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ON AN IDENTITY OF RAMANUJAN

CONNECTED WITH ELLIPTIC FUNCTIONS:

ITS EXTENSION AND APPLICATION
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1. In commection with the development of ohtaining
the expression for Wlﬁpq), Ramanu jan [?, pp.l&B-lSé} has

obtained an 1dent1ty*which is equivalent to the following:

(‘;(m"nlwl) ~ Pw "( [_'&L, Z(, n)E ﬁ%’%} (3.1)

(with the usual notationa of €lliptic Ffunctions).
We give here a proof of (3.1l) (via contour integration)

and obtain the following new identity salong the same lines;
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Proof of (3.1)
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The identity (3.1) 1s equivalent to (&f“&fnﬁ e =z)
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- We prove that the Laurent E£xpansion of -f (z) in
| «)zl« 1 is equal to the right side of (1). The functioh
£(7) satisfies the functional relation
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Putting ¢ =WU/q in the sbove integral for (ln and using

the functional relstion {(i1) we obtain

an . - [(fcw—ﬂ-)q'd

an - &r\'i’ unti
ui=t |
2
T Bt I .
I7 , un+l b
ui= £ )

3
where Rh is the residue of({(u)-—z) /uhﬂtt U=q4 at

9
whieh the runction(—ECu)-i) /'f{ "'has a pole of second order.
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The first integral on the right side is 4., , The

sscond integral on the right side is equal to the coefficient

of W' 1n the expansion of (W) and is equal to 3—/1—-@;" -

‘fsnss: e have I

an _ 2 N\ _
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Pc find R, we proceed as follows :

[ o]
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fz-2 = 3= *&Zﬁ _a) 2 — 8
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We put 7 = ¢+t in this and write
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n=2%
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Thul we have
Kn = - “‘"/qf” *

Substituting this in (111) we have
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o0 2 T
9. 4
e = 4y anzv + ZQ_T,Z
n=i n=|
wq,"' cz"+z") nat (22 )
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i
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The left side of the sbove relation tends to

>0 .
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- Wehave © oo ' _ 50
neN_3M) n ch
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¥ (=) -(,—_3_) = LF(T.T:_)ZI-%"‘ Th -q")*

and the right side tonds to

Qg - —-@Z Lo

'H ence
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Substituting the value of &, in (iv) we have {(1). This

completes the proof of the Ramanujan ldentity (3.1).

Proof of (3.2)

The 1dentity (3.2) 1s equivalent to
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where ‘S:LZ)il defined as before,
We prove that the Laurent expunsion of -?Cz) in

\a lz £ | 1s equal to the right side of (v). .
Let 00 | :
14" .
£ Sz) = Z Ay & , ) azte) 5
n=+00 : ,
Then
\ £3c2) |
Q'y\ h*i Z '
} _

By putting Z= ?—L/q, in this snd using the functidnﬁl

relation (11) we obtailn

a, A j@f“’l) _ R

P un "
(Wi = ¢

where . Ky, 18 the residue or(_—fcu)-zg/‘f*' at % =q at

which the function({-(u)_,_) /'u_'ml nas & pole of third

order,
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Hence . :
. 3 '
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'C{IF\. )R ITL u?\-tl ' cQT“L un-t—l 7w p
=t U=t luy =
The first Integral on the right side 1s a.,‘.‘ .
The second integral on the right side 1s the coefficient
of uh in the Lsurent expansion of -jci'Cu.) and is equal to
| (- ‘L*‘) | —q " (proved above}
Hence we have :
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(o - a@/t) (L+ ¥e)
t&q]"l‘l‘l
or in the expansion of —_
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hg f(the constant term in 1}}(%—) ) = -« 1

' ‘bl {coefficient of L in 'kPU’) ) 7'= %T,IHH)L,:Q —
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. 00 _ 0o
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Hence, finally we have a o0 o
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To find a‘ we proceed as fonun

The constant term Gy in -5(1) is the ssme as

the oonstant term in the product

Gii)__g L () mh%(z+z)
= G-em>  th /[ i-qn (! ﬁ)

‘ h=i h=)
b
" (MH-2"
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0o o )
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The constant term in this product 1is

(%
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{2 -2 ) el
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Substituting this value of a, in (vi) and noticing that
3
I+Z(4n +2 ) 2™ __:([-r_z_)

I—z »
Rz}
we got (v).
2. Ths Ramanujan identity (3.1) can be employed to obtain
the Lambert Serles expansions of several sombinations of
powers 'f,r )86 (r,,s ::3,1,3) and thus we derive the following

'expansionl
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&80
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* 7 [ 2 [ —gm
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BY chaﬁging U to U+w, in (3.1V) we get : - ;

((L’u-rco.) =" =N * Pnew)
_ “j

n _
9 2. - 4, Cot "AY
(w. [ yp"f L ErED Y . (3.1.1)

Lef't aside of (3.1.1) has the following Taylor series

expansion at U =0 ,
1.

