / v;1 ,:ti v/j L

= (ay yIo'h) et|aru t!.)
/

:  -  (ar vir *) (?,u^'. ' , . t^ op); i l  l 7
\. ^.cl-= -(+, F rh) f .-r I

q /  l l  - , L -
h n d  . / \

t'ht")
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^ Ih , .-== -L2 -.lL

tpr oa .

v iv

= _  _ l l

= - - 7 L

, vha!| ?L 1r th. dlr.naton of thr

trDlffercntlal

\ \

Yv= *rCl-f'%^rDY,
--(uu yir!) {*l^ nr^ : et_trr,/^o-^

1 . o o

Thl s

-=- l"n
V'Y = 9-  A V M: thc Ect !  ourvaturcf !

|  0 4ltr
of 19-
. (€2)"

Qo)
In ordlnary gconetry, (20) rci luccr to thr fornula

_ *
Vl"n=. -e_ ln  Chaptcr  f f  f  ,  IZO,  9 .SZ of  C.B.Wcathcrburnr t

Dl f fc rcnt la l  Gconct ry ,  Yol . f I .

Slntlarly, tf 
V 

d.notc! thc vcctor glvcn by thc coordlnetcs

y 1  C * = t , 2 - t  , n + )

v'T = a/v; f ,l* = 9o,.* =n)d .

Conparc wl th  8r .1 ,  Chapter  Xf I ,  5 f fZO,  p .233 of

Oconctry 

 

by l{cathcrburn, Vol. I.

cen

\7
bc oonpared wlth Ueathcrbulnts form.rl i

y=  d ,  ln  Chaptc r  I I I ,  f  eO,  p .3 t  o f  rD l f fc rcn t la l

Oconetryr! by Wcathsrburn, Yo1. f I .

.--r X r, q.rv\t*{r = %ltn
)A (2s)

: thc su! of tbc reclproeals of thc nornal ourvrturc

along any ft rutually conJugrtr dlreotlonr f +1

of_br"



Stnllarly, tf

w Y - r . J t  l y - . ^ - .

t /  d.notca thc

y1 C "  =t" r -s
coord 1ne tc sbt thcvcctor gl.vcn

,  n+)

v,nt = Y!,;,= 9o** =n%,t yi'f (21)

l o o e

th ls

Conparc wlth 8r.1, Chaptar XII, tr) '120, p.233 of "Dlffcrcntlal

Gconctryrr by lfcathcrburn, Vol.I. \

VV= *r(l^f*nr^tD'#,
:(uu yir!) f*l^ nr^ : sthr\'/^ooo

:- l"n
V'Y = 

7- Qt^: -fl M : thc'Ecrn ourveturo lt l

ean bo oonparcd wlth ldeathcrburnrs fornul i

V, rr= tr, ln chaptcr rrr, 6l eo, p.3t or
Gconctry 

 

by Wcathclburn, Vol. If.

VtI - a.rvit* *ttn
--thc cun of thc reclprocals of thc norraal- curvaturo of

eLong any ?t nutually oonJugatc db.otlons L+)
ln ordllnary gaonctry, to Wcathernurnr s

-)t FF

\ / . Y  = t -- K

Proof: - Ohoorlng thc llncs of eurvrtura .t prlanctrlc curvcl,

u . h a v c  9 x ^ = o ( b + 0 . , 1  a n d  A 1  ^ - s [ 5  t / ' �  ^ \-  u p ?  - u ' T ' /  
v - y  w ' + c / ) ( P , v = " Y

1.cr  F:  o a NL t l . :o

. ,1 .,k - { 9.tt1 -- ! a G. - E-Y-C-L
" J t h - t '  = 2 - , 4 ) - t e  -  ' '  

:  

- - - G

\ , 
-=-t rhcro J 1l tbt

n .an ourvaturs  and K:oaurs leo ou* tu"" ;

of t9-
.  e2 ) "

rrDlffcrcntlal

(23)

-b,,

fhls rc:duecr formrla
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ufrt" (r!,?",9,tv.vt  --  %p

= iborowl= m*/
(24,

vhrrr nl 1! tb. r..n culvrtut. ofvY,T+=M t9
h

" 
V! vL = % t n'kti, (y!^{!r!),,

r
....1A .l

- t / .  -  . l 't r u ; h

t

(26)

(2?)

= L^ fs tlons uNr + (qa ri r/1 b^ufsoedt
- n w f Etnce %,/ ttr{ =o

d . v V = n r t

But V Y+y = %BJirfn (r,f, n u rl)
: Q(rtiry|,r .Jr rr'rlrn %pyi r,nr?i

-*,!,I t:;,1: :,f 
r n'h,t! ^

=(\rtt,{ ) fnnorlsr+ q.r *slt rl^,^ftd

(25)

-'*='* -',dhV , v y = ^ t , i Y r L + n N

We coneludc that



, v! vb -- q , at( si, (,,v1-

A ':  h  (Y l '  $ tncz Q.  ,  ,d . . .y '  -^
4 V  v j  L N  -  "

)t
T h u !  V . - V W = h N

{

{t'!),r'

But V Y+y = %rrJir?rn (r,f, oro {),1

%plit . ,{ , 'J^ rt :  /pn o*u,i  t , t , f  $ t !p

tle eonelud c that y tr\- f vI v7.

(26)

(2?,

(28)

Fron equrtlonr (25) rnd (26) r Yc htv€

V. vxJ) ,  rv= rv+.Yy)'rv =n

Vot = a./3 
t- ?t'lt),_ JlrLrir+r y f I .

