CHAPTER IV

SRENERAL STABILITYLIER CONCEP?S FOR
DIFFRRENTIAL AND CONTROL SYSTEMS
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SHAPTER - IV
SRSTION - v JNTSQDUOTION

It was observed, while studying at-.bility behaviour
nt an invariant set A for a glven &ifferential system,
$hat Lyapumov's direot meshod for stadility of equili-
brium point is oarried over in almost similar way. The
senditions en differential inequalities remain the same
and those of positive definiteneas and decrescence on
Lyapunov functions ean de interpreted relative % the
Set A, in a natural way (15,31 »64,65,66)., This is evident
in the works of Osiraner (45,46,47), Osiraner anmd |
Rumiantsev (43), Rumiantsey (52,53,54), Peiffer and Rouche
(50) and Corduneamw (10,11), on partial stability or
stability with respect to some components. Similarly, one
®an odserve this phenomena in the work, on eonditional”
invariant sets, of Eayande and Lakshaikanthaz (26), Leela
(31,38). Lakshnikantham, Leela mmd Ladde (33) HBave apeci~
fioally ebserved that similar extension is pesaible, while
discussing the atability properties of oonditional asymptee
tie invariant sets. The Tesults on asymptotie invariant
sets in(31) m also be cited as an example of the observed
phenomens. Deo (13) has observed the similarity in condie
tional asd narsis) PIRPL22¢, eitlie discussing the strict-
partial stability results,
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In this ehnptor.‘ it is showm that it is patural
that the theorems correspondimg to the ooncepts of stabie
1ity discussed in the works wnder reference should follew J
the general pattern of the direct method of Lyapunov. I%
is felt that if a general coneept of stadility in terms
of sontimuwous functions, inatead of norms, is intreduneed
for a differential system, thmm the theorems proved for
such stabilisy contain, as spescial cases results on o«
(1) stabdility for the origin, (1ii) ahbiu-ty vith respest
%o seme components, (iii) stadility of a set Ay, (iv) stabi~
11ty of a set A(t), (v) stability of oemditional invariang
set B relative %o 4, (vi) stability of asymptotic invariantg
st A and (vii) stability of conditional asymptotic n-'
variant set B relative to A, Thus the work is of a very
general nature. (For umifioation in & different direction See
(19)) It 1 shown that cur results on the stability proe
Perties can be extended to eover eontrol systems with the
set of esntrols compact in R™, ’ | o
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(1) Comsider the differential system o

" - ‘ét.:) | ( ! - ‘/") .. (2-1)

where £€C( 11D, B ), I« [0,0) and D 1s & region
of the real a-space R", invariant for the srstem (2.1)

iRt

80 that the solutions starting in D remain in b for all
tcl. Further we assume the Lipsehits eondition ea 4
that = | £(t,x) = £(t,5)] < k() lx=y] . (2.2)

denoting the meom in R‘. tGO(I.R‘_)l vhere " - [Qow)sr

(2.2) veing satisfied for eagh t €I, x,yc D, The
Lipachits eendition sasures the wniquemness of solution of

(2.1) and the eontinuocus dependende of solutions on initial
“nﬂt‘.ﬂﬂ.o

EJ

Lot ztt,to.xo) denoie th.o solution of (2.i), through

(to.xo)c I XD, with x(to.to.x') - X

(2) In Mdluan to the elass of monotone rnncuul -
K'. K, L » L that we xeoalled in ehapter I: Ses.2.
We amtion one mere class of funotiens defined in (15).
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Basiaition - (2.1): A function EC(I X B,, ) 1s said

S0 belong %o the class D (i.e. (D ) if b{t,r) Lis de-
oreasing in t for eaeh r¢ R* and inoreasiag in r for each

$€I and 2m ¥(¢t,r) = 0 as t—00 and r—0%,

(3) Let V u W(t,x)EY ALV € cup(l X D, n’). the elams
of continwous funotions satisfying Lipschiss condition in

X We recall -

D"V(t.x) - lim np *[(V(t-rh,x«tu(t,x)) - Y(t.x)] ee(2.3)

_ a—ot

and

D"V(t,x) » 1im inf ]_(V(tfh.lﬂlt(t.l)) - 7(‘.3)] 0e(2.4)
a0t

" The follewing comparisen theerems are well knewm (2).

