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,+i =eT - ?,rs-H.*(*,I 'L+Y\*tff i ,),
Iaking ute of th. Lanb€rt ,6trt.a orprart'oan for 9f;,3-

rrd I , t  tn (: fv) rc got tho cxprntlon for }t€r- notod

abovs.

Plnrlltr conprring th. cocfflolent of U.+fr, (c.f'e)

I nrl,r,) F('c*,) - Yr &(ac*s

vl+r6f f  t - t^-  * i,4 \  * t t  
L L L-. t  

^)^ 
L

.,rn: I l.h=l

rr got

( &c*"r
- t+* I
6-+1-J ,

-c

-!
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t,ls thl! t€leilon rc dtltrc th. L,sb ert pcrloa .rpanrlon

o't ltef, notcd rbov6,

She :lneple tamb ert Serler arprnslon for f ,er crJ! al.o

bc obtrlaed by ncanr of quedratLc transfotuatlon. In thlr

transfornatlon qit la changed to Ltj/ lt- koeplng t.r, f lxad,

ro thet cl, = ellt*'l^i becomee qt . By rneanr of thlr

tr&nsformat toa r], r1l1 bc chengod to f], + lrQt<.t, .
-

Denot lng thlr by n, re have

I ,  =  1 ,  + ' / re 'a '  '
gquaring

_ L

\ ,
= \t e, @, + ei&l'y ',

Ittltrt thc

obtaln tbc

rer"tcr crpanatone oc li, el .* 1f , t.

Lambort Eerler for ff , 9, t

Agaitr,cubia€ tbe relatlon conaectiag 1, *d "),

ue  gc t  
3  a  

? l - , r+  f "e13oo ,3tl; = tl," + 31rv1l er c^rr + 3/+ ll (

llhe Lonbert series for 9,3 "ra tli (Fee, Tablc III

ilf?*1.1+a]) gre lcnotrrt. Beaoo, l8 eaee, re lanon tbc

Lambert eerl.es for \,e,L we saa derlve the Isrnbest

ccrles for 1l e i aail vlce varsq (algo aee sect:Lon 4).



!F:

5. An Appllcetlon

In thlg oonnootLon, re montlon an lnter€stlng

. rppllcatlon of tbe rcrult that re bave deducsdln tb.c pro

vloui rcotlon to r slasslcal problar of dyaanlc s tr€rtcd

r!.  ln Halphenrs Foltcttons rfr lpt lques fs] l

Thls probl a ubon ltetad la t oslr of Elllptlo Funotlos!

rluu$s to the foll.orlng:

If

l c " r l  - -  e i  -1 ,e , l * ,  -  ?z lu
thra

( r =  t , t , z ) ,

$ce"; < o
ualng slmple

98

( o < + < t ) ,

!€fLcr

d
t
{
!g
i
'1

i
..:
{

{ t " ,5  ao ,  f  (e ,1  2o )
Ue glve b€t6 a slnplo p"oortrrri"

oxpanalons 6 qand l ' l te).,.
te hev6

f  te . l  =  ? , ' -  \ ,e t f  * ,  -  Xr le

EGta o.

. 1 \1 + %T''lid^ +(gtr) ' { (€,)  = t36 '3 L- r7r,- ,
\  f i /  l n : r

@ .

-Y-^ - e t'e--D's4'-''t2 -  
h - '  ( t -Q '^ - "1 -

F, -  b  -  3r .zr r r ,  I
" S t-tl rn -'t lr"- ra / l_xLY^

m r l

IloDaa re' have

,, $c,,t -B gt^'3  
L  tn ,q
h = l

*

. <; f-3?"^*-/s 
f_,r_+,n

t n = l

f ce,) = -er#,)+Pifr:
t h = i

{

I
I

j

1p6i (prr$tol? iofv€nce Sec lrrtiod-ur[iir
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f ills cLes::Iy thilt that
t \  ,  I  O <+ ( e , )  < o  ,  \ : i

Agela

and 'henee

(? )+ { ce'> =

tcncc re bevo
,  - L t

^ .  v  l T - \ '
t (et) = /t-\ t^,r /

llbl r rhorr

tte) = ef,. -l,erJ*, - 3,lo ,

q ,  1 l  \
< 1 L o )

-L *sfrl-d- *hlds**
l 1q  3  L -  i - q , tm  t L l - r L 'm

E  
? n ' r  

g  " i : '  & ,  ^ , **#u * '/,Y#-r'L%-ffi,*
. 'n= l  ?n-- l  t  = i

+?d4 . -  - k f ' 43 |  - ,  - , o t z f r : -'  
I-,  (-4 )- 

- 'zf, 
t  -x>n 7z 4 Lt-q"^

httl rh =l D"* =l

S^.+'^ ,  ?* '"1 _r i . I r ' .= ' 
L"'9r,9- n LU-O^)- 

- '-f _.o,^

€, *'.^ u f r:C fl-'zr
\ -* ,,\) - Y" 

f1-+'^ 
= rr_lP--n'|'

= 
flt**)a-t 7yl=r .h=r

h - - l

* G , )  ) o  ( o < + e l )



E

tlnally rlnoc

* ( " ,>  ++(e , )  + f (es )  =O ,
16 lrava

.  4 ' A

*ce.) = d(T,)" Frj{+.'-.'
; ; ; \ ' v  

"

100

''.,teh

tt* ?,tJ-
I

- @ .