={q. ,"o ,,/ \ ^Pv L^ ̂  
u;'iJ;l

,  d v J j ;  , r p  )  i ' ? -  D E ^ f  a r r u f

Y 1 .= t'^n^,,nitt nr

t

=(xuy,1. ,l ) fr nurltr+ q,./ *ft rl^uttd
= gL^ fs-rl'ae**f + (q^/rir/S @^ufsnF{,

t

= .*,{,1 ti ;,1: :,fr 
n"'!,r

(2s)

+ n M

t-/

(2e)
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L ^
f n o  u d  u ' l  )- -yn r ;h  l :L / ;

h , . t

Q"H.ti q"d ( a.n-o- -1 " - . r r ,  u  \  /  J
vvy=

v
-a^ratr?ir^1L*  

{{r{Ou- r ,

' .  vVV fV ,v , t

.R" ,1  (d r i lw=(v iJ )n  -?

(so)

(3r)
l\ra^rr:i.

7'o*J : n,gtfrivt>rn ut^
*l * l^-a,.

J*'

T a^;elr+

f  u1 : r4ry+

Y 3 t + 7

But (a6)

Thus, unllke the result €nunctttotl rt the ena of ./r l  l  the

dot  p roduc t  o f  eny  t

non-connutrttve process, uh€n epplled to the vector y . But

-f-J vt / ^  , [ -  \, M  : -  ' Y  ;  T 1 ) . v  *

sl .?uy ' l
d j r);'('

uI";y

/ " <
I  9 . .

n ; i- -2L

\1 '
. /J-.

t^ .
: ?'' (Ll*

vT= M v +

(e )

(33)

(34)

(3s)

tt,
Lr"

7 Q.t;,, . , " (
Y

v :

thc conmutatlyc prop€rty 1! restored vhen the dot product of



-  
V  

^ - ' ( / t t n ;? /
(e ,

v'rnJ -- z,g {uivt>rn vtr^
w{ * l^-o^.

Y-7
,t

V  y =  M  r V  +
l^

T <L^

f  7 , r :  t | ry+ , jZr , "t )  O  ^n ,

Y 9 + v
8ut

thus, unllke the result enunelrted et the ena of ;f I
dot product of rny two of th€ op€rators 'lr--7 -c?-

1 ! .

!
l

<l?u y' In; ,), I

,f";y

/ a
t 9 . .

n i v^ -tL

, 1 t
Ji  - .

,<tr+

- l'a,*

v f" 3 nd"*

( 33)

(s4)

(ss)

(eo)

vnY

^/  =-(v!v j ) ,v  -

non-eolDutetlve processl vhen rpol led to the veetor

the cornutrt lve property ts restored vhen the dot product of

the uhole 1s t rken n. r . t .N.

For e hypersurfrce of unbll ies, ln vlrtuc of the property

ty=tr !9 where X:  Yn vc heve v'=V =+v,
end consequentL5r, the lnequellt:Gi t

equ r l t t  l e s .

t



B .
, l
b/ ; i

* ,{, nl' n.f fvJ.{- u 'r. iJ

- liustornl ri

rv (r vrv) = - f-or, t\t.i.t* _- _stl (3?) {

0 e
f r v v = %.t a* /,^l irs, ryPr),t

= e/ rr'o 4l (v,1i 3', rfi +.v,i
: 

Q'u vv,lv/l ) (r'l nno ,f)
= €rr v") r)'L n;r: rr.d *,frr= ni

: - f-r- ,rf ,,ln t ne,-r, rd.
= L?" tlrr wP 1 *oY1au.,o +k ulf

N (V* r f ) :  - f { l  = -  E€rn  cu rve tu rc  o f  
%

?'i u.f.,\-  ' tV

rvf
r ry

*

Vrv

(38)



t -  a  , l

\ (v v,,D = - /*o, n^*?il= _n(
V . t V

r + " J t

(r,z) ,

(38)

f i v v = %t aevL\i,f ryr)t,,
= Qv .''o Zl (v,1 t', r!, + u,i?"i *,r)

F

r)
,t

: (*u yidt) (r,t n'h \fL).
= (3rr-t") n" \f, : nil *,f*,

l - ,- d- n h-  -  
Lr tLr , * }  ar ' t , t  T  ap.9*

f- ln'= 1V^7 l\t wF1 -oY1ap^,i, ?
r.r (V!Vg =, - J{l =- E6rn curveture of

7
A

'ur

"l61
Jv! -

k u f

t-0
h

-  v r v by (22)

7vru = *r ,,f vP*</v,-jt. (rlrfrr!),1
= QF t,f ,7b*-r>r,^y'^ fvltrrrlr+ ylzv
=- xyry^^an^ *!,;t
= tu ?^'tL r^ [: ?ndor,rr,i _ * n^rgnf

rlrJ

-.
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VN)

0n e rurfrce

cubes of the

-= - _c) r^ni ,r,
ln ordlnery sprcer thls reducct to th.

pr1ne1pel eurveturet.

dcf tnc  E .YT =  q , - t r1 .u i , /  o l i  6 r
o 4 y . , j i  _  J i l t  

f * r

(3e)

lutr of th6

(4o)

(41)

l

,s
fl
H
fi
I

I '

1,
Ia
1l

5. W€

'vherc

and

sha11

t$ow, VM =

seeond ordcrt

f  ts  r  tonsor  o f  rqy prder l

n * I = %*^"e c/ t
,J t  \  t+

uh€re ts { are the eonponents of a

conponents ln tgr.rrc E', rna G

.of  the seeond order tn Gr. , .

onr yki
veetor ln 1, vhosc

n + l

1s r contrevrrhnt tonso!

vectolr of rn

of t-9
h

qr ln thc
I

kt %1 , Qrt , , €", bc thc unlt
I  t -  -  . . 1

orthogonrl cntnrph of dlrectlonr rt I polnt

E, ,ol -* Y ! o,.  
j  are the conPonents of

"  t i  - L l

eoordtnates of  U ' ' r t  (h=t r2 ,  .  .  ,  n)

Lct us evaluate t
, e

lr t^t -- bs,. | #; VrV ),Ett- l  
\ '  dAt  ' /  " l

Vi fir!, 
ts a coatravarlant t€nsor of th.

ln \9
n+ l

ao /r "J, ),, ul,(r'v) = 'yI



d x r

rhere f. fs r t€nsor of rny prder;

,*_t f, i = %t,#g&a;!e
uher€ f { are the eonponcnt s of a

conponcntr ln t9^ rre t '- rnO G
t

of the seeond ordcr in 1.9
,1f I

o,r yki
v€ctor ln tp yhogo

n + l

ls e contreverhnt tonso!