© Zheormm = 2.1t Let thm oxist Y€ such that
P*(V(t,x)) < &(%,¥(%,x)), (t,x)€I1 X D T ee(245)
where g cC(I X a*. R), Let r(t,t..l") denote the maximal

solution of the differential ejuation =

roea(t), 23) =z, (' ea/ay) 0s(2.6)

Phen V(t‘,x )< r, _
implies ¥(t,x(t, UNTR )) <L r(t,to.r ) o 00(2.7)
for all t> ¢, for whieh x(t, toer,) exists, |
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Ihepxem - 2.2: Let there exist ¥ € Y such that

DU(v(s,x)) > h(t,¥(t,x)), (t,x)cI XD se (2.8)
where h € C(I X R, R)e Let u(t.to.ue) denote the

Aainimal selution of

u e h(t,u), w(s) wu, ('wa/as) .. (2.9)
Then V(t°.x°) > L |
implies V(t,x(t,to,xo)) 2 n(t.t..n.) : ee (2.10)
for all & 2, for which u(t,¥ ,u,) exists, |
Egte: (1) Fumotions g and h aro assumed to be smooth

enough to ensure the existence of maximal/minimel solu=
tion of the equations (2,6)/(2.3) respectively, for

all t_>t°. re. n° <ps »7 0.

(2) If g= 0 1n (2.5) then (2.7) redmees to

T(t,x(tss,0x)) < V(s ,x) o (2.11)

(3) IL R =0 4n (2.3) shem (2.10) MOOI to

T(t.x(t.t'.xo)) ?_ V(to.x'). Y (2-‘2)

‘W: Let O €C(I XD, k) and 5&( C(D,R ).

If there exists a fumetion V = V(t,x)L Y sueh that
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for all {t|3) €I1IX D,

() § () <We<E . (293
and _ _ '
(11) o*v(¢,x) < 0.

Then 5, (x(5,%,%)) < § (%,0m,).

2xesl: Beceuse of (11) and (2.11) holds.
oo V(E,x(8,8,,x5,)) < V(% 0x )

Renes by (1)
0 (2) S V(H,x(%,8,0x ) < V(2 ,x)) < 8, (%,,2,)

Looe S x(ts,0x,)) < 6 (8,,x,)

4

IMREE = 2.4: Let the hypetaesis of theorem (2.3) hold,
wvith the sxception that O, is indepemdent of t.

1.8, Sl(t.x) - 83(::3 for all t€1,

Then  §(x(t,4,,5)) £ © (x,).

2E99fs Obvious.
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Bemark - 1: Consider the following choices for the
functions:vis,, § and §, in theorem (2.2) e

(1) 0, (%) w &%y |x]) € K" and §(x) = w(lx)) €k
gives squistability of the eorigin (15,31).

| k]2

(11) b(t:x) = a(t,2) € " and §(x) = {fo] € g,

=i
ks n,

vhere x -'(11,12.13. ”"""k'xkﬂ""""xn)'

gives equi-stability of the origin with respect
to some ocomponents of x (15,54,45,64).

(111)  §(t,x) = a(t,d4(x,4)) € £" and 5= B(d(x,4) € K,
A being a compast closed subset of D, gives
equi~-stability of the set 4 (15,31,66),

(iv) §,(%,x) = a(t,d(x,4)) € k" and 5, =b(a(x,B)) €K,
where 4,3 C D, A,B being eempact oclosed sets ia
Dy gives equistability of the eonditionally
invariant set 5, relative to the set A (31,26).

() Let €D, Chosse §(t,x) = M(x)a(x,4) + A(s)
and 3.1(’) = d(x,B). We obtain the wniform
stability of the oenditional asyaptotioslly
invarisnt set B relative to the set 4 (33).

(vi) If in (v), we eheose 8,5:) = 4(x,4), then we got
unifora stadilisy of asyaptotically invariang
set A (31,33),
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(vi1) I §(t,x) = alt,d(x,A(t))) and

ga_(x) - b(d(x,&(t))),. whers acx” and » €K,
then the thsorem implies fho equistability of
the set A(t) (68).

m_-_gz By choosing § independent of t, in (1), (44)
(114}, (iv) amd (vii) above, we obtain the corres-

ponding uniform atability of the sets mentiomed
therein.