- 3, T
[-—‘Mif’c&n,) ""m/w,} - ‘u_ @%’le) '—}i‘_ E" (w) = v~ 'J_

- [@(Ma) +‘“/ &’m(w;) 4 2= f’ (o) x + . :}
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Herce we have from (3.1.1)
' 2- PRSI 2
- @C‘?O al i ( Pewn+ m,w) — &’(2'(‘*’4) } 7

+ Yy i(%(m.) + Migge,) 6Py — ?(;cwo % Uty

. + Vﬂ_% 5 (g’“‘” ) § %y + s § By ~

83(6200, ) }

+ - - - -— -
g S (o Gt ]
=(38) |8+ ) e T R RS :
' m=i
Gomparing' the eoefficient of U on either side of (1) 2
we gzet : ;
(2) [ -t oM 2 im A
(@CWI) +’1;/w) --ﬁ’ Cwa) :(&_l_i') J_.ZC) ™m g ,
'wl 8 (I—Ctl’”‘\)’—
m=)
“or we have |
(6 ’\'Y\:/w )Q-*'L‘(Ge"-—e c.--) gt ™
i | oL (| 2’/3_) ) (, sz)l .
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B
S| / &_w wl Q J—M)

Naking use of the Lambert Series cxpanlions of e, , B,

and that ‘)’) s viz.
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am T 2m
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!
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in {11) werget the simple Larbert Series expansion of
N, €, noted above, _ |
Comparing next the coefficlent of 144'on‘either

side of (1) we get

o (&) | | 6 w(_n -m"'q,
((f*’(m.) ~+ m/m;) 5’( Cwy) = £ gcw') = }/3_( ) ( T—qr)*

s

On using

- 3
83(4 (w) = LBel+69, ) fPcwy = 66 -9, » 5.8 =47,

the las=t relation simplifies to

.
: 6 { L
' L | (—l) g
3 o gAY -
(111) .qle‘ — y,&")e| -+ 9;'10 4 {?L',%B “+ Y w‘) m)
W, }2.00‘ ™=

Now making use of the Lambert Zeries expansions of €‘ 3 93
"apd the Lambert .Series expansion for PQ.given by

Ramanu jan [&, p.142:Lwhich is equivalent to:

| §Tgrm
gLn’ —_( ) l:quT Al 6 E?q:?ng TG- T:i%wa

m =i
in (111) we arrivs at the Lambert,Seriea expansion of

7]I€f" noted above,
Further changing U to { U+ ) in the Ramanujan

{dentity (3.1) we get

L) ' .
' LS.
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: 00 MUY/ ~Mm7TY L
= (FLZE =13 A L Q™ e ;_yr Qe o
wy QY 2 U_q’zm)l- 2. U__qj.m)?—
m=} m= l
' (3.102)
- Gomparing the eoefrieienf of W in the Taylor @#xpansion
of (3.1.2) st U=0 we got
oy 2- (2_) '
(Ea(ﬁol) + qi!¢0|) ——)3_ @’ (w0,) ' '
& 2, 3m &
Tty me -
| - —(al) -4 ' "m)
From this relation we get m=y
: 2. ¥ > m
iy i L _ 7”‘%
(1v) n_'__i_" = - %2«/8 gw ‘*’("EG", ,_q/-un O"L"m) .
! ' Yh=t Th=)

p
Making use of the Lambert Series expansions for € > %9,
and ‘nz" in {/fv) we got the expansion for ?)‘ez_ noted

above,

4
Finslly, comparing the eoefficient of W 1n (3.1.2)

we geot _
W |
(&’Cw;)-l-n!/m) @(u(%_) "'yg B ceon)
00
- '/(’%E-)Q[ ik SR B i
4\ k iun) ( q,z.w\)

) Lo
TP/ T ATH DO L Y U
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From this Pelation we dsrive the Lambert Series expansion
OS’ Y,i eg: noted asbove,
The simple Lambert BZeries axpansion for ) er ean also : z.
be obtained by mesans of guadratic transformation. In this

transformation W, 4is changed to Wjjs. keeping (, flxed,

TOL WL ey,
so that CL:e,' v ey becomes Q/L » By means of this
transformation '), will be ehanged to V), + ¥, €, & S
Denoting this by 7], we have

r

T
AP N TR

— . 2 |
Using the series expansions of 7], 5 € and 7)‘ s W8

obtain the Lambert feries for T)‘ e, - _

Again cubing the relstion connecting 'F)l and 1),
we get : ,
Y — " YR . L,.% sts
W, = v 3ne w ¥ BN e e+ Yo &7 w0,

The Lambert series for €|3 and 1];3 {(Bee, Table III
in{7,p.142]) are known. Bence, in case, we know the
Lambert series for 7), ef' we ¢an derive the Lambert

geries for q:'ei and vice versa (also seea Section 4),



3, An Application
In this connection, we mention an interesting
application of the result that we have deducedin the pre-
vious section to a e¢lassical oroblem of dynamics treated |
% in Halphen's Fonctions Elliptiques [ 5 ]f
This problem when stated in terms of Elliptie Punctions ‘i
amounts to the following: 3
e | | | i
fees = el —Meyin, — %6 (r=1,2.3),
then | | 3
fle) co , $lepdo , Fleyco (O¥C)

o
We give here a simple proof,this using simple series

bxpansions of eyLand V'l Cye

We have ) :