(41)

of thc

Let %1' er1 ,
orthogonel ennuple of

''^,o: 
tL nrri

eoord lnatcs of  Unr , .

.  ,41 b"  the un l t
I

di reot lons r t  e  po ln t

rrc the eonponentr of
a ,
( h = t t 2 t  .  ' n )

vec torg  o f  rn

ot t9
tt

(, ln thc
I

t^,roD = Gft;t *!),,"uy
- vvie {*.!ti * tL f'r!,n 4t

*^,'") t/ = %f ';'4F* frrr4lt;

nov,

secord

Let ur cvaluatcg

Dtr,.r. : E^, l* vw),e4

VM = l1 C:iN! 1g a contravartant tenror- )1 ,  '  ) y
order, ln Vn+i

+ y; q'u r!r0""|) *rf,ql

.l*4%'t xlo"'f "lqiT
{

Y .

rv
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, ,-=-  Q",  "1,^  u8 \  e  . le . le , !
J/ 

'';bg 't;q,/ *l -q 'l

Iv x
But "tU r;b V"rn = - Af r,

. J i t o
%v Njp LYiv t  qtv' , i  Y,3gc, =

$ ,

orn nlrfi!, = - abr, I slnco %l ",levrl,g= o*errnfu$

Hence rtnallY *^, (*rt" I tq : -Qbr,, 
+urf 

"rtr

stnlrarry t{l 
t*l v r) ,rl = - Qbr,g n,l"rf ,^f

_ewf,t"^lr"rf "rt!_ 
\ &^f g r.t

Hcnca It hrva thc rcrult

In ord lna

.l
t)-

andl

' ry (*rv ") "t- "t AI

the resultr

orthogonal surface vcctors ard

ry geonetry, (42

f r " l r=
+ ffiv') u
andl {r are unit

)  E lves

+ r

rv)nr E(r;

f u v l a 1
(h,'D +J rn

(qz)

(43)

da,d",

=  a .

1 .6 r  D l ^L  :  DCta

vhere A



'  aE.rrlrn !r= -abr,p srnce %^tr,l,rrX,*. artrrrnfri

Ecnce flnalty Er, * VN), E,, .=. __C), o ho !-^l 
lTrtn 

") ' 'tl -ptu,g -"t "\ ,{

stnllarly ,r,. l4,,V rv) fhl = erorg Qrj"r,! n^,,' J  L ' o ^ /  / ' l  ' , t l

: - oqrF,t "^l'",-f 'y! - 4o (*y *) ,u
t w "l -/ ,

Ecncc vl havc thc rcsult

'rt &ro 9 qt (42)

t . e o  n , . ,  :  D r , ,
, \h,T- LL}'

(43)

ard cla , d^

a- and G

'i qT q,"
. b o v r (
.t 'Lt 'Q
t t t

'  (44)

ordlnaly geonetry, (42) alver the resultr

"  f f i " )+= + r fuv^),a 1
endr + f f io^)^- o . ,#,oD +JtA

re O. and -b "oo unll orthogonal rurfacc vcctors I

respecttvely the arc elenentg ln the dlreotlons t

ue havc DL*= E\ r*r,o*),r^/= - Dhr,l

= -cur, F ql d+ qr[ = - arc,1et1
.ry '  (* r, ,{  )  ,  E,, -  2,, .  1! vv ) ,  r"l 

ti^+/ / I ^1 tt)^r / ,'^l: S)o['o'- t\i'Dt'#Yn
= &*,irf ls*04'T;l

Yh€

8re

fn

.L .  H.  S.
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by the Xalnardl CodazzL ldentlt lesr nlcrr

Rlenenn-Chrlstoffel tcnsor of *nr, 
Lef

If U*r,r. e Euelldean rp!o., tho r r leht

ls  z€ro.

Fol a hypersurfacc 1n a Eucl ldean

4 -p t5  
1 r  t hc

hand cldc of (44)

In ordlnary gconetry, (45) beeomes

o ' (#,v n). a - -1. 
6o") o 1,

end, + (#v") L -- o (#v)+J nt

ano (a6),

vn).L =-

o") a.= a. 
6f,"";,+=

In analogy vlth thc deflnlt lons of the Darbour functlon

andl thc Lagucrrc functlon for a surface ln ordlnary space, vc

deflnc DLlf. *^t (*r,O*).8"1 ". the Darbour functlon of the

dl rect lon Q^,  y . r . t .  " tne 
dt rebt ton ( t , .  L+ (  tdhen {=/

e^1 ({4,vv) tr- nrt (h,,n tr
"l
,

1'e' Dn'^ : Eti '

I

D arc thc Darbour funetlonr for tho
I

anll -'(l- rerpectlvcly.

r p a c

v l ,

" (+vn).a= -) l
\ a 4 )

.  r l  l -^+ (*v '") . I= u)t ,

(45)

(+e)

Conblntng (43)

a - ( +
| 6t)

",,G. A-
W,

rtrcrc I atd

dlrsctlonr d-

*  ( * ' n ) . o *



v t{ ) .E^l
.D +---
a^ l k  :  ULLL

ordllnary glcometry, (45) beeoncs

a - , ( + y n ) , a -  *  ( * r " \
\At '  r '  \CL'x r '

", , t t  - t r  (Lvn) L= a (-{ ,vn).
.  \ d ,  t  \ d . "  - /

.^t (Tig v v ) . L t t  =  E t t  ; t ;
I v O'ok

( 4 5 '

(+e)
a l
+J n:

Conbtntne (,fB)

a .  ( +
16 ,

",G. rt
W'

vherc -'ll and

dlreettonr Q-

vactor

and (46) ,

v' , ) .+ =.  l , . t . fvn).o= a.qf iyn).a= _1t

D are tht Darbour functlons for the

and -{r re s pect lvcly.