. / -rr \ t \
V I ! : - l  )-  'L\ '^ \  

)  /
L-4

n =

= -1.t-r  )  L '@-1'
llt z I

g

f ^'f^= LQ-'"'^)-
h : l

&

- l

!

. l
!

+Y ̂ "C^= /,(7"\-
( ,7 \? l

p
,'rqln

@t''^;-
I

t L m'r -q/

L o .

= .tc-{'.,
L'|(* r-"t

)n= l

Ecnoa

* {et1

Thl! rhots thrt

f c . . )  <o  . ,  (o L t )

_ ' j

-'-

fl(r'^)'?+*-  
LQ-t '^)-

t ' l := l

m
rl

I
-fu\2

L L
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{b t obttln horc thc rl8pto Lr$frt ScEtcl crpanslon

cf fffe, by neklng ule of the identlty that re obtrtn by

obengtng 1,L to 1,!+r,.rr ln thc nor ldentlty (8.lzr. 
ilh:i;

trlrlor axpanrloa of (3.21 {et ll: O) as such docs notireault

ln rDy lnterotting t olrtlons arcopt tho.. thrt are obtalncd

from RananuJau hlnaeLf ln tebl. III of Prp.r yto,l8 of hl.t

co l loo tcd  ro rka  f? ,  p . la$ ]  .

chenglng 'la to 1r+61 ln (5.2) rc travc

(*i(rcrr+*'; - 1,-H)'

= (-*h^ e,t- r"i#i.r.rq) *
.* s/. lo,,HHHHHHHHHHHHHHH�l-o,^(*t 

"]' 
r,f-,g zt"^(tts1 -'- l- Q -1")' , -r ' ,+ / q-i"n_;L*^\ E/ +

h = r  E

r + io'rQ*.!-{:.(H,), t  L  t_q , , \
h : l

r  3 ,  . . n  - t nnz/-(l'ffi-^"(H))
\ i l , '  '  /

& ,

-a/rr^H,Iff,e -
h > i

/  ( ' no " r  \

t}.--'r-),".,.,,

t

:l

. i
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' 
/ t^lr \"
\ f n l

Erprndlng (S.e.ll in porerr of 1L 1 tbc loft llde la

c , t*3/_ korr*,y - d- ft(+)(*,) -, .
j  -*  t  €r + 1r l ,c,)  -  * /e2 u sr '  0 '  t  * t . , r  - '  ' f

I

J ,=  / g ) 3  l - u t ( € , + 1 , / r , ) 3 - t f , (  ) ' -
- \sl^"/ L

Eonocr rs brv. on conpa:r lng th€ cocfficlcat of 1,u3 to

( 3 . 2 . 1 )
6 t D

(+f (e,+r16,1s = *r".I.'tffi.-I]H-

( 1 )
to,,' '^ad^ + +
L (,-e-)' L

lt= |

*  ! i rC  - r l f e "-- 
E / l-7tn *1', 

/
.  #,  \ ; i

Uslng nor tho rolat lons

h = l  7 = l

i.,ilff * r- lc-,fhg4+
/ , l-q,", 12 L i-tuul
----t

rr>r \=l

h- ln3sL,L \  / toa, .  \
'--1^ / \6, 

t-1"n ) ,

6r? -6,12- -- &("'r"') = +(4,1*(' -
.ln-
) _

I

0<)
iL 1L

I  a r  )  n  q '

1 - o ( . r  I  , _ I , r n
t--1
l \ t l

l-ltn3o

,oL-,
m 7 l

l*3{,"t 
\

I-fl' I

\r i lr I
J \fr'-t- i

tbc
@ ,

I  f t - '_ ,
t9.  /

n? l

lz c.r, I) ,
6L

torr!

r-lc4^
l-fu'^

P . o o

+ -L \d  - ,  l r t c '' t  E 1*"" 
- ' lh,

h t t l

|  -  q '+
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on tbo rtght r ldo of (1) slnpl l f lcr to
I

-+

t i r l
-3  - ' s - r  e l  +  V-  

z r - s  l l - l  ' 4 d - a q  +  I
7 g L  l l v 2 -  l 1 Z

ta alto brt. thc Larlbort Eerlca cxpanslon!

n P
-frre f -L- *sldfl=l iurJ 

1 i++ 
-"  

L l :q*)"
hr l""' 

-t'* :t€)n[#,, - lrl#.,1'
rh=l v

. Ymstt*-"t 
L(;x193

?t\; I

rnlch lro rcspectlvely squlvalrnt to thc cxpenaloae for

fe ana P3 gtv.n by RananuJan fzrp.ua"] ' :ilrbstltutlng

(fl)r 1111) |]1d thc Lembert F€rl 's orpanslon of {, ef tnrt
l n  ( l ) ,  

' r  I

ru hav. obtalnod 1n tbc earller r.cctlon/ sa obtain the

rlrnple Lamb€rt lcriel sxpanslon of \.-e1t t  I

e=(a)'L-* -3,1P-,#-
Yrl

h : l

SlnllarlY, ohanglng

compartng tha coefflc I ent

1 4 4' l l 0 z
G J I

- x i^"t"^ Itz 1- rl'"^ J
h ? l

-%-ig-
:tP;'1,

,  v lz .