- 2 3
fCe) = ¢ - T)le,/m' - %l -

Hemee | o 00,
2 -+ Y 3t -0 mq _ E
(C_,_u_l) ‘Fceg) - 36 3 | —gq2m 3/ |—g*m 2
n o0 m=| h‘f-l _ ;

\ 2. Gm-> vad 2 ﬁ_‘

LY g )en-0Te 9 m¢

VI U_@L,m-z.)L 3 |—grm E

m=]j e ;

Henee woe: have

.
%
|

% 9 4m-9.
- 2 (B) )R
fe)y = “y | U-%Lem-n_) .
: mz=j

% For Conplete Reference See Tnlypduchim
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Tuis clearly shows that

0L Qe
: § (e) <0 ) (—lcq,:_o ¢
Again
.
| fle) =e; =N e,fw — /s,
and hence _
| 00 o0
ooy S ERRNIP R ¢ R T AN 1T g
(77) flen = by 3 J—g*m +4 )—gqrm
m=| ) m=y
=t im
4+ m3g™ y k) mq
oLy + /3 | =g>m 3 j—g*m ""’bm)“"
m=} m=| W\-;l
o2 & 00
Z’_"_’ﬁr,_ L YmEQ™ 1 o V'™
(-« A s PR By
m=| =) hn =
oo . 0
* - m mﬁ—%ﬂ\ }’ M"qf"
= — { (LLWD,—- ay U__‘La..m) 2 g™
m=| = =
[ [La)
L,.Mm 1.m
Z?ﬂlq’ - SIQ_Z’T Z‘Lm = y_g_ 1? QLLM)
— 'm (- m - T
(+e ) ™) ) ope)
m=)
Hence we have ) | ©, L
L mTa
JAY n v
£ee,) = ys_(”"‘) (H@m)’-
m=j
This shows

feey So (0424l) .
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Pinelly since |

+ Ced *-F(e,,) +f(ey) =0 |

we have

)
, bwm-2
= gy vad) Q
'F'(.es) ‘Q(wl) L U q}-l-m 2.)
= 7 _

Now' '

"‘z()

160

U + Cuﬂ)

o0
@.m-—t)" fm-2 ' qu,m _ (2m) ¢
(I b(m 2.) ﬁ ‘Q‘QZM)L Q_‘(,L'm)
- m=i me| m=
(¥a ] - i m
mt g " m-aq, m>q
- ZQ- 4™ )™ [ )T
- Gﬁ" mz=j ™=
=
U g™ L Ve e
Ufo“") T oh [, ()T
= | m=|
Henes

| 4
flen) = - +(%) (,‘;"—“

This shows that

"‘?C€3) L0 J COL‘LLI) .

it
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. We obtain here the simple Llﬂbéﬁ Series sxpansion
of T)f'el by making use of the identity that we obtaln by
ehanging U to U+w, - in the new 1dentity (3.2)}. But thf
Taylor expansion of (3.2) (at U= 0) as such does notﬁﬁpj;-l:][.%
in any interesting relations except those that are obtalned
from Ramanujan himself in Table III of Paper mo.18 of his
collected works [ 7, p.143 ] .

Changing W to U+w,; In (3.2) we have

2]
3
= (-LGnu) - 3 0 g h
( ’-'rLOm w,) /o (-2 (—fﬁf) +
. >0 ey
n 2n, 80 -
&4 3 C—l) r\,q, . (.h.n.u c n in '
T UEY) 3, ) L g
'h;i' L q’ ) ! ‘r . Q..gLLr\)Q_ ( Oul)"l"

6

. 00 '
) Zf:"ﬁn (2r+0) ‘g-yta:’n nny )

) I-4*N | ! @, u__q’u‘)-g +
| =
T -n- e ( T ST
+ 3 - Aun (711Y ng
" (Z = <) ) ZU-@“‘)")
nz=) | P (F:2.1)

TR

N )n«ﬂﬁﬁ"*‘Lu' .

.,._‘J
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Expanding (5.2.1) in powers of WU , the 1¢re side 1

.; 3 3 (2), uy (4). _ 3
(95§ — W, B =8 819 -]
2T R ‘
. 3 . _ o ’ . .
Hence, we have on comparing the coefficient of ‘b\_.‘3 in
(3.2.1) |
é | a - h—l n3gAMv N+ gan
cf-‘-) (e,+" )3 = L 423 1) "9 Yy D n’g
h:l 7\:,
00 ' b s 0 -]
N e et L 0" 'nsq,”"_)( 0 Zc—u L aan
(1) (=)™ R
h=j n=y . =)
80 s an
. r n-] . 3N ng
v yRE o gy E )(ZTH’\)
8/ -4 o :
n =i Nz =1

Using now the relations

o , "
Eef'm—ﬁ,}i_ = @’()(M‘) :%(1‘-2:) (l-”’

m::|
and
[ o]
_ ‘nq,
e o -an ) Tha
-—n")—
’ nz
the terms

do n- 0o
| ndgn ngt™ N 3%"‘ zrw")
1q ]_ . i-—q)—“ | -4 e
n

Mnz) h=) =)
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on the right side of (1) simplifies to