Zhoeren - 2.5: Let there exist a funstion VEY guch that

the hypethesis of theorem (2.3) holds and (2.5) is satis-
fied. Let the aaximal sclution r(t,to,ro) of the equa~

tion (2.6) satisfy the estimate balew «

B($08,07,) < W(t,r), ¥ 2%, o €1 .o (2.14)
for some p 7 O, rDSp. |
Ihen for ¢7 to,
CGMNx)) S alh, S L(2as)
Lor x, ¢ _Q_ta(r’) where xoé.n—tgp), means that

8, (2g:x) < p. |

Ireeft Let 306_0,“( P) so that S(t ,x)<P,

Ohoose z, - V(to.xo). By (1) eof theorm (ZQB), '

F,om V(s ,x) < 3I(to,x°) < »



Thus, x € o, (p) implies < P
°

Hence (2.14) 1s satisfied.
By the cholee of ro, we have

Sa(x(tot 0xy)) <V(,x(t,t,,%,))
<x(,%,,1,)
<ot ,r)) = a(s,,¥(s,,x )
| < a8, 5, (8,05,

' whieh is what (2.15) asserts.
N

Qorollary: Theorem (2.3).
Eroofy Choose g=-0, in the absve thesrem, se thet

Sa(x(t,t,2.)) < V(8,x(¢,8,,x))
LV(s,.x,)
| - L (k).
which is what 'l;lu thoox:u (2.3) claims.
¢

Iheereq - 2.6: Let the hypothesis of theorem (2.5) hold
except that, instead of the eondition (2.14), we have

r(t.togro) S l(l“o). t_>__t°' a 6 ‘ ’ L 3] (2.16) |

for seme p > 0, X, < o and Sl(t.x) - %(x) fox all
(t,x)€ 1 X D, | |

fhen Sg(:(t.io.to)) < n(é;(x;)) ve (2.17)'

for all ¢ > ¢, x €S1(p) meaning that 53(:0) < P

L
L
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2xeofs Let x, €.n(p) so that 53(:.)5 Pe
Choose r, = V(t‘,xc)
2, = V(8 )< §(%)< .
Bow x 6_{1..(9) implies r, <p. Henoe (2.16) ‘holds.
Therefors, é;(x(t,togxo)) < V(t,x(t,8,,x)))
_‘:/, r(toteiro)
S l-(i'-'.) - .('(to'x.”
< a(8(x))
for LPAN :.( _Q.|(y). Hence the preef.
#
Sheeres = 2,7t Let the hypethesis of theorem (2.5) hold
except that the somdition (2.14) is replaced by
: r(t.t..r‘) < a(to.ro)b(to,t-to) - _ o (2.18)
when nel.. bGL‘. for aome p > 0O, By <P % _>_t°.

then for x,c 0, (p), . LPAN
®
Sl(x(t.tc.x.))ia(t.. 0, (EgeZ)IB(E, 1 8=8.) o0 (2.19)

Z50of: The argument here is parallel to that in the
proof of theowem (2.3) dut for the deviation e

Sl(x(t.t,.x,)) < V(tx(t,8,,x)))

< r(t,to.ro)

S altyir )0(8,,t-8) = a(8,, V(% ,x ))u(y, 0=t )
<8ty 50X ))0(8, 1 t=8 ), Lor ¢ > t,» aad

306 _Q_‘.(P)o P
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Sheorem ~ 2,8; In the hypothesis of thesrem (2.5}, let

(2.14) be replased by r(t.to.ro)_{n(r‘)h(t-to) es (2.20)

where ac kK, bCL and 8,(1;,:) - 5;(1). in hypothesis (i)
ef theores (2.5). Then for xoé.fll(p). P tyr

6, (x(%s8,,x)) < af 5 (x))w(tet ) e {2.21)

Rrasfs Similar to that of theorem (2.6).

¢

Ammaiks -

1.

2.

The theorems (2.5) to (2.8) are comparisea thoorems
and the conditions (2.14), (2.16), {2.18) and (2.20)
assure equi, uniform, squi-aaymptotio and uniform
asymptotic atability respeotively for trivial
solution of the equation (2,6).