Gr;h-llltXLn

l i - i6 l
\ t / J

", tta^-,J L+n-'-
la 

f(-+n-.-;L
h = i

'l},ffi\;-rt:'9"
^'' 

fr*uio*"=' .
u
of

to t t+co- ln (5.2) end

?,i fr, tn. llaylor exPansloa of

. ,

g
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tho ld€ntlty at l,L = O, onc een gct tho llnplG Lenbert

Serlar erpanrlon of 
'17 g" . Thc actuel qrp.prlon 1r

found ln thc lntroductlon of the th€slt .

i
1

6' l. dorlyc fror (5.2) r nsr 6rpr6rrlon for )6(n;

(thc nuaber of reyr of expresalDg lL ac a guu of 6 aguurcr )

rhleh ln tutn 1! nads utc of to obteln an lntereltlng

arlthmotl.cal tclatlon.

thc ldent lty (5.2) la elro cqulvalcat to

.1.

.

([ o'"'"

('

t t{t**l1o'" F '' ot-1, 
L-=, - na)"t'e + slreorer,L*-* +

h : l  n ? l

*3' { i-"" '^'ainne\ f f 1gl ),:- 1 | r-ee ')([ffi:^)' (c.2.4)
purttng 9 =Ty.Ln (s.2.2) ", "nn 

S o,i l q,-n 
- *,rfr_,I-, f 

-l

+rs+e-d* .  .  )"

h = l
&

* 3z Yot zr,nne' ,+ 
llt-1n1L +

n= l

-'iHl--'l#;.

, 9 .
F-1 /'r n \

*  
)  h -A inno  )

h : l
@

. *, I n_tl zln\o
* -/+ 

l_(i _q,n)t
h . l

flc-,f-'rrn-,t in-l+18 f . 1;-f,"r1r-
f,�=-r' t' 

v )

*q h-

J4 )  Y^ + s6
/  . t  

- l '
L---J

h - _ l

!o

-l Cotel-13- E, y 9t- /i 'nho- \  
+ '-)  

-  
6[ l t -1n1t +

11= I h = l

\ :
I
I

( 5 . 2 . 5  )

' j

a-t

j

I

{
+ te,,""r '"-l \f f ","t

h, *r,^-, i L ̂L=,-r"
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ii t,(t.8.Ol tlvsr aaotb* .*pr6!slon fc 
'ILh) 

rUcn lanolvcr

e pro duot ter!.

Fron tbs ld.ntlty

ol ($.e.5) ls alao equal

Oo

t*r[H*
h- - l

tror nrklng u!. of

(Conneclld w;l{ 16( n.| )
(2.S)f,of Prrt fI '  the 1.ft 8ld.

to

it-'' 
n -lr-',-,t " qin-'

t - ,  t - q : ^ ' t  
'- 4

n = l

th. tclet lolr

r r = l

ud

, i-"'-f * y^ il*a /_, n"," - ', 
L 1ln"w

h = l  ' � 1 t l

c-,lh-lr l-t F tr**
( l - q - n t 1 z  

-  
1 , r + I . n  )

/ :-l
n = l

2.5  )  rc  havc

)n-rCh-r \f faf 1 _ic-,,h'td-^-t ,f_od
t -q : " - '  ) \L rqn )  

-  
/ -  n*" - ,  *o  /_ , - *

h z l  h = i  t = i

@

\'
)

L4

i  
h = l

1 D  ( 3 .

lro I n'
\ -.|
\  h? l

'q

( 1 ) &

l6t &"
I  l + q L w

w
7 l = l

rs havc

l r_ 4 | e,rn-' dn-t
'  L  l -qz 'n-1

h : ,

* ie,i-fc"niztn-t ," in, l-t@^-ot-'
!. t:r'"-l
h : f  

\ z l

d

-  l&c , t , \ t ^  ̂ ! .-  t  n /vr . .v>)  =
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sd

ulrich 1e

q (n) "r!(o)

rtar.e

S] cn)

Y"(n;

' a 4  /
r-<
' r \ t l

t 3 ^ ' ' t 1  
, , t )  )

,t
-  O ,  L

\ : l

a
ct

+ rrt  
L.Y\ : l

Lf
,  - t h

Srro
r),

l{or uslng

=_ tl, ,

relatione 1a (1) se hqre ths

( " t t  )

these

relatioa

r\ (?)t l-Q (.,-.,))" ,.,.q.r i",r"-l--,1"1t-t-1^ 
gn - 4 f-- 

- 
1-ar'-r 1-

r a : l

1-,f-r1e,r-,; fn-l

lr--t*.)' )

egul.ralent to tbe f,ollowtng arLthncttoal rclatlor
- t  s j  (n - r )  r I ( r )  +  .  ,  .  +  O l ( r )  7 r (n - r )  - f i to ; l r t l r )

= t / t  ^n  '+  Ia  bn  - t t n , ,

!!lre errro of the d.l-v:leor:s of n t a, tO ) = lr,,

trbe nuobel of waye of erp:sessing h aE a

aua of tlro squar€s

0-rlL
b r , , = / c - ' l  l L

, L a

al'.
^ o M

d n d

<-r 0r-t) l t
An -- 

/ (-t l  f
L.

d d l =  r t

4 t t l d

--{ (l-ryr.
Cn =n) t - i )

) L  
d I't
L old



tq.

t0?