S 9
w3 T] | €

[

m‘f’— - .
+ Yy 3t 3.+ 194

We als0 have the Lambert Serles expansions

-

6
(LG

i 4

AJ o
2:_3 (E,) { 1728

0 w0
mig?™ 'msqf""
U-4*m* T J-q 3™

‘ln:. m= 2

- Mé‘qj-m
/LI,ZU Qa—m) - éqz }_-q,)—m -

m=q
v 3 _1W)

39 m3q_ ma + m 9
(=¥ [ U=

. ™=} Pz} J

wnich are respectively equivalant to the expansions for

PQ and p3 given by Ramanujan [’T,p.iia,j . Substituting

(11), f111) and the Lambert 2eries expansion of V) el that

in (1),

we have obtainod in the earlier section,/ we cbtein the

simple Lambert Jeries sxpansion of )7 e , Viz.

@:n \)3?/ 9./ ”‘")3 fn-a

y R
e

R
e ""CL _
%) Ty % e Q

h=y

3 t, ._q/tmﬂ-) Q q’qn-zj
n«=i

l

()

+“/a#z i ]

Similarly, changing wn to Utw, In (3.2) and.

comparing the coefficient of ‘u, in the Taylor expansion of

‘h‘f/
t—q*"

e . :
TIFT R T T S R
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the 1dentity at W = 0, one can get the simple Lambert

Seriss expansion of ‘Y)?"e,ﬂ_ « The actual sxpansion 1a

"~ found 1n the Introduction of the thesis,

- 8,  We derive from (3.2) a new expression for ¥,.(n)

(the number of ways of expressing N as a sum of 6 squares)
whiceh in turn is made use of to obtain an interesting

arithmetical relation,

The identity (3.2) 1s also ei;uiva].ent to

0. 80
g + ar . — [ Cotey. 3____ 3 _irl Anne
(L+ Cot ©j, Z“'““ /.\.mne) ___( i -3, s SO
n= w‘ o0 n=| .
+ a” finne 3 Y Qinne
/"f (i-gny* / (-ov)>
h=j e
n 00
: AT Yot ) Tgn ¥
n=j oo nz)
4 ; nq"™ .
+ /;_(Z = /..La.nne) ( z—-‘:@n). (3.2.2)
n= i
Putting ©=7) in (3.2.2) we get et am 4 et an
b e Y . G 9
(! +:Lq,+;_qft+ . s e ) = |- 96 (7:’7‘")3 -3 (_—-l‘—-fbm_i‘f—-}.
=y L

o, ! zn-) v Lanel o
- En-) g ¢y @n)q o g
+48 @j;;h—., T 8 —— =4/ - +
. |

I-—q/7'“" j—g2n
n=) h=] L v
Y] & T\;- [TV 80
‘ n H gl n
o ynha ng
4 QL Z‘_Qn + 96 ( z =gl I—g " ) .
n=l n= n=

: ’ , : (3.2.3)

RN LTS A
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(3.2.3) glves another sxpression f;ur Ye(”\) whleh involves

& product term,
(Connected Wik Yyin))
From the identity (2.3)jof Part II, the left aide

of (3.2.3) 1s also equal to

. .
RSO R STy
I+ q*™ | — q&n- '
n= "= |

Kow making usi of the relations

: o0

Ve e ) S 4 Y, )y nal

( ,__.g?"z-n-l)3 - Y i+ g+ 2 T__;__q::,r\,
h=| h=j h=)

. and
oo bo
e g _ na'" :
(! ) Y A BT At
- h=y .

in (3.2.3) we have

80 _ _ oo o
a4 (—|)h iq/ih ] wj\_f , C_”n-! q,"""’ M:\
'_q}n—j 1—gn - | —qrn-i """é f-qn
n

h'—'.l h"l . h:l
(1) 69 oo [41a)
o N n-i 2 - - -
- |GZ %&L\m + Zc“') (2.)0-—1_) qf“ ! N C—-a)h '@_n_pgm !
o Q . T ane
n=j} "o I—q>n O”‘?Jm ‘)L '
=1 n=ij
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and
ST A L)' N, (@)
b =24 T=a" ~* ’
Mol
where
M, () =7,
Now using these i-elations in (i) we have the
relation w0 0|
3 Y, ¢} (:-n~t) 1
y N Wy @) (e .- - I—(atfz Z el
| (71) D{‘ST(' 2 e +
w - 3n-|
R oV an-) 4 )
(.' m—u) 2}
n =)

which is squivalent to0 the following arithmetical relation
Citn) Y0 x T () () ko s 0L 0) T - G0) Tain)

_ . -2C
— €/3 O i YG B'h n)

where

T ) = The sum of the divisors of n, o,() = y’-‘r
¥,(n) = The number of ways of expressing n as &

sum of two sguares

Gnd : : :
. \ : |- (d—l)h. : ) (J-IV:.
An = Z(—nu l)h-olz‘ , by = Zc-n a* Cn =ﬁz eH
df ’ ’
Add'=n A | dIn



TR
6. In this section we cbtain (via contour integration)

a genseralisstion of (3.,1), viz.