In analogy vlth thc definlt lons of the Darboul functlon

anil thc Laguerrc functlon for a surface ln ordlnary spaccr ua 
,;

deflnc SLtt- ,\ (*r,r*) 'e"l "t thc Darbour functlon of the

dlrectlon €nt v.r.t. 
' tne 

alr"btton (1., 
, L + ( wiren A=.y'.' 'f 1-l ' '

th ls  ls  the Lagucrre funet lon for  tho d l rect lon 
E '

Ue dlflne a Darbour llnc es a curyc fn 19- for vhlch tho tangent

r . t ls f tod thc (nu I  equat lons 2 l  ;o  (  (e t , r , .  . ,n ,
\ '__:___- \ , --L, i

rc a Laguerre llne ts tleflned 
' /

a! a cuF. 1n L9 for yhleh thc tan:cnt veetor satlrftc{

the equatlot DL^o:o
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Darboux functtons of a dtrect lon W . r ,  t .

mutual ly orthogonal dlreetlons of an ennuple

at a polnt of 1'-9.r.,

I A;/, l,

: 
? q, (# oQ €^t= ? r,,, if"|t,-e!, 

F

any 'rr nutually orthogonal dlreetloru of An ls nunerlcally

cqual to the lntrlnsle derlvetlv. of th€ nean curvaturc ln the

dlrect lon E .

tn partleular, chooltng thc veotor f ar on! of thr

dlreetlons of the ennuple ltself, tho abovs theoren reduces to

thc folloulng:

the sun of thr letuorrc firnctlon fol th. dlrecttoa 8l

anil the Darbour functlons of Qg u,t 'v ' b. the rcaelnlne ('n-t

derlvatlve of the nean curvature ln the d l r ee t l on  2 , ,  .

Thls result rcduces ln ordlnary space to the follov1ng

knovn theorent

orthoronal dlreetlons of the ennuple ls equal to th€ lntrlnsla



o f E

H€ncc ,

vt' (/ tra,r -a r- Ll

vr here thc thebrcur

Lrrr  r ra| :E| t ;L l r t , l t

thc sun of thc Dar$our functtons of a dlrectlon t ,w.v.1

1ny 
"/L nrutually orthogonal dtrectlonr of 

'19^ 
ls nunerleally

equal to the tntrlnslc derlvattvo of th6 Dran curveturc ln th.

d i rset {on E .

.In partleular, ehoollng thc vcctor f as on" of the

dlrectlons of the ennuple ltself, the abovc th€orgo reduces to

the follovlngr

lho suD of the Lagucuc firnctton for thc d l rect lon Q
and the Darboux funet tons of  Q1,  w,v . the renalnlng

u
I

( n-t
orthoronal dlrect lons of the ennuple 1s equal to th€ tntrlnstc

derlvatlve of th€ nean curvature 1n the

Thls rssult rcducel ln ordlnary space to the follovlng

knovn theoren:

lhe sun of thc Darbour funetlon of any dtrectlon and the

Lagucrm funetlon of the perpendlcular dlrectlon ls a l lnear

funct lon,  equal  to  ty lco tho ra tc  o f  ehanse in  the la t tsr

d l rect ion of  thc uean curvature of  the lur facc.  [ r "J

dhoet lon 4 a' l

?".,.- Ei1- = -Oo hl ,\h "r( nrf
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q/ I b,y'  l ^ lvh€r€ el l  : r . t l  
= -- t- .  :

J ' b  I  S g U "
Fron (48) vc har6 thc resultr l

curvature or a llnc of eurvatura

1s alrays 6 Laguerre l1ne. For

prlnclpal norra I vecto!.

geoderlc of constant normal

of constent norna I curvatur€

-+ , .=- o for a geodesle and
5gl t

curvature.  L1 |Qt .n'[1r = o for a l lne of

rn ordlnary gconctry, (48) teducc! tj6 I '= d' L . s'- /r , . ,  - : E n n - - L Y t

rlrerc L- Laguerre functlon, ,[ * norral curvature, y'=

geodesle eurvature and .C : gcodeclc torslon. 
'

Etcglr Let el , ht ( i  =,, r) b. respcetlvely the untt tangent

yector and the unlt prlnclpal nornal vactor to a curve C ln

c surfacc ln the Euelldean spaoo q ,

d,  ̂ i
57,

S
3

vectors of

Fron

r v L i i -

folrula vr hatc,

(4e)

?herefore, ln vlrtue of thc

6 r v a
- - T - z

O A
(49) ve get

But, rincc vc ha'. Evo_E^

, J$ h: V1S=r,9 arc nutuallv orthogonal unlt

Serret -trc.net

€-  Y . i  e "

#* vfPt
n$.  y lL f  d=  o Y dJ i C

:  - y4 .  ! -  r  u .1  bd )
b a  I , t .  

r  ,

h '



Ecajlr l,ct 4i , h' (i =,,9 bc !.tpcctlvely thc unlt

vector and the unlt prlnelpal nornal vactor to a eurve C

a surfacc ln the Eucl ldean space q

t a ngent

1n

lJf,nt ,;,| p: v1@--r,9 are nutuarlv orthogonar unlt

vcctorr of S .
3

therefore, ln vlrtue of thc $erret-Pre.net fornula u6 hav€t

6 r v d  -  . . o l  , i  L  , ,  d ^ '
nT = r yi, {' - kn yi nt (4e)

Frol (e9) ve get

I

l

.

{
. !'|
.t:

I
i
I

-r - 6t4
d a

But, slnce M'( .