By preper choice of the S-functions in the sbove
theorems we ean derive stability properties in each
of the eases menhtioned under remarks 1 and 2

following theorem (2.4).

The theorems (2.3) to (2.8) give upper estimate s

- on the values of S, funotien aleny the tra jectories

of the solutions of the equation (2.1).
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We now state seme theorems in whieh lower estimates

are got for thed,~ function along the trajectories of the
solutions of the equation (2.1).

Thesrem = 2.91 Let S;€0(1 X D, a,) ana §5€c(D,R,).,

1f there exists a function 716”/ such that for
(s,x) €1 X D, | |

(1) & (tox) LV (8,2) <& () e (2.22)
and

(11) D7V (¢,x) 2 0.

Then, for t2t,, Ss(x(t.to.xoj)z é;’(to.:o) oo (2.29)

Rkgef: From (1i) and (2.12)
Voltax(%,8,,x.)) > Vo(s ,x).
Frea (2.22) i% follows that | :
SS (;(tltolxo))zv‘(tlx(tﬂ tooxo)),?_"(tooxo)z %(tolxe)ﬁ

Nensce the result.

4

| wl Let there exist a fumetion v, S |
satisfying the hypothesis of taeoren (2.9) exeept that S, |
is independeat of t i.e. g,,(t,x) = & (x), for (4,x)€I X D,

Then §_(x(%,%,,x,)) Zsé(xo). for £ € 8. .. (2.24)

ixeeft On the smme lines as in Whe theorem (2.9).

#
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Combining the resulss of thecrem (2.3) and (2.9)
we obtain the following theorem, whieh ocorrespomis to
strict-atability preperties -

Deeren - 2.11: Let there exist funetions ¥ and Y both

belonging to Y satisfyiag the hypothesis of theoress
(2.3) and (2.9) respectively with 55=82}‘ hypothesis (1)
of theorem (2.3). Then for t> $,

-SL'('.QI°) _<_ &1(’“"9”0”5 SI (tﬁ'!ﬂ)' . (2.25)

A siailar essbination of theorems (2.4) and (2.10),
correspomdin: to uaiform strict stadilisy preperties

Yields,
Iaemren - 2.12: Lot there exist funetions ¥ mad v, beth

belonging to ) satisfying the Rypothesis of theorems
(2.4) and (2.10) respectively with 552821n Ry othesis
(1) of theorwem (2.4).

Then for ¢ > t. y |
5 (x) < gcxct.t;,.z,ngsstx.) oo (2.26)

Note - 1:In theorems (2.4) and (2.10), consider the
following cholce of S-funotions -

(8) Lot ay, B €K, & = 1,2, Onesse § (4,x) = a,(Jz])
S BylxDs (o) = ay(jx)) sad & m wy(fai)
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Then

o' vy()x NS x(te,,x)]| < 7Y ayt)x, )

Thus the origin is uniformly strietly asable.

(b) In the ssme theorems, shoose c?,(x) -a,(/x]), aEK

' X Y2 k ya
82(8) » b.' (1.1 xi) ’ 55(::) - '2 (Z xi) .

1=1

' 86(3) - a( ,x’)o 51' blzo 8 €K.
We obtain striet-parsial stability of the origin (38). -
(¢) In theorem (2.12), ot § (x) = ¢(d(x.n)).

&(x) = a(a(x,4)) and &{x) = b(d(x,B)), where
¢ '8, DEXK. Then we obtain the uniform striet stability
of the conditionally invariant set B relative $o the set A.
(4) In Wesrem (2.12), let &, (x) = £ (4(x,4)), |

53 (x; = a(d(x,4)) and & (x) = B(d(x,A), @ ,a,b € K.

This yields uniform strict stability of the set A,
(o) In theorem (2.11), 1ot & (x) = & (a(x,4)), FCK

Gt = a(5,8(x,0)) @md & (4,3) = B(t,d(x,4)

a, bEX". Them we obtain squistrict stability of the
set A,

Othexr results can be obtained aimilarly.
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Some oomparison theorems giving the lower sstimates

are stated beley: | |

MS: Let there exist a funetioa \L fYndl

that (2.22) and (2,8) are satisfied. Let the minimal
solution u(t.‘te,no) of (2.9) satisfy the estimate «

u(tet ,u)) > & (t,,u) o (2.27)
for all $ >t , 8 €X', for some p > 0, u, > Pe
Then, for t>t, and xoc-.n“o(p) which means cg(to'.x,);_f’
55 (x(t,8502.)) > & (1, g;(to.xo)) o (2.2&_) |
ZEvess Lot T, €0, (B m wat  (t,x) P
Cheose u, = V,(t‘.x.). By (2.22) B, = V,(to.x.)