J{ow T + :(Lw TLw) + T ) T o |
)’(nf/ (_u,-e(?-t-w) - mlw,(‘urcu)q—[}(ﬂ})_‘.w(cw».‘.
= 72 w,

2 nmc. CoAnn
2z ) [1 +8Z q»,_ ‘s, gzo_,\) N + .
| Q" Cenny
)

where
w1 =0 ¢
Let .
Pl = $C(z) fz0),
where N, _n 3
(z) = == , 1-4"

£(2) satisfles the functional relation {fe = ‘FC‘-’) +2 .

Then

C'PCCL‘L) (—-FC"-) + 1.5 é‘fC?.-Q + 1—3 CPCZ) 1-.2.'? Cz) -t-z.'féz-d-c-q.,

The function f(z)is analytic in (3] <2l <]
andg((_z.g) is analytic in (ﬁ,},d c\z! (lyd\ .

(1)

Lot 2] <\ LN e Then @ (z) is anelytic iIn the region

\a/el < lz| <.

PV . ay . o \ ol LV *
W " Lad

™

ERNTYTE BT Lo Y

oY

21 = MU =2 .
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~

Let - .
P Zc-n z™ ) |4 | ¢ 2V <)
be the Laurant expansion of P(z). Then
. (@ .
cn' - &7\'{' j -zv\-\-] d z
=%
rutting z= '“/q, in the abovse 1r~tegra1, we have
Cn 1 Plwla) 4.,
e L7 i yn .
Iuj= Al
Now using the functional relation (li) satisfied by @ (z)
Cn _ A pru) - (W) = AFC) +4
?\ - &ﬂi u n+l
LU} = A9} .
o[ Bow-)(fo-2)
- Q7 Nt u
(Ul = MY | :
= L f (—FCw-—L)@C%{) -2 )4y R™
X7 wn+ 2
U=

where R 1s the sum of the residues at the poles of

(,\;,(m._a) ($lun)-2) / ") trat 110 between || = A and (Ul = AlDI.

The function@(u)’ﬁ—) (_F(ui)_,,_){%ﬂﬂ has only ixm

simple poles at U =¢q, and at U :Q,/'ein this region, Hencse

K



Cn

G

- 2L Nl
(f(%“() 3—) C"J-q/y "l - (-Fc%/v() 7—)( ‘L/cat)/( +
= —2fE))gn ¥ QAN FO /™,
- How we have | i .
- am 5 Chal * ‘Qﬂ-“s‘ unr " A | yne du R
) =N U= | 1=
. - % .y
= Cn ~Hjgn = - TR
Hence

A
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e = - k&N hahe” el
R0 S (R %) e R A

"on using the value of R" , now we have

S SNVL PSS £ 1CO L e 1Y N

= N R (=T T e (~qn 7
Changing N to —N - . |
. . PR N ‘
¢y = - ka  fod Mgt _ QUL | Ak fE gt

N G e

The constant term C-o 1s obtained by direct multiplica-

tion of .FCz) and {'(Zo() Thus we have

_ P @ L)
CO , LrZO q/n)?- *

9140;

e
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Henoe lre' hare

Plz) = {’-cz)fcu)n " o |
— oo 4 (27
—_ LI'Z(, q’y\)z. - A'Z( CL)D‘J_ -

h,n n -
R ZU-@) S + 2T&) i- Czq'ln),

I—¢n
, n=i : LEY
- n n,n_sh
~ 25 &) Z_%{nCZ I £ f&) - "?"{j n"(oe)
nz) :

Or we have

Loy £z +‘F(o¢)¥(2¢) - -FCz)-F(oc)

= | -4 )2 (2" Lth,"‘C%“-&—oé
i U_CL“) (1-ay* -
%“ CZo( +1°¢9
i STk o
Thus we have proved for 12,) <1 and i21|-<|

{-’c:.) ez -—@c:.){—(z zx) - sz_) £(2,22)

_ Cz -1-zI q" (zzt\*'z_zh)

(11) | hz1 | n=)

- ZL e o7,

. : . mn=z|
Now defining 23 by the relation Z;Z2:2; = | so

that (4" <|2,z.1 = \/‘23] 4 | then the above

relation gives
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4 cz) £z + F(z)f (za) +‘§C25)36C21) _
. ") N (" +zZ,
=7 _H'Z(‘ ‘V‘) a +.Z L’ZL—%";}* )+

“.
G_:‘:y\)l—(z3 + 23 )'

A=y

g pa e

H \,1"'49/60 ) .
178, —@th  Lilk, UrBrwzg *

4

LU
writing z - ¢ /u) , 2, =e

the above relation 1s equivalent to _
Tew 7o) 4+ ((8) ) + (08) T(w) -
2
5ol Vi) (4 o) = My, (UG00 00 T)+of fw)%

[ o0
a” Crg DY g" G4 ame
'\'0?77) 1:-— | -{-QZL Q,r‘) O U o °°l +
_ h=j _

0
4" Cognmeas
- 8~;[:(}’Qﬁ)l' u%
J
=
in the ordinary notation of €lliptic functionms.