6. In thla lcct lon rc obtaln (vle contour lntcgratlon) 
r

r  g .nore l l re t ion  o f  (5 .1 ) ,  v lz .  '  l

.

f cq,) f (o) + l[t') lcus) '+ f c€) 3' c1^)

= l r(4ry. ,1- (* '*  ot+'- .s ' )  -  I r t t" t '  (u '7cnl+V(09 a ta(c '-o)+

. r-  g g - t \ '* [s*)'f ' * rL P*vgafr * rZfrr'c^ff *"
L ;i - \:r -.. ," y _4 a{hj+el' - LA1")' *'J,

rhc!.a
. l l  + (94 c.9 =o .

qcz) = 4c.r

l rz-
t - z

tc.<) t
0 a -
rr

. r l  )
l-l

rborc

f  c . l

)  - . '  . c
+ jL) = Q(z) + zt tis +;{tz:)+;r.

1 9 1  < t z l <  |

l1 . t< l  < rz t  1 l ! . r l  .

analyt lo ln the reglon

{c.; r.trrrlcr tbo functlonel r.lrtt@{q,a = 1c^z) +a .

Tben'  I  l t :

( r )  ?C+z> =  ( fc '>  * r ) ( fc 'n l

Tb6 funatlon {C41a anaLytla ln

.ttaJlzt; ta analytic ln

! . t  lqag l  4 )  .  rhen f  (z ;  t s

\ + t l  L l z l < t '
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Let

be thc

Not uslng

gL
qt^

qu)  =  f  c "  z^  ,  l+ l< l  '  \z ' t  1 l
L-.---<- o o

Lrurent exprnslon o? QLz). Then

p  _L -  [  q r= l  dz .  .\ /1"r  -  
&nL J Z\+,

14 _-}.

Fr:tting Z=lAlato tho rbovc 1nt ogral, lc bavc

cn - t- ( e-J-!ol au-"bn - &trL J u^''
tztt= I tOf

I
:

thc functlonal relat lon ( l)  aetlsf icl

. | ,  n + l
t-L

tu l=  I l? l

--**fgcu) - "Z{cu) -A{C:u'-)

by

+ 4
9tz)

d q

d u
{ . t h+ l

R*,

l 1a l : l
th.r.c Rb 1! tha lun of tirc rgstduor rt the polor of

(SCl.rr-e;(46u.r l-r)f4+l th"t l lc betrernlul=1ana fut = ]"n/ l  .

Thc functlorrsCr^>-t) (fC'^*l-2.) f rtn+1 baa onlv iur

c lnp lc  po lea r tU=Qend " t  U=$l in  th l !  reg lon '  Hencc



R^ = ({c+*r -z) (-zo)f 
4+t * (+c''*l -)(zt'ti l@,i-'

+ gdh f e) /Ln

Tbc constant tcrn C.p 1r obtelned by dltt€ct

R ^ ,

P h e h':-i .
i -q rn

_  s _ + @  n * o
I _q^  , ,  .

, p "t \t'r*l r1- -  
t -nn 

"  
n*o

nu)-tl pl lo r-

109

{

I

=  - & { t < l 1 r ^

Ior ta brt

cn = f.  (1*, ,"
T -  i 7 f t J _ u " '

\ q )  = ' l

_  |  ( $ c " t a "
&ni  )  

.? /h+l

lLrl =l

+*1rr" -

+ o(h ?h

1- e9r-
On u!1t18 thc veluo of Rn , Dol rc haYo

- t l":a4 d^ -R\
&.rL I  q h*l

[Ul =].

l + q ^. !, - - :_- "
tv l l  ( t  _an\L

t  v / /

Changlng l\ to -r/t

L rnan r- el-@
lfagt 

' t-1,^

h

a L ' {  G )- t - t "

tloa of fctl ""a Rzrq r thus re btYo

I
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..
:

llsro c t€ ba"o

cPLz) : {Lz>fcz.t)
: ' fl +t\ Cx\+"t-h)|  -  + l [ -an1z

g

, Y ?t czh*it)
*  

LQ- 'L,) '
h = l

&

a+@f -ll c"-;f-
v

h . l

f i= l

00

,  Y q , n-+ 
L@)

Jzh.ch* i\ih)
e-

h > l

. , " " . . ,  ( *  *n Iznan-;hJh)- o { t L  )  
L , - t "

-r- B! {c*t - 4z g6n1
I  - z  t - 4 2

1t zl

Or ro havo

f  c.> f  c=.. .1 +fc. i l f  (u) -  1t=l{ ta)
=  f  - 4 y " h  - ( z h * i h )  ,  f l " " c < h + J )

ll-,t")^ 
- * LQ_c)'n:l 

. f* Z\ Czth+ilt-)+ LGxi" .
h 7 i

?hur rc havc paroved foi lZrl a I end l2>l 1l

1 t r ,>  !  t z ,1  -  { cz r )  { ( z1z )  -  4  G)  { t ' ,= '7

- - t  * # + , j = f * z , n )  ,  r f  t \ ^ ( z f + z ; ^ )
\ l : q " ) - ,  

'  +  4 l ( - _ "1 .
( r t )  h 2 '  n = i

t -e ^(=,n=| +zlr=-i)**  Le-x\-  .