26, (g0xy) > e

Thus x, (—ﬁ-rt.(p) ;t-puu . 2 P
~ Therefore, gscx(t.to.xo)_jg Vo(t,x(t,8 ,x )
2 u(tit ,m)
2 alt,,m) = alt ¥ (s ,x))

thersfore, %(:(t.to.x.)) 2 a(t,, g;(t'.xo)).

¢
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Ihsexem - 2.14: Let the assumptions of theorem (2.13)
Rold with S, (%,x) -Sé(x) (1.0, independent of ), for.
all (¢,2) €I X D and (2.26) be replaced by
| a(t,8,,0,) > afu), o €x w (2.29)
Then for t > ¢, Sg(x(t.i..xo)) 2 a(x)) w0 (2.30)
for all x € £3( P) which means Jc(xo) 2 P

m: Runs on the smme lines as the preof of the
theexen (2.13;,

¢/

Zheoren - 2,151 Let Whe assumpiions of theorem (2.13)
hold with the eemdition (2.27) replased N
s, t ,.) > s(to.n‘))(to.t-to) o (23%)

 where acK amd bei':

Then for tZt.‘ » X ¢ _rz’t.(l!) which means &r(t°.:.)_> »

§txle,s 02)) >alt, Sl8e0X ) I0( 8- ) o0 (2.32)

The proof is similar %o thas for theorea {(2.13) wut
for the deviation »

(x(t.t,.x.)) > V,(t,x(t.to,:.))
pd u(t,t,,x )
> a(to.no)b(t..tat‘)
> (0¥, (850x0))0( .88,
2 Ak (tx)I(8 ,t-t )
for all t > $o0 X, e_n_.to(pJ.

#



| 180
Zhepxes ~ 2,16: Let the assumptions of theorem (2.93) be
satisfied, vith 5,(t,x) =§(x) for all (3,x) € I X D and
the ocendition (2.27) replased by

w($et 0m) > a(u )b(t=t ), a€X, BEL " es (2.33)

Then for t Z_t.v xoe_rll.(p) which means c% (xb)_>_ p >0,

S (x(%0%5020)) > a(fik ))n(t-2) e (2.34)

Ixeef: Just on the same lines as for stheorem (2.15).
f

Combining the theersms (2.5) and (2.13), we obtaia  -

XIbheoxes ~ 2.17s Let thexe exist fumctions ¥ and v, €Y
satisfying the hypotheses of theorems (2.5) and {2.13)
respectively, with the fumction §, (of theerea (2.5))
idemtical with the .t\metiongs-(or theorea (2.13)),
Then for t > t, '

5 (8gemg) S8 (xtuet NS 8 (hx)  u (2039)

By proper ehoice of the functions, we get atriss
stadility properties of sets.

Cembining the theorems (2.6) ead (2.14), ve obtain =

2beeren - 2,18; Let there exist fumetions V and Y, €Y

satisfying the eenditions of thesrsms (2.6) md (2.14)
respectively, with the fumction Sl(or theorem (2.6))
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identical with the fumction 5 (of theorem (2.14)).
Then for ¢ 2 ¢ ,

5,0%) <&, (xlvur x N<hx,) . (2.36)

Prepesr choice o:S — funetions lead to striet im.i.forn
stabdility of sets.

Combining the theorems (2.8) and (2.16), we obtain «

Zheeren - 2,19: Let there exist funetions V and v, €Y

satisfying the conditions of theorems (2.3) and (2.14)
respeatively, with 52:5'5.. Then for ¢ t'.