Further, let * ' 5
= q, Z, J 7). =9 Z;

then using the functional relationship {(¢t)=f(H+Lwe got
from (11)

‘FCZ') 'FCZ;,) - ‘,F(Z Zy) ’fff’-l) -4 (z;2,) f(z,)
SN2y —28K(z2) ~Q(ri8) flzz) — 4 (s L)

2o
" Yn_ B  —~Yn_-n ,
= ‘*“Zf——wz@ SedE

%“zua"“zz) °°q;“(‘?/ STy

+ b

MNz| E Nzij
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7. Algehraic relations connected with WrCVang Frs ™

In this section, we derive seme clgebraic relations
anslogous to the relations that are derived from Ramanujan
for the function &’7)4(1) (symmetric in % and 4 )
in [_'?, p-140 et seq] - We define two functions 't}l,,é(n)
and F'., (1) (not symmetric in y and 4 ) and obtain for
them the polynomial expressions involving €, 6 ¢, and

certain other transcendentals.

: n-1 Y A mn
- -1) mn
Py, s Z Z( * , Y520
™m m ‘

so that

'\VYHS (x) #: ’4,”:7'(1) ’
We obtain the polynomial expressions for ‘%I A0(wher Y
is odd) in terms €,k , P, and &, where

o - ,_
S naY
PI =1 +% '\}lo"fx) = H'%Z(u e A
& = | =16 VYo,300 = | —16 e “'“3“n.'

We note that

w
™MInSan ¢ —
w &0 Z i—an 4 1{/’:-’5 M=

=)

60 .
m ™ :
’qj n (x) =
I *_x'fﬂ b Y'\

l'l

T

TR T i TR
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We have from the theory of Bliiptic functions
o\t b & .
F — (X L ast? ...1. - ’L ot nr
boo = (%) [ & +Goorm) +yZ‘l () e
:] _l
Changing W to Uty , in this, we have
. »
— Cgl‘- ( (Am.wu + if c'h') ?'ll N
(1) Plurwy = (wa)[ 2t (w5 n) mm o 3
n=j '

Comparing the like powers of iC 1in the Taylor expansion
of (1) at wU=0C , we get sucesssively the following

relatlons: |

1. e = (& )"[‘é; +¥,6]

e. F(2 pHen = 1-16 %05 (@)
(3 B = 08 g
o A () Fw = 1T =32 Yot

0 .( _ Cx
5 35, (22) ey = 31 +8 Yo g

3

[ 3

stg,

Using now the relations

&@»cw‘) = 12 PPy = (B ) €«
#Cwy = 365 Pean]l” F 12 pren B,

) (T ) e,
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X".(B)Cwn) = |80 _8’(1)0—0*) &"’(‘*tw;J + 12 Pl P@e)
— T/w
= 8l x2 (ZS,) e, a5 +,27xg_(7\' ) 9361,

in tha above sat of rélations, wa got the relatio'ns in

Table I,
Table I

L -ie WY, 0 = &

2. 148V, = 3/5_("-599’.6,&,

3. 17T —32YpfV = ‘iQ""-\—lS(?-wl) erq

s 62416 Y80 = szv[s ()00 m;U)e Q]

ste.
Proceeding in this wey, we oan sxprass ‘}‘oﬂ_%’?, y h= &13;" e

‘as polynomisls in €, and & |
. In order to express “llf’ (%) am polynomials in
P and () | we make use of the identity
oM
C"’l) '"' ‘nn& __L Ny
{:—-Lav»GHQ_'f ]T:;; Aen ’] (Lr(ﬂW\gi_ + ziZSJ_%n
( n=i h=
i11) o0 A
= Y e xY eane 4 % Zc"—'-h—’i Cosne
: - J=n"
Q—-x) b/
Ny h =z

which 1s obtained by changing § to T+ O in the Ramamujam
1dentity [ 7, pp.138-139] and whieh 1s equivalent to (3.1.1),

The Taylor series expansion of (11) at =0 1is

Ll . :
R PR 1 \ L P U

YR rOn
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i as” A N7
+.Po + a, 5t (& + Yo, & )g—-, "i(‘%’;‘l’o,-‘,")%Ar

. . T
_ nah - an |
= =2t ‘ (- T % ﬂ”"c:“c"‘) -+
h= h =)
(/:e - "P:,q") + % "Pa sc-")) elf/‘” +
+(‘7qu Y0 =Y Yo )>e@/6l +
4 (B = Vi g =+ Y, Yo 9"()) 9/g| +

—+' r 4 » » r
Comparing the like powers of [ on either side of this

rolation, we get succeasively the relations in Table II.