:  - M " { .

- . a J r  t ,
.  Y . . ' p

rJ
9 1  . [ ' = O  v a  n a v c Evt-E^ .,. d i-rj' t i c  f

I Y;to" iL*  . -  dFd. " ( l
|  |  I .  I

)  a  ' " " J

I

Fron (+B) L = Ah". ' �Yz"' l  lhtr
6A

a!  thc e:press lon (28) ,  chrpter  VI I f ,  d86r  p .139
t rDl f fc rent ta l  Geonetry ' r  by ldeatherburn,  Vo1. I I .

(bo)

t! thc satra

1n

fi 1':,r)
- c - - ' n * ( t l , l )

_ Nq-
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On a hypcraurfeco of rlblltcr, the Letuclro hnotton Ln eny

dlreetlon ls equal to + of the tntrlnslc derlvatlve of thc

raan eurvature at the potnt ln the dlrcctlon eonsldered.

0n a totally grodestc hyperrurfloe1 cv6rf l lnc is a

Darboux l lne as well as a Laguerre l lne.

stsc?Iol{ II

,

, 1 . I . e t u g l t c f 1 n c t h c c u r 1 o f 4 . v c c t o r r v 1 t h a o l p o n c n t s | , I d

ln t9a*, at polnts of '..a as Elvcn by thc conponent!

\v; rtk t,l - ,.,i "r'" tt)
T h 1 g 1 ! a c o n t r a v a r 1 a n t t r n r o l o f 1 c ' * , o r t h . ! e c o n d o r d e r � �

and v1ll bc denoted Uy VxU , The deflnltton 1s readlly

extended to any tcngor 'T' of order b >_t , fbe tcnsor

U{Vf ' .  UFv{ forncd by th€ v€ctoru [.. '  and V 1r

dcnoted by thc cross product  f fxV = Tol ' .  (say) .  I t  1r

obvlous that U xV t! a sk.r ryanctrlc tcnlor, and that
' f  - . - - n  €  f -  . - - .  . ! .  r \  r -  ^ - . --^o.F 

-, - -i' 
= o . In faot tf Q, U 

ls any synnctrle
q - r

cova r l an t  t cn ro r  o f  t hc  second  o rde l ,  Q , . p  , - ' ,  =O .

the curl defln€d above should be tt lst lngulshed fron curlu ln

yhleh ls thc covarlant fensor ylth conponents (r,* Vr,ri b,)



SCTIOII I I

1. tot us tteflnb thc eurl of 4 vcctor ulth conponentr ! 
o

ln t9a*, at polntr of .t$,"r glven by thc eonponont!

lhls ls a contravarlant tcnror of 1-9rrn, of thc rccond orat.r

and vll l  bc denotod by Vi., '  .  Thc dcftnlt lon ls readtl ly

ertended to any tcnsor 'f' of order I I t . thc t.nsor

t-/ 
"V,'l - - U P v( forned by the veetors U and V lr

dcnotcd by the cross product t/XV = T 
" / ( say ) .  I t  t s

obvlous that UXV 1r a gkcr synnetrtc tonsor, andl that
/f .-- o,-B
Jup-7-^t' - o . In faet 1f Q"f_ B 

ls eny symnretrle

covar lan t  t€nsor  o f  t hc  second  o rde r ,  
'O . - - foF - :o .

,o(P

lhc eurl dcfined above should be dlstlngulshed frot curlu ln

vhlch ls the eovarlant lcnsor yith conpon€nts (Worr- *n,J D,.,
\  ' .

l {e shal l  deflne the crr squar€ of the nagnltude of a tensor

T Of the saeond order as

tro tensors 2oB, g/t *

t %l*t"P/{ ; anal the realar

,  ^ t e  l !

tq".tao5 8*/'g'1

produetI

+ fhls def!.nlt lon dlf fers ln slgn fron the usual deflntt loa
of curl  1n ordtnary vector analysls. Hence ye f lnd
sl lght dif ferences ln the consequentlal formulae bctyeln
tho r€sults here and 1n ordlnary spac€.

o f
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lcaordlng to tb. abovc deflnltton +

Yector t  t

(t{aenrtude)2 of Uxv = 
t ey qpl

-  s-(*qV u{, . ,  /ar5vPn, _

1.e ,  (xag)z  o r  (g rxV)=  l -G* tg=
rnglc bctreen th. vector! U arll !

tJ ed V |!c ualt

cuuu B- rou") 6v/v8- ut ul )

/  A 5 )
f 8u u*r' aps v v2

5',,ltLo, uhcrr 0 ls thc :

.

.
ofIt fotlovr ar ln ordlnary gcorctry that thc nagnltudc

thc cross product

nagnltudcr of thc

of tvo v€ctors ls equal to the product of thr

veetor! nult lpl led by S;or O

u
Xcxt rc hevo t

.t"L+u) = lC+ u*),r7i af ,;- [+ u0';7'

-- f'; Ld{"[ -vrr+'Y}"+L'4'

d 'u ! . \  i
" " ?  J

s.;il ,f -r.fotr,r-, "i 
* tr, Jii l

s agre€s vlth tbo eorrorpodlng fornula 1" t4u.

(&\

curl vc = xlr1it4,r), rf Vf,u- Qf, ?ith,,),1

= 
Q;a+#uf,i - t# {-4,;d #ujr

- b,fnft,, *, !r?"+,r)ftt
- fr: . ^'i;^h\..A d , ;d hl ^/ o

tilr,t



It follovs as lu ordlnary gcotctry that tbr ugnltudc of

thl cross product of tuo veetors ls equal to th. product of thr

nagnltulltr of thc vcetorr rnrlt lpl lcd by S;o, O '( D

lcrt ua hrv.r

ut,l+r) = l@uu)'rtiafi (+ur);9:

: f;;'Lun{rt!'; -vf ?-iufil"+L'4' [  ' - J

. . o,'.rliQv): uxv* 1 4C'^,tu
?hls agre€s vlth tbc corrtrpodlng forrnrla 1" t4u.

curl v4 = \ lr7itd,r), t f  uf,n 
- ry,, i?i 'h,r),L

= fy4., o*i r\, ; ' t , f ^{l g
\, ,,n t" 

- 
F; t * ttl ?' 