trot alcflnlng Z3 ol"Jo. reratlon 712v23 =) ro

thr t  l+tL a lz,zr l  = \ /=r l  a I  t r . . r1 th€ above

relat lon glvcr

:
I
I
:

i

:i
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! cz) 1 ct; -+ t cr,>4 czs) 4 lct) tt.,)
, ? 4_.,( z,\*.,\) , it c.t *ri)= -l "t 4 

L ti.g' + h /^e-.tn). +
h:l  

f t  a^ r .-r \  
n=l

*u 
L 

(an;-hl *=;).

rrlthl 'og <, -- e;n*/rr t 2z= "ixa/r^ti , ="= iTl/^,birE,., tt ie+Le:d,,

th6 tbovc r.Irtton !r tqulvelent to

( tu> Sto l  + ( tet  f ( *e)  -+ ( t r 's l f (u l

= y{q,u,fCalr bzt *') - \,6,(uf,"tatrfre)+ ,eft*)+

t-h$cr 9r1BA tbc functlonat r.I'rtlonrhlp +(CF) =lt()+ytc ectf ron (  11 )
tC=) *L.r) - ftz,,<r1 tt.,) - { (.z,zr1!72,;

{/f( z) -e81tzr7 -l(rt6) {{.t, .rS * + (vL+ r,s + *)
t o '

= - l  - r \  T  L^ , - (Qln=, \ * { ' "2 ,n)' L r ( - 1 , ) -  +
t r=r

* i, ? ?',, .(ol''=i* 6";)), , fl+:( !r"2r=,4'\^+)t+ f f -q \L -  -  +4 [ - { ) \
'  2 1  . h z |

r r  , - f  * ^  c x u g  - i o n  a 4 r y . 9+144)  l -  I
t-Gi/ L 

' t6 
.L|]-q'") ' 

@! +6(ti--t9' -, 'r
n = '  

, .  
h = t

T i  a h"  I&rS^wl,
nzl

ln tbe ordlnary notetton of gl l tpt le functlons.

Furthsr, Ict 
t },l t .5

z i  = q l z ,  t 7 f , - q [  . -
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Ia thLs section, re A€rlve rmr a1gebralc lclatloag

aralogous to the relations that are derlved fron l;tanalruJaa

for tbe function 0r,4t"1 (eSronetrtc trr f and 'J )

ro fZ, p.14o et uuo] . He define tvo filrctions tlr,,nt",

and pr,rrrr) (not sJronetrLc !.a 7 and. 4 ) anit obtain for

tben th€ BoLynonial erpressione ilvolvtag €, , Q- slrd

cert ala other treaEcoadentals.

,}E

!r,o'*)
,rr

that

t|/''n t" +
obtaln tbe po\raonial

odd) in terns € 1 ., P1

€ t = fi'{^,)
P r  = l * 8 f o , s ( T )

q , l  = l

note tbat

tl'o, ̂ c")

-f s-l n-l f 4 r7rr!
= )  

)  
t - t l  h r t - ? L

l-1 L--<
Y  1 ) n

l ,

n

I ^, tt")
ercpressions ror !/y,rcr)(whea Y+6

and Q., uhere

@ .

t + 8 Y [ - , ) n - l h ' t r y'  -  
I - ,  l -nn
h = l

I

ao

He,

l-a

- 16 Po,3 r,rl = | - rs f 
c'r"-lrt3ea

l - 2 tn

Yt,old =

* t- ,1*ln{",*
l-  l -)r n

h : l

S - t t*
/ , . - m )r  |  < +
4 = l

r r? l

1,,""' =

Vr,  (* l  =

(-r)t{  h6r*

[T^r
Y . h

7 n X -

U *tr '  '
I

t
h : l

L
h =

{

- l

. l
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!. hrvc frou thc t,heory of Blllptlc $uaotlonr

' Fc,,r =(H)'[* *(f cor€*,)'* ,l,Y* ,"1g. ̂**:).

Ch.nghg lt to ?t + cot I Ln ttrlrl rc hryc

(i) p(r.t+.u,; = (Hilfi - ftt-i*,)'* "t",,*"+ ].]-,j#rrpl
h : l  k ,  

r - l n  - ' ) '

Orrpul ng 3hr llko plr.Fr

cf (1) rt  LL=o , rc get

trcl.t loat t

r r  et  = (%)t

z. #("#r* &(1tcr,)
b  , . ,'. fr ("#, &'o(,,)

+. l6t"rt B(%"'

of 1L la tbr Xey1er rrpelrloo

ruocullvrly tho follorlng

* 1,,oto_]

I  -1690,9D (=  O, )

I t t rfo,sJ.)

l7 - S.L vo,rrr)

3l + I !og'*)

l l t
L'e+

=

cta,

, Ilela6

fi@)c.,,)
S(t'{r,)

= 14(ih,)r qo,
aor thc rolrtlon!

= 12 e, &*rL-,)

= :e I f$c*,rJ- + lz pc*,) dn-,1

'.s

-d



!.n thc abovc
T e b l e  I .

tao g('t-,l d?*,
gt  * t? / I ,  ) t r ,  o l

t  zwl,/

tot of rclat lonr, rc

Trblo I

4 1r p(o:,l F@c-,1

+27,{(r-,_,)*.i*, ,

got the relat lons ln

114 .€

I

:1 .