Table IX

1. 32 wm(_x) = P, _Q’ .
2. 32 '\-P‘_{_t("‘) = 3(‘2“‘01)6 8, -.‘?-PGL,

2,
3. 32 Vi) = 2""9 P, (z‘b:')e'la - 28,

L 329, O = 39 (zoo.) e, Q7 -3¢ L’- ) pa+
“ 9_7(1#1) e;SQ., — 18 Q,l_ El .
ste.
Thus, in general, any \.P, ) can be expressed as
& polynomial in €, P and &, .
The problem of expressing %ll;m,f“‘) as polynomials

in ¢, P @ 1s not as simple as this. We have to consider
by £ ™)

X el o
B F PR NP A AN

P S TPy 2
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the expansions of : .
| © M=t M -3 . :
- 0, + ) T .
<L|- o B/, Z Pp— d.u\'h@) , %23‘3'\&#20(1&.
| SR ST -
Thus, on using . _ o0 .
L, ntom 3 a 3 -
Lign 6. + )W A Adinne ( —— ) 3, \ 0 2
. — -— ne
(LT /9— 1—-%" Lt l,ad\/ /SL /2 .Q""?Ln)é +
, n=| h=j _
0 0 _
A 3/ -y % Ainn® 3 1) ”’Ln,d,m ng
(111) Ci—xm)* “ (-
Nz n=
- "lanai) 2™ w'nvL“'
\ -1 Zn < w -
) RECC ?’/SL"“%Z""“

n=l
A 3 ( Z("i) ,‘9) (2?\7{,’\'
. _ j=ax ™ --71"‘

(whieh is obtained by changing £ to +£ 4in the relatlion
(5.2.2))- we get on comparing the coefficlent of 6. on

either side

3
6 Y, (0 = 3(9‘_‘7“-"2') ¢p -2 -

The other relations that we obtain usling (i1i11) are the
polynomial expressionsiné, P end Q, for ujn_ (7") ,hz2.
Thus, for exemple, the coefflclent of ﬁ and 95“ in the

Taylor expansion of (i11) respectively give:

Lo Yo 0 = PP —3Ra, +3(%) 6,4,
64 Y0 =8 (.w,) e P& —5PR-Q- ‘?(’;’)c,ql
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Panoe, 13 Gppeoys: Xxkelx that one pets the polymomial
sxpreasions for '4)4”(""_)' (T\ZI) by considering the expansion

of ' _
L {om a2t Y
(f‘; om 68/, +Z T /.L(“ne))

hzy
and so on.
' ' (x)
The polynomial expressions for Y’zr,;;;..,

(Y21,42), ¢, ) san alsc be derived by considering

the 341ffarentisls

= BVY, M = (@) /4

»
ol

| - B - C o
2dg - —pym = B4 =3, (%) e q |
'!_ i
_ r R _ x
vde = () = A Re - (M) ey,
" annd ‘

X d 4 { |
‘1}; (x) = ( 5‘-’() o, .5’2 R (<S+r) odd &>y
7,4

xd 3
( LG) %-Af?;’, » (F+3) odd , Y>4 .

Rar (
Suppose, one ean express 0;1!7‘};’ and ulz_m(__;’f';
(m= 2,3,..c0 ) a8 polynomisls in &, ,p and Q, them
any other }[/r' 4(") (r+4 6)2) ean be expressed as & polynomial
in €, , P. and ; by making use of the above differen~
tials, Table I giveas the polynomial sxproessions for

(x) B yrz?a? 1ynouial fons (x)
. 1 | 18 'NO:uLE expresslions or
O, Lm— : poly zm_ljp 7

hin .



We may have to consider successively the trigonometrical

series expansions of

| s net o N 2R |
(Z‘Linsjn_ + Z o % /sz\hQ) & 22,

Further, the relation connecting @rﬁ) of

Ramanu jan and Y',MC") is
Sl .
- =)
P, L - Vo 0 = 27 Prst), (5.3)

where

- Y _ 4 mﬂ
Py 0 = 2 Z"" n :

Hence ws have the interesting relation
el ’5“‘ (x")
Yy 0 = Yoy @ = (2 ) &, 4

Following Ramanujan éh?) (v+4 vidlare expressible as

polynomials in P, Q R where

!A = =504 moat
But R being a function of €, u'zd L @, Cl)aﬁt -o:preuiblo as
polynomials in P, Q and e‘ « Since @r {1} are polynomials in
P, Q» € s by means of guadratic transformation é,,,éf’b)aro
also expressible as polynomials in P, Q, €, . Hence, in view
of the relation (3.3) the functions 1};} gn) are polynomials in

1} I
P!de é, -

Wakin g
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Another functicnr similar to the Rsmanu jan function

%7("4 but unsymmetric in 7 and 4 is
.l

@m-ynijs '
F, o0 = ) Z(i‘m-l) n® x |
‘ = - hézo

™

We sxpress F}, &£9 (vhen VY44 is odd) as polynomials 1n

€., P, and @G, , vhere

) _ o0 m xm;:..
P:_ - -3 F:O"Cl) = —gz f=xm
™=y "y .
_ ' D 2-
— . m~ A
R, = lbFex00 = b Z e
_ —
and €, = @Cw.!-) .
* " wWe nots that : : ‘
- / | < 3, M = 4.n
3 M n°x 2
A — n- 4L ¢ _ - n %
Foso = ) BTET R = 2) fmye )
N =y ‘ n= n=| .
‘ (3"\ D2 o 0 (s
9 Y 2m-—)]
Fy o™ ? ek I Un—i)ln_ Fr ) = Z@.__m'o x '):
! - [
T J | A -(4"-7(,‘“" i)lz)
' From the Theory of rlliptic Functions, we have
. T _ 2 CO'S g
(iv) 6"(?&4-“:.) — (Qm') li'thl 87[ | )LM

m=} -
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Equating the like powers of W 1in the Taylor E€xpansion

of (iv) we get successively the relations in Table III.