- 
Q;i[/ 7 vlt

Q*A

_ ol (v"vf1 _-:a\s!7) , ,

r?rcrc a4 - tl Qrr '\1,+F

vrlttrg al= A2lii| vhsrc Y.4 = ualt vcctor, end

A'='\1^altn = il"t h,f .Pr^k, ;?@etl

d 'u ! . \  l
" t ? J

s.cil uf _r.{*rt"olu  " i , i  t t ' J i i , )

f,io

/  q \  i
\o , )  1

' + J!*?"+,r)f$4

tf yl,*F e,:)

- 6,f,rf+,t t rR

= @@t f#tfin(r,;
: il 0;r {,f (fr!,- *er!)

*e..
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currvf = n fv{v.F,z(-rF#tY)

obscrvlag that W4 af \f lY-I arc orthogonaL unlt vcctorr

vc have uslng thc rasult (1),

(nasnltuitc)z or curlvt'- ?"ng'y'n #;;e;6aU *f.
on thc oth€r herd lD td Curl Vf = o ..

l. Iet ur dtcnotc tho trnror rVxE = yq! F^ tF Ed q bf B4/?

constder  B.cur lE =La ,  L .  fM% F-uFe" ]Sr{ .n t ; r1-26, . r t '1-  -  
T ' k  /  F d  N '  

u - ' 2 " ' L  r  L ' i i t  t ; f  - ' i o  t - ; i

-- .'t n -,4E8 tr'/ gdi"1t i- 
1<./ *p5 n - j i , -ry ,,

=- [a^,  E P vE.  \  (  q .  ,  rqr l .  . \o t r  
i

1 6 0 -  J i i , / U x ' ' l '  - ; ; , / (  
I

=€r, u,Pt"s r!) h.t nn'! S;t' 1
i

,  . . - . 1  -(rrYtL : :  VO *x e ,  N4elnet = Av rde./^et.

But  ,17 Vte,  -  o  Dl f ferent la t lng ln t r tns lea l ly  la  tho

illrcotlon of E tt brvc, j

q^ t  x . ;n le l  +  q . . , , rd r ! ^n l= -o  lc ( y  , 3  I  k y ' ' '  - : 3  -  :

. q -J  o  ^  lCr1 N'E-', e5=- - e", Vfl e4 ev yhlch redruces to -! ) ;d ( Y " , 3 "  A '

the norual curvaturc on lubstltutlng fo! ,f! 
I 

by ltr valuc j

l?



- .  lqu  t .  t rg l r ( ,s !  Em y tnsor  ty } t  = .  f f 'E t '_  f { r  E-  _ tg

coasldor  B.cur lE =tq lT f* tp_,(FE [E!r?

:  n/ap5 rt{ tar!of; l$

=  
' ( j ^ ,  

F P - l  
^  |  '-  ' -Po'  ' ! ; )  (%'1vae'  '  Sr"r

' -= (apr ufr"s vl) h.t r.e!,);r

D Y  E )

F  "  r r
"sd .-8". qtr l :

u ,y t  ' t )  J;[)

" {

l

3. cr^ttE =- q
tq,Nd'l ru! =' +,1'f,e!,J

But l7 v'e ' /  --  o Dlffcrentlatlng

dlrrotlon ol E rr hevc,

lntrlnctcally ln thc

Ql nrintel t Qor, ,,rdn!r"l=-o

ca1 u\lreg - * *.1 xfl  ,g ,/ yhrch

the nornal eurveturc on substltutlng for

If

rorul t ,

'.l".uJt = - k^o t,oJ
C 1r  an asynptot le  l lne,  B.cur IE:  o

we rhall shov that Curld{ ic a tensor ot zaro Eagnltude.

r Vlds foot note to ,5f f, to aecount for thc ehengc ln rlgn.

l + )

rcduees to

-d
,y;,{ by

$ '
t(

1tr valuc

I
I
1
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I  - ,
(l{agnltudc)' of ourdJ

r r  ^  r ,  - a -  /  ' . 1  o  . . , 4= i on t"pa [*Ig"o,t - -fnftiu] l uj, r'4-"",tvl;,

-: (n on{i)tu(%, nu,r4) -(r,,, r!,$u)(v,n!,,!,)t\f ;

-,{r,'^ )tt,

h q n  B-  7 ^ 'h4Yjqr

_r)tu

But, curlfV tn t{*l It not neccasarl ly zcro, r lncc lt 1c vcll

knovn that Curl M - O ls the necessary and rufflclent

condlt lon for a systen of geodesle parallcls. thc present

rcsult can horelcr be corparcd to tha rerult eurl ?t - o for

the unlt nornal v€ctor on an ordlnary surfac. L, 5]

It luct alro bt notcd that thc nagnltuilc of a tcnror nay

roro, ylthout th6 lndlvlduel conpomnts bolnt z€ro. Thls ytl l

ad Q , I
o(Y =

V -(}{agnltuae ) 
2

{oo,u n,

bc

j

-Qdfs'D &, r\$r!,)f ft
(q,,n/, til (nt nlr vI)v*r"

I
rv. ' .

rrl

t =
d
, A

' cut

r
i

Y

r f

nut l(

=- zb (oN "l ni) -eu w!1v!r)yh7r

j
J
i
:i

t ,  .  la*-rLp., 
&;7"La



:i4s -  
I  L*F 6 , r l t t r i l  - (aV N;'.' Y,or )LXt x y1 v !, )?* ?,

r- q,
0

iut "ft : ,- thn tzpt ,!,

rd Ql Y,oo ",t
(l lagnltudc)e of curl

= _-fltu

v =. y'oo, n, 'oou 
&tTtL

But. cull f{ ln t{nt It not ncoorrarlly zoro, rlncc lt 1r uoll

kaovn that Curl M: e ls th. neccrlary and sufflclent

oondlt lon for a ryltcn of gcodcslc parallcls. the present

rcsult ean hovelcr be coaparcd to thc rorult eurl ZL - o for

the unlt normal voetor on an ordlnary surfacc L, S]

the nagnltude of e tcnso! rrt

conponent! bctng zero. Ihlg vl l l

thc nagnltudc of a tonto!.