2 .

9 .

e, ,  P ,

L+'

| + I Vo,sex)

t7 - 3vto,lA
'6 t  + lL  !o, \* )

= 1,(L;) 'e,a,

= az p (s)-e,ai *p#)tuf aJ
ato.

Frooeedtng ln thir rr!r, r. !G rtpt.rr ltorr?, , 
l1 = ftr3it' ' ' '

'ar pol.ynonnl el l in el ard &t .

. ID oFdo! to sxprGts Vrll 
at pollnrotlelr ln

rnd Q", ro E h. usc of tho ldcntttt

I
:4 .

tu*g/L

(  1 1 )

'

J

h=l

rblch Lr obtetacd uy ohcngtag p to
-'1

ldontlty l_!r pp.138-l$Ol rnti rhlch

Ihe Taylor eerles expansion

1- 16 rfro,jt l  = Qr

*f"''H o^nJ]" = (*cov)i n"lg-
It zl

ln"Y -c4ne
L Q'^")'

llF+ I ln tbo l6.etu

t.r rqulvaL ont to (5.1.11r

o f  ( 1 1 )  a t  0 ; o  l s

@  h = f
r.l \-l A

' L ) c-t) JZ- C-s3aea 'z /  i -aa
L i )

h  = ,
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t ' t  

9 3
[_-b.t,o 

+ f6 a, Tl

bO

+ t+ *Vo,, !"))H *(g-v, , j

$ 6 - , , ' n - ' , ' t  

+ . - ! ' t

- 
L'6ffi- ' Llo;') ',
h ' t

{

u  Y r n z L
= /2- 

/-.-'''"
h-- l

f  t  q r  1 . ,  qL  f r t  \  A&
+ 

G, 
+ !,,LD - lL,!",u", ) 

0,7r,, +
r rr ,1i, 

.,d + Y, Yo,l^) ) 
g?+t + i+  ( / 1 6  Y t , q - '  '  ' L  r o , ,

* i , , t4u + qf 1,6( 'r) -  Y-9o,rc0)e7et + .:
r  r $ ,

+ (3 |  l , t  . l r , ,gt t )  + YrY o, i " ' )  v /ct ,  +

+ {
Oonprrlng th. ltkr pororr of $ on elthcr rldc of thlt j

rolatlonl tc g€t ruccaaalvoly tho rclatlons ln l lrbL€ II.

l eb le  I I

.  
t .  3z  ! r , ,94  =  P,1  Q,  .

z .  3 t  Y  t , q L t )  =  3 C 7 ' f " , 4 ,  - L P I E I

o. tz- !r,s(n) = 9 (|#)-.,P,q,- q(T'fuiat-

'  ' 2 '  ' t +

f. 3z!1,s(') = 31(#'�fr,ei - st(fi ') 'nir,
+  L i ( - # ) t . , t 8 ,  -  r s  a - l P r  .

cto.

thua, ln grncrel; rqr V,,lP oea b. cxprclacd u

a polynonlel ln €1, P, .na Q, 1 .

thc problca of cxprerrlng $rn,,'*, u potynorulalr

t n  g t , r P 1 , Q l 1 "  n o t  e s  s l m p l e  r a  t h l r .  t .  b e r .  t o  c o n s l d t r

I
!

,a7 .

Q r +

- t

l
I. l

I
l

r . l
l

I
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-€-

( 1 1 1 )

th6

fbus, on

La'" e/,

- t

t -
r ) n

a 4 0

+
l+r

^""J

oxpanslons of
. 9

/ t

( i l - ^ e r , + ) a
\-r h

x.i\' ar^n)a , 473 a^,tkoad..

u rlng

* f '.rl{
L- t-t^

" t - - l

ro

+ 3/, l.'.r]4 /Jt:,�ne +' 'r 
L (i-7n1-

h ? l

- + l., '- '0@l'-'^nn + T*H%LH" +
f 6 L l - ) L n th?r 

| +l 3o""-4}rr ' ' ,^a\f f  ^":r' r  o  \  4  
Pl - ' \ ' ' "  

" -  
)  \ ( r="  ) '

(r[lrtob 1t obtalnsd by ohenglng g bo 7T+0 ln tbe rolatton

(C.a.z))- r. 8€t on corparlng thc coeffiotent of 0' oa

rtthar sLdc

Tbo otber r.lrtlonr that ra obtaln urlng (111) are tbr

polynonlal elprclr lonc ln €,r?, end Q1 tot \ l r"rf t) ,  , \72- .