§ (Zdo{(3=8,) <§ (x(4,3,2)) < Sx)5(tet ) o0 (2.37)

Preper choiee of funotions S and 9 lead to siries
wniferm asymptotis stadbilisy preperties of sets.

g e sand T T e

P T,
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In thias section, the existemge of Lyapunov
functions is proved em the assumptions that the system
(2.1) satisfies the econdition {(2.2) se that its solu-~

tion is wnique smd eontinuously depends om initial
eonditions.

Ihooxem - 3.1: Let the trajectories ‘(t'to"o) of (2.1)

with (2.2) satimfy the estimates -

Oy (2(84%,5x)) < o2 $2%,, s €X ee (3.9)
where § € O(D,R,) amd S;€G(D,R.) aswell, with
|80 « S| <x |y 4 tor myen .. (3.2)

Then there exists & V-~function satisfying the hypotheses
of theorem (2.4).

-. ireef:s Define ¥(t,x) =» mg(x(r.t,x)). for {(t,x) 1 XD,
o<T<t 3

Besawse of (2.2), |£(t,2) - £(t,3)| < A (%) [x-y ).

- The continuity of and continuous depend ence of x on

initial oonditions imply the continuity of V(t,x).
Also V(t,x) = c%,(x(‘l,.t,;)) for sems R‘G[O.tj

and’ ¥(t,y) = ‘%(3(’29‘-3)) for same !zf[ott] .
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Then [V(t,x) « ¥(t,y) -I%(x(!,.t.x)) - g(x(fz.t.y)),

_<_ k ]x(Tz.t.x) - x(!z.t,:)',
S

< & |x~y| exp As)as .

This shews that V satisfies Lipsehits condition in x ,
 for each $€ 1,

Thus VEY .
Along the trajestoxy :(t.tc.xoj of (2.1)

T(%,x(t,t,,x)) 3 Jat & (x(26,2(8, 8, ))

<I<t |

) :ﬁ%g{ %(ﬂ"topxe) ' L X (3.’)
sinoe tho solution of (2.1) 4s unique,
dimilarly, |
t(uh.x(t+u.t°.:°))°zrlgh S(x(Tat,x,)) o (3.4)
and V(t+i.x(t+h,t°.x°)) - V(t.:(t.to.xo)) <0
Hypothesis (11) of theorem (2:3) follows easily.
From the defimition eof ¥, V(t,x) <§ (x) ee (3.5)
From (5.1) for eash 7 Gfo.t] s 6:?(3(!))25;(:)
Thus V(t,x) 2%(:) oo (3.6)

(3.5) and (3.6) verigy (1) of theoren (2.3)
vith § (%,x) -3:3(:). |
Thia eompletes the puof.
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w: Let the trajeotories x(t,to.xe) of (2.1)
with (2.2) satisfy the estimates -

%(ﬂh%-%))Z%(%). tZteo toéx .o (?07)

where 5360().:*). &€ C(D,R,) with

ISC(I) - gé(y){é k |x-y] for x,y€D. . (3.8)
Then there exists a fumotion V satisfying the hypothesis
of theorem (2.%0).

Zxsefs Yor (%,x)C 1 X D, define

V(t,z) = sup § (x(7,t,2))
o<ict

. elearly V(%,x) > § (x) | v (3.9)
and trem (3.7), V(t,x) <S () e (3.10)

sinse for each 7€ [0,t], § (x(1< & (x).

(3.9) and (3.10) together verify (1) of theorem (2.10)

w.tth%(t,x) -S( (x).

V&Y follows, because ¥ is continuems u& is so amd

X continuously depeads-on the initial oonditions. Alse

V satisries Lipschits eceaiition decause of (3.8) and (2.2),
whieh eem be proved on the same lines as in previous

theoren.,

F(tx(t,50m,)) = ey SR b x(2,8,,x))

s & (x(Ts%,3,))
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 and V(t+ﬁ.x(f¢h.t°.x.)) - np SC (i(T.tul ))
, , 0STSE

> sy 5 (22,4, ) = V(t,2)
13 B
Therefore D V(t,z)> 0, which is the hypothesis (i1)

of theoren (2.9), amd this eompletes the preof.