Next I ,or(

: N

i
1

It nust also bo notcd that

bc tero, vlthout the tndlvldusl

be clear fron thc dcflnlt lon of

oL
5 h '

jll

tk

v
t

3

E.cu/v -- e. ( rn

: %.tEv (n{nvth

=- *t t! s ,(oeQ

I

4
) 1

I
; g

f
J A

v
J ;

3J

- N !

lL
, 7 '
Q . t

6

i r -

'fLN i

lp

__ f,

A, l - t
' L tr uQ r!r*

= -q r, jtktftn|-,n.teL: nftJ - t{n{--o

1r*,



I
:

I t - t

ts-. !,q{ t{ =o

- 1 0 5 '

Thara tvo reaults, vlz. oatr C,^l V =o

corrcrpond to thc vcll knoyn forurl,r

the V ard cl.lrl opsratlon! erc

only.

% , 1 # f e l . ' k

(6J

ard F A.(/ lV=- o

C^l  vQ -o,  y l rc! .

eonflncd to I epcolflo Un

c o n s l d c r  N , c r l s =  * !

,  t r b o: %"/ M'bf1 fi"^,Ifp

!, {rl -Efrt'oll

, . N . : - t l E =  ^  * f i n ' =  - E . V r V

: %l ?t" rLgr v* y,1 .i tfrtl,

-: (%l vS yl ) ,t-nn,

-:_ ? r,_ ?a^tr, v,t t
L Yfa ?'h nt.

1

:
'I

',!

a

!

j
I

i

\ ',''

- ch,lrrt "n rto sfo

vf t-th"'
la. t

: (thc lntrlnsle dcrlvatlvs of H)

Xagnltudc of N. C,"r/e =

^ t ' ^ a ^ k
<  Q , "  l Y l  e tX � F ' i i '  ' t l L '

l,lagnitudc of rVl, eA

cr L , .-,- L* l  - r Y

-=- qlk:l.- K^zq; e;ei [, +J .



|  ) 1  0  " r A  ! a

= - qt *lt'n r'o '!,
;= %l ?u" *nr v* v,1 n, , frtlo

- (%/ yf y.{ ) ,t^nn, vitthni

: ? * ?a^oat rrt ?/ont
_ J4t vfo ?tk nt.

rv. fur4 E =

l {agnltude

:

Fror (?) rr

yhllc frol

For a

(thc lntrlnclc derlvattvc of If) ( 7-)

of N. C,^/F = ttosnltude of rVf, eA

%.p Nlrei trfonh -- K1'* -r-
"' ,l'&<\t lLqn ete| [, +J .

deduce that for rn .!![ptotlc ltn

( l) 6vxe ) ,6^"{s = o

l1ne of curvatur., N..Url E ts cod lrectlonel

i l f  l

i
I
I

vlth F .

Alro,  Q ur(  I ' N=O fo r  a r v  d l r ec t l on  o f 9 . )- t t

' q ,

1
J



.  - 1 0 6 -

3. !y an crtrnrloa of tht rtcflnltloa of thc dtvergcncc of I

v€eto!, thc dlvergencc ln t l9n 
rt of g tengor T tn Onr,

1r doflnod by

d.^..1r _ -T1 'P 
frc1'  

/ '  '  ' s  , f  L ' " )

i{e shall noy deflne the dlvergence ln L9. of e tonsor l- of

order of eontravarlancy 
h, , 1n tga+/ bt

VT -  Q. r  Y6. , r ' t t< - . '_e t ''&6 J; t  . l  r ;L vhlch 1r a tcnror of

ordcr  o f  eont ravar lancy , -p  - � t )

Therefore, the dlvergcnce of a tcmor of the second ordcr

ls a vector and that of thc vcetor 1r a gcalar.

,n shell doflnc thc tcnthnoy

( rr ' ;

If 
-T- 

re a tcnsor of t9n*

of 'T 
1n lqru ln any dlrcctlon E Uy ttrc crprcrrlon E VT_ f

Ide havc, E , Vr 'E = 
?e VrEt nl,lr?* t; %6 lfirl

:6;r ?'ih( qeF -io vl^.3

sot "*t,ftreF . V : E . E  -

But th. r lght rtd. : tcndcncy of T- y.r.t. C

. . ( r u

in Un+ 
t

i)

,i

thercforc, th. tcndcney 1n 1.\*, of a tcnror f Ln l2n*



ordr! or conrraverr.ency r '-!) \ , t )

thcrafor€r the dlvergince of a tenror of thc scoond ordcr

1s a vector and that of thc vcctor 1r a rcelar.