'Jlrls, for ox&tpl6r the coefflolent of 03 .ta $'f ln tlc

Teylor expanslon of (111) relpectlvely givee

L+Yr , . rn )  =  P , ' - 3ha r  +s ( f ; ' ) ' u ,Q ,
4

L+ y,,{-') -- lnH)'n,?,qt -f,Pfa,-+ ?f;t"'h,

- , [a

3 != (t L6--/)-tf,:Sl
t = l

g, tt',Irt- .Ai,rtre/+ 
L 0 -n9'

4 = l

t
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Porof, lr. AlFnxS" ttle3l! thrt onG g€tt tbi poltnrlrl

.rpra..loan tor tllf 
rr<f;), 

(nzr) by oonrtdcntn|q tbr rrPrnrlotl

o f & r

I  t  |  -  ^ .  *  ) r t ' ' t " - l  
e - .1  . / i ^  r ,e  ) '\  6  

t o v -  o / ,  ,  
# ,  

- t _ a n ' u  
/  2

anA ro on

Ttr. polynoihl cxprclrlor for 
''l'rr,r;:),

l f  >-1 ,421,  t  LA t  $n a leo bt  dar tYcd by oonr ldrc lug

th. dlff or'atlrlr

x 4P, = I V,,i') = (P,'- a,)l+
A r

a, )g
fr

^ *, = (g)" !,!,,, = la P,r, - (A,.,)'rt,/,

l ^ r  r . 7

Y r ,o" '
l ( ' * , )o , l ' , -o : i j  ,  ( !+4)  odd,  v>4 -

soppor.l% .{rt .*pt.r. tllo,r,,!il rnd Vr^lT)o
( r = 91S1 .... I rr polyanll lr ln et tP, aad Qt tb-

.ry otr'.er'lflr,/x) (r+al/,a) rla bc cprc:rcd aa a polyrrtrl

ln €1 ; P1 rnd Q; by nrhtng uro of tb. sbots dlffrrca'

ttelt. ?rbla I ttr.l tb. Poltnorlat oxprorrloar fol

1, ( i ) ",ryttof,u polyno*rlal erprcrlioan r", !r^-fi] ,
Y o,Lm-t

'r$d
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:

qre E3y havo to con!1det luocerslvoly tbc trlSononetnlcal

torlGa erpena!.ona of,

|  ,  P , , . t t - t . r , ,  r 1 * '

| f, ta^e6 + t t::-j:- -z;^"e 
) &. >2,

\ -  h ,  , u  /  t

Futth{Er tbr rclatlon conncctlng Qr;|>"t

RernanuJln end !r,"'^) lt

* r,"rr) -  {1"c*l  = f ' t4'r ,rc.* 's r t5,.s)

rlrera
- < { r 4 - . m n

4 - - t x ' )  =  )  > " n n ' n- r t 5  
3  ?

ncaoc ro brYa tbc lnteresttng rclatlon

Y' , r tn )  - !o , r " )  = ( f '  -1 " ' )Q ' ' " " )

Follor1lg RaraenuJan 4r,!t) (r+'rorrLrc exprcrrtblo er

nolrnoniar.c ln p, e, B ,oU 

,r".L
p  =  l _ a q  L a ; ^

.  
'J \  

n3rr^
c  =  l + L + D  L  

- j J n
l ! -

l  =  1 -  s o q  i  & , - " :

Ht R bolng e functlon of e, rnd Q, 4r,?* orprcaalblr r|

polynoulrla ln Pr Q and €, . Stncc (F r,5(1) aro poLynomla1t ln

Pr Q, 8l r by lrcan. of ouadratlc transf oltetlon ip7 tttt) "o'

elao exprasatble as polynorrrlalr ln Pr Qr €r . Ecnc', ln "ld

of tbo rclation (5.3) th6 f',rnctlon! ,lr,l^) arc polynonlelr ln

p ,  e  8nd  e i

=

t
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'  ' T , 4 z o

rlnllar to tb. lc|rat.a funct lonAnother fuaatLca

6- t,c, .but unsyrnnotrl c
L  t t b  t

E C)L) ='  T t  4

l n f  a n d  4  l s

t f1"--,1" "'o
/ ,  t ,
a n n

tc 6xprcr. Fl ac*) (tttoa ^t+A

€t, P, d 4:-, rberc

P-  = -8  F6, , ( t )

8 -  =  l b  F " , s d )

1r odd) er polynorlalr ln

J:- mtL
- e  )  ' ^ x

- 
L-, t -lw
T n r l  t

{o-1 t - h/:-
I L ) l4:-^-
' "  /  t - z n

'nR

& 6-_5_r'rr - rk""oF,,tnt -' altTrr' ' 
Lr;

.  t12.1 h=l

rnd

Fu," c*)

a ,
€ z- = SLarrJ .

lt. not. thrt

{i tr{ ."/t= r -
/  t - t n
D = l

F r,o(') =

Fton tho TbeorY of

/  I  . L  l -

fi '1ao-'; = (Ea1 L-

f,(r--,;tt(--'ll'
[1:p,,"
ln= l

, 
F',f") = fle- -r" {*-ut'

/..-,(:F^"'"r-
?n =l

e;l1lpt lc Fuactlonr, to baYa

F*-.r-- ,r,r,zr r. l- 
- ' l

^  2 - \ ' l

Lh c.,o, - 8-r1- ) 
'i-:--- tnl -*, 

I' r t-. l-x'n ' J .
7n:  I

{
I

( l v )
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f.quat lng tbe llke poverr of 11,, ln the Trylor 0xpenston

of (tv) rc get rucoesslvely the relet lone la T.bI6 fI I .

Tg.b].a l I I

t .  eL = - lTr*,)-] , t ,  + 8 Fr,o ,rr]

Pt t6 Fof? = 4-

r. '-16 ro,;ts --
. . .  . : : . ' r j , : ,

3 (? ' ) 'Q" €,-

e a l + , s ( H , ) ) " l a -
er (fl'aie, +t? C7'f n,€ 

.
sls ei * rr (";1t o'{ o z't1$ft:e

{ .