Meoren = 3.%: Let the trajectories x(t,t,0x,) of (2.1) "
 with (2.2) satiafy the estimate

5.<x(t.t°.x N S(x)o(t-t,), t2¢,, 't €1 a (3.19)

vhers § , S €C¢(D,R.) and 9°€L, 0~ being u:t-mtnuo

o 1 and o' (t) = -"Ar'(t). t >0,M0 oo (3.12)
. for each t¢I. Let 5;_ satisfy the Lipsshits ﬂlﬂﬂﬂ
[§,(0 5, < % )xey| , z, y €D . (3.13)
- Then there exists a V-function, satinfying «
(1) YEY

(2) 2* v(t,x) € = X ¥(t,x), and
(3) Si(x)<V(t,x)< §,(x) 0°(0), for (£,1)€1 X 1.

2E90f: Defime V(t,x)= inf § (x(2,8,3)) (t=1)
osT<t

for (¢,x)€ I X b, _
The continuity of % and O and the continuous dependemce

of x(t,8,,x,) on initial eemditions eusurs (1), the
continuity of V. o | i
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Also as in theorea (3.1), it esa be easily shown that

t
I'(t.-x) - V(t.y)ff k,x-ylo'(o)f A(s)as.
0

Hemoe (1) 1is satiafied,
Bext, V(t,x(t,%,,x)) = iaf SL(x(!.t,x('t,t X)) otRet)
Qs

- ot Sx(2o8,x)) T (s-1),

. -

Toas V(t,x(t,t,,5.)) = 5 (x(2,,t,x.)) o(t-1,)
for some r1€@.t] due to the eempacinsss of [o,tj.

Thus V(%+h,x(teh,t ,x )) = taf &(x(!.to.lo))r(tfh-f)
s E<t
Sass.:r §(x(T,8,05,)) o (t4he2)
. LS S (gt 03 0)) oTtenen,) |
Hemeeo |

)[('«h-r ) = o(vr,)

p* V{%,x) » 1lim upg (:(!1.t°.x )
h

h-de*
= & (x(2g0%,02,)) o' (t-2,)
t
- g;(l(fvto.xo))a-(t-!‘) o (s-2,)
o (t=1,)
e )\Y(t.x(t.t X)) dwe %0 (3.12). Hemse (2).

Trem the definition of V and (3. 11}, 1t follows that
V(t,x)< S (x) o= (0) smd v(t,x) P 8 (x) due to she faot
that foxr each 1€ [0 t] g(x(x,t,x)) O {t=l) 2 8 (x).
This verifies (3) and hense the proof.

#
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Remazks .
The condition (3.11) verifies & result corresponde
ing to wniform asymptotiec stability. The esndition

(3.12) shows that this stability is expenential ,
In the above theerem, if 8,(:) = 4(x,B),

0, (x) = &(x,4), 5,(x) = 4(x,), thea we have the
converse theorem on exponential uniform asympie tie
stability of the C.I. set B with respect to A,
Other deductions can similarly be made obtninu'a-
oonverse theorems in the gass of exponential
asymptotie partial stability (47) and expomential
asyaptotio stadility of the set A,
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In this seetion it is shewn Wat eur results on
~ the stadility properties can de extended %o contmol
systems with the set of contyels compast in R,

Oensider the control aystem
x = £(8,x,u) (% =d/as) oo (4:9)
‘where £€C(X XD X8, &), D being a region in A" and

£ is a sompact set in X",

For sonverse results, it is assumed that fer sash
fixed uc B,

2(%,x,m) = 2tyr,0)| < A ()| xep] e (4.2)

vhere 2\ €O(I,R.). It is further asswmed that the
egion D is imvariant for the system (4.1).

B i e . R . ) A
< Ay - - - B L -k + . - - e .
‘ ‘
2he_sentrol gystem (4.1 | ’

ieb ‘(!.t..:.) donote & trajeetexny of (4.91) sorres~
ponding %o a fixed u( R,

Zhsexem - 4,1t Lot there sxiss a fumetion YEY , sueh
that
o* V(t,x) = lim sup i [V(hh.nht(t.x.u)) - Y(t,x)]
+ b
h—>o
S ‘(t,V(t,IJ) : : .e {4.3)
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for all ($,x)EI1 XD, uck and where g o(1 X R, R).