- Isbls 11X |
1. €, = ”(W/p_w) [I/3 + 8 F‘ . (.x.)]
o 16RO = Q-
R A T (%7?")1 Q, €

| N
4. 32 Il;r]Cx) = 9 Q:: “+ 18 (2-%") ef(;z,_

6 4
5. - 16 Fp o = 8l ("—‘,ﬁ’r—')?"&:e,_ +27 (%) &,

$ {_t 4 2 3
6. 32 R, 00 = 378 & L 31(32) o, &t rasTfe)ale

.“‘-
Another interesting identity eonnected with the
" Ramanu jan identity (3.1) and is equivalent to (3.1.2) {see page 9e) 4

z TS - I Z‘” ™ N h-rl)'}L Co:( .
(v) A Ain nE pond -E' | —an -‘-.-i l"‘ln e+

n=y n= o0 ﬂj)—
&1’19
+ ) e,

- - =)
Equating the like powers of f on either side in the

Taylor expansion at O =0 of (v) we get successively the
' relations in Table IV,

Table YV
2.

1. I 6 Fh 26-1) = QQ_ "Pg_

1 . ‘-. z ’
2. 8 F 0 = PR - % ()¢, e,

5. bF P

etec.

il

Q;: 4 ‘q (7__‘;_355'"Q.9—ei— _ C’(l%‘)lﬁl;?:.‘z'
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F (1)} as polynomials in

In order teo express
G?,_) P, and @, , (v) alone ig not sufficient, in addition

=
we have to consider the expansions of
w0 :
M R
(L s )t 4
j — ™ » -
n=| L
. !wlll. :uahg : . - e . Mxnh_ .
. 2 nn
x Sinne = - 3/7_ Q-xn)é +-§- EDk +
f-a n=) m=
nzj
. . - » Nnjg, ' Lirs o niy
‘ ; N AL I (Y\ +.5n+2-)7‘- ¢
(vi) : nnhé _ L Al
a 3/4 U-~v> /8 Z [-an “:9
n=j
- 60 nla
. X _
4,3/2-( E — tﬂ'ﬂ&)( ;_.;m))
J
nzj

'(ihieh i1s obtained by changing } to O +®xyr and q, (B g
[
in the relation (3.2.2) ) = we get on comparing the co-
efficient of § in the Taylor expension at Bz=00of (vi):
2
— 2 L0y
= Q. 3)9_(;?-)99 _

13 I—'—;_‘ l(7(.)
The other relations we get on using (vi) are the polynomial

expressions in €, P &nd &, rorF Cx) (nz2)as in the case of

For example, the coerficimt of Q and & 111
give respectively

Yrdv o .
the Taylor £xpansion of {vi)
16 B3t = 3P0, =287 + 5(2)e,q, |
16 R = SPrQ, +QF - Is (227, p, 6, +
| + () e,

Ji-‘ﬂ.!ﬁ " '.'.'r.h‘u
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A3 in the cua of ‘IP,. (x) fn this ease also to obtain
She polynomial exnreuions in €,,7%, 4, for F—',_r ,‘,’ff_,

(«y; 2,42 )) ome may to conzider the expansions of

oo xnll. ‘ AT+
- Ainne :

n=y

‘ ) | | ‘ o

These polynomial expressions for 3, ;%3 (Yz;}

Az, re /5) can also be derived by considering the
following differentials

_ N\
* a?tfi- =8 F 0% = P4, - 532 exa,

3
Al L F o0 = (BG4

2

2
x %7_ —;_--(%3 F:’-:?L) =V Pzez"é(ﬁ,)gz__

and _
( ) Fo, (n) (r+48) odd ,4>r
]:_ () = ’ .
74 9% ('x. a['x) F-A,o , Bav) odd r>s8.

fRal
Suppose, Wo can expraas F;n_, Jand Fo , 0 (N2 1) as

polynomials in €, P, and &, then with the help of the
above set of differentials we can express the other
Fy 0 ('ﬂ-_ls odd) as polynomials In €, ,P; and §,.

Table III gives the polynomial: expressions for Fa 2_%2_&)' y
4

TR .
R P T

N TE rC
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(’f\ Z1) . But for expresaing F,_“_Pc%) s polynomials
LT NCRVE ?
in e,_JP,, and &, we have to consider successively the

trigonometric Aaxpanions of

na 2R ' |
(i %2 A nO ) £ 2|
B A ’ | |

Z)

Further, we have the following relation connecting
F,’éu) and @nin) : |
F 00 = Py 0 - z ér,acxl)
or o
Fv,,s(‘) = CE,MCIV") —27 C}r, :.soc) ' (3.4) . 7

Hense, we have the interesting relation

P o0 - B oy = (2°-2) &,90 .

since B, (and Cﬁh%)ue polynomials in P, Q and @,

in view of the relation (3.4) =, é:t) are also polynomials
, .

1n P. Q md eL -

LI

g