If 
-T- 

fs I tcnlot of Un+, r* rhell ilcflnc thc tcndcnoy

of 
'T ln "Jru ln any dircetlon I by thc clprcsrloo E VT-E.

xo havc, E.vr 'E = 
?o v".1 nlt!r?* t; %6 tf,rl

=l,,g;t ?'i)"( qx' ,io vf .{

E - v " E . E  - zof;' ( u s

ln Unt 
t

th€rcfo!., thc tendcney ln L\n, of e tcnrot 1- Ln rcn+r

c

If L i 1, " vector of l-ga , r!.th oorponentt Ua= yfl.'J

tn Unn, ,  E. VU. E --  %p v/.er ' t f  gnt
=  a f  ( t l t " ( ) , - . t Y f  e f

:- q,
e f t " | g n r J P u , � l =  9 Q

tendency of  U y.r . t .  e-  tn U^,

-  
utyf  ,9 '

But thc rlght t ldc : tcndcncy of T- v.r.t. C

et r.et'eI



' L V 7  ' j

tho tcrdcnoy ol (J toErncc,

o f U

1r cquel to tho tcndency

ln tln ard vhen U belongr to lQ, , these arc both

cqual to the tendency of q{ ln V,1

fn partlcular, the tendcncy of tho nornal veotor

(r+t

=  E . 7 N . E  =  - J
A

- nor[r 1 eurvaturo.

i
. l

i

!hCAIg!: . thc sun of thc tsntienctet of aay tenlo! 1- of U,,*,

ln 1. r 'outually orthogonal dt!.atlons of an cnnuplc t] l lnts

equal to the dlvergence 1n 1,),^ ot the tensor 
-T

Prsglr- t-hc tendency of T-v.r.t. Q\ = <fu

I t L  t  '

^ d .u 'r-
X F '  ' ;

:

a l
\ T  Q  >-ic \
h l

8un of t .,.t. q.f

r fu ;Q

t€ndenetG! of -f  t

a . ^ - r ' < ' -  '  p . . t
' c'-t6 ' t; *,

: i qf q'/q Ap'i, ,
J o  A .= 7" '% Yft "r;

9u of tho tcndcncto! of

an oothogonal ennuple of dlractlons of \-L = - n€an cur-

p L
ai

fj a

)
A

thr unlt mrmal v.ctot ln

d^'vTj by deflnlt lon.

un,9gt. r

w . r . t .

vature of 19" .

Thls nay be coapared vlth thc correspondlng ralult  knoYn



* 
Esglt- of 7-v.r.t. ,ry = *Frr; qynlho tcndencY

8un of ttt t.ldanolat of - f  u. ! . t .

CA -  r r r ,

^ t P  c  9' Jq\
^)

D
Y../

I

p L
:Ai

A
I)e

:i*,
= 

)u^t 
q1'v,{

-- 
; qf \u ep'i, '

- ?is% vfs._; d^'u-fi by d€f ln l t lon.

of the unlt.  normal vector ln 'd- l . t
9ca. t

v . r . t .

Sur of tha tcndencles

an otthogonal ennuple of dlrectton: of 1% =- r"tt

fhls nay be conParcd vlth thc

for a veetor ln tqh fl6l .

eorrcrpondlng rcrult knorn

lo In ordlnary tp!c" vr havc th' v'11 knowr Greenrs ldentlty

ah'u (a grad'I,. - {'gratl a ) '-"adhtgtoa'!''- 'l' a;'s y"J'o'

It 1! qulte eary to rxterd thls lrrxth to a Rlenennlan l-ort also

uc shall nov crtcnd thls for thc operatlona &'v and grad

dcflnect ln thls paperr for tensorr of l4a1 thc operatlons

belng ln the f lsld of Un .
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If 4 aoO V arc tvo sealar functlons of

ot."(f Wv I f"arS - alv(F y,lskv,t

=- q.p vf fr (p yh /ke,r - *#t?t'
=- t  V; l i  XA' '  -v P; l  iTh'

l l t o ,  Q  & . ,  
? r d ^ l  

* V d-,,'v Xn^A S 
'

?th '/, L)" 
- *

Q ;4 l k t '

- f

_ P Vka, ?L,'- V,

qp rf,fi ( vlt %pt!, i !0!, g

th , ue haYc _

- Y yn\'kf,t)

i,),;

l l ' a . r
t tLJ ,'^'

) ^, A^'v t d"f - \.f + ) = p a l v ,ody -_1, &'v

lcrt, dw
W: o^t !'l;?u'' udv I -sF v9

{'I
I.!

l i
t!) i' (

'.tr

- U cr^rlv --*v.uJ v (to

V [ u  V  ) =

= V.vu -t-  u.V V t  V. tu{.  V + u. cql  V ^  { t a

(16) ad (1?) an lDorn ".rult, vhcn U arU, ! ard V .r.
all deflned ln \"9h . UIJ

' Hc can obvlously ertcnd th.

tuo tensors | / and V o1. 1 g.- ,

rccultl (16) and (l?) ror rny
V lrr I rr ' +L-

, j f  '(+.7uou/),;



F T '

qp tf,fi ( v1?'L V,r);i-

Y;xr, 7Lr'-. v, f, 4 $r'

* %pt!, i !0!, gtk fi.),i

:

' O,r'v

t
( ^-ay-  V + ) - p a ; v voAy -l ch'v -^4

I{ert, d^v (vxv): a*l !i l;?rr' l - t d v / - 1 t f  s * ) , ,
_-_:__:_'y

- U.O*y{v -v'uJ v

=  Y . v u  t u . v V  t  y .  t ^ J , v  +  u . c , ^ l V ^ {ra

(L6) ad (l?) arc knorn rerults yhen U ard ! erd y uc
all tleflned ln \rh . LrrJ

' Yc oln obvlourly crtcad th. ,c!ult! (16)

tuo tensors U and V of Un+t , f bolng thc
1n thls pap€rr operating tn l_fr. oo functlons

Consldcr d.^.v CwxE).

fl1s ( Mxtr)= ql ,lt?k (nne F -- rf , o),

% vlr f* [r,1rr + ,rd:ft - *fo,n

)^vgxr)-= --t)lBfhrf - ,nf nl- rfd^,r_

(,D

I
, L

v ot l  (  a  , ,  ,d , r / \ .  .
0  \  a l ' -  '  , l  , t r - {

i
.i

:
.i

,
{

,tJ
, l

R
_ ryt-

and (t?) for ary

oporator dcftned

ot w*, ,

.  f  I  i . '

./



nfi
cl^v

f i F F
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