Let r(t.to.ro) denste the maximal solution eof the
differential equation: r = g(t,r) }

r('a). :. L 2 ] (‘O‘)

Then V(% ,x ) < r, iaplies }
L X (‘05)
'('ol‘(totoa:')) < '(t!‘.o.’.)

for all %2t  for which r(t,t,,r,) exists,

Shasxes - 4,23 Let there exiat a fumetion ¥
sueh $hat for all (¢,x)€1 X D, u€3,

> ¥(%,x) = 1in tag 1 [V(m.xm(t,n.m - m.x)]
Aot B

2u,¥s,x)) - v (4.6)
where RCGC(I X R, R)s Let f’(t.to,ﬁ) be the ainimal

selution of (e s, f) }

“ee (47
f(to)- . (4.7)
Then V(t..xo) > . | }
ot»'(‘os)
implien V(4,2 (8:8,,3,)) > [(%8,0F)

for all % ) ¢, for whish ((%,8,,f.) extsts.

As in section 2, g and h are meoth enowugh to
easure the existenes of solutions of the eguatiens (4.4)
asd (4.7) respectively, for all & > %, x,,f<p, p>0.
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In ease of g3 0, K0, (4.5) and (4.8) wedues to

V% (%:8,02)) < V(¢ ,x)) o (4.9)
and V(t,x (ty8,,x))) 2 ¥(t ox ) s (4.10)
respeotively. |

Now we prove an extension of theorem {2.3) %o
®WAtrol systems and its eenverse as well. Other theorems
ef seotien 2 ean similarly be extended %0 eontrol systems,

Iheorws - 4,31 (Correspending to the theorem (2.3))
Lot 5 €0(1 XD, ) and §,€0(D,R,)s If there exists
& function V€Y sweh that for all (t,x)€ I X D

(1) &, (0 < Wex) <, (1 e (411D
and (44) (4.3) helds with &= 0.
Then Sl(x‘(t,to.xo)) < S, (to.x°)-

2209f: Beosuse of (11), (4.3) follows atonee.
i.0. V(t,xu(t,to,xo)) < V(to,xﬂ)
ln Sl(x“(t.to.:o}) < Wtz (%,8,,x )
SV(tex,) < 5,(tgex,)
.
. w:(c“rumnlg to theozem (2.4))

Let ggéc(n.a+), (1 = 2,3). If thers exists VEY
~ Such that, for all (t,x) € I x D,
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W 5@ en < (n) . (412)

and

(11) (4.3) holds with g= 0, thm S(x‘(t.t x.)) <§(x )e

m: On the sems lines as in theorem (4-3}. with
§ (2am) =8, ().

Bote: The remarks following sheorem (2.4) are quite
relevant, in the context of esamtrol aystems aswell,

Ahgoren - 4,3; (Converse of Wesrem (4.4))

Lot the ayatem (4.1) satinfy the cendition (4.2).
Let she trajeetories x‘(t.t..x.) of (4.1) satisfy the
estimate -

5, (X (808,,2.0) SEix)e $> 4, s or (4.13)
where g, %G G(D,R ) | |

and I§3(x) « 5 < x peyf oo (8e14)
for x,y € D.

ﬁn thers exists a V;Innmon satisfying the hypetheses
of theorem (4.4).

Lxnef: For (t,x) £ I X D ; define

V(%m) wtnr [rar (x (2,¢,1)
RER [0<t<y
The eonvimuity aad Lipsekits's uwuoné”u JDesides

 ta . eont.l.nuou depeniemee on initial oosutieu of X,
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aad the eompactuess of Z, shew $hat VCV,

The Rypothesis (i1i) of thesxem (4.4) san de shown te
be satisfied by arguments sisilar so those in theorm
(3.1). |

Trivially, V(s,x) S% (x).
Also for eaon 2 € [o,t], %(x'(f.t,x'))z 5, (x)

due to the waiquemess of the selusiens of (4.%) and
(4.14),

Thus inf (x(7,4,1))2{(x)

o<e<t |
~ Noting that{, is mow indepemdems of w, it follows shat
Y(%,x) 2&'(3). |

Henoe the proof.

4

L 4

Remarks- 1. Converse of nmuuihg extensions of ether
thesrens of seotion 2 ¢an Mo similarly be
formulated,

2. As in remarks ia sections 2 nd 3, ve em
obtain various stability results for eentrol
system (4.1) by appropriate choige QI'S— funotions,

-