6r

6 .

3r Fo,rL*)

| 6 Fo,tL)

3, l=o,rrl)

tnother lntttcrtlng til.ntttt coDn.lt.d rlth tbo

( v )

'  
Brtrauujaa ldentl ty (3.1)

(f *,*^4r.n he 
)" 

--

\ 3 /

Equrt lag th. llt. p,qtcr

Teylor orprnslon at 0 = o

reletlon! ln Tablc IV.

r. 16 F'YL)

8. I Fv?)

r. \u r,,E">
6 tc .

aaal tr eqtrlvrlent to (5.I.2 1 ltecpaqelly' U

@ .  ? v  .  - u L -

+ tS$ - t >t1+;^ crsne +
fr G -Et nt,

+ \-z"?' a ne'' 
#'-n"1L 

'

of I oo cltber rtdr ln tbc

of (v) rr gct tuccculvcly thc

Tablc ft

Qt - P.t

P o Q -  -

ql  +.q

-d
-:t
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Irr ordor to a4preae Fr.^lf) lr polyaontals ln

e ,, P. rnd Aa , ( -,v) aLon€ ls not suff ! cleat, Ln addltlon

ro be?a to coartdol thr expanalonl of
/ t a t \ * .

(  y  + " ' l -  A i a n e  |  A r - s .
\ l-, l-?c'! / '

h = l

!hf , r E.lI

/ @ \3 _ s, i +1=._,^.,;4..,", *rf# f,,ne(t# Ainne ) - - ,, LC ", .1_,. ,.r;, '"-*

\ /  r '  
'  

/  ? r = l  7 1 = I' n'r 
e 3z:l: 4'^.t1e - ,^ f6..,+ $n:')!'',r;nne* t 

4 l!-t-xl- 
e" "v - /S L' 1;; ^

h z l  h z l

+ 3 / , (  f  4  a tn , , ' ) ( l - t# ) ,
\ l_, '-"n / \ fu'-" / 2

n 7 l
'(rhich 

ls obtatned by changlng p to g *?b,n aad Q, t6 q,L

la tbe rcletlon 19�.€.21 ) ' to gct on oouparlng thc Go-

cfficlrnt of 0 tn th. ?rylott crpenolon et 6=0 of (vl )t

tL Fr, f*)  :  Qr-  -3/z (? ' f " ,P.  ,

flbo othon F.lrtloat !. Act oa urlag (r1l r'r thr polynolrl

erprarrlonr ln €r,P"end Q,- lor E,r9 (azt)er 18 thc oelo of

!r,41') . For €r.mprer thc eo63fl'cts$ of Sg ana Q,f to

th. trylor grprnllon of (vl) 81vc rerpectlvrly

: 3 P"e,. -z?: + s(ft,1"e,q., .:
- s pl a,- + ei - ls (z;,)ae,p.e,+

.'-n

( v l  )

,16 trz,td)

I b F","CrJ

*
.zl

+ 1Y#')+uiq,,
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Ag i! tho olec of, Yr,tD b tht. .r.c rlto to obteta

tbr polynoolal erprearlonr tn €-r, Prr4,- for trtrrt*.|-,

(Vzr ,,5 z t) oae ̂ g^t'8 eon.ld* tb. crprnslou og

i \q x-^tz- . \r'* t

t  )  f - ^ "  A t n " e  )\ k.., '/

tl'hrrc polyaorrlal crprerrlonc fo! trrt,ffl, (r rt,

4Zt , f a b) orn alto be derlvcd try ooartdorlng tbc

f ollorlng dLff erentlalr

. i::
:t

i

:

;

x-yt = 8 F,,ucz)* =

* *  - - 4 F , " * )

= -6,)'.,,ft,-  L A e .
dL /

aDd

Fr,aL*) =

fE4F
Buppo!.A re s&n erpr:€tc Fr.-tli and Fo,rr,rLf'f (n Z r) r.

polynornlalr ln €rrP, ena Q- thon tlth the trclp of tbc

rbovo tot of dlffensntlalg re Gln srprett tbo othGr

F.r,.zu) (61 oaa) cr oo)'ynonlelr ln Q, ,Pi eaA Qr.

tabl. III glver tha polynonrlal: crprcerlont tu, FU"rk\), t

I  f  e ** l : ' " ,F1,  Q+a) od' ' , ' � .>r
l, * ?**)o Fr-oft, , (3+r) odd. "r>4,

n
I
.

g
.:
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d

{"t
:

Ft,). Eut fon crp:rccrr* Frn-,S' a. t''oltDonial.

tn €2,P:. rnd Q1 relhaic to conatden rucoesaLvely the' 
&)*4

trlgonometrlc rexpanslons of

f  f  +]3 l , -  nu )"4 *>r
\  l- r-r" ./  t

h : t

. Furth6t, r. bl?€ tb. follorlr.g relatlon eonncctlng

Fr,arr) aad Qrl^> 
'.

trr,^co - Qr,\\)

of

F ,"Lt) = 4'1xv') -{ +''{-) '

Ecalc, tc bltc tb. tntcfc.tlng r.lrtto

FnaL^\ - Fo,rtx) -= (*-t) *,,2D

- / Pr,"c*")

( 5 . 4 )

Sloor

b vtcr

l n P r Q

&r,$).tra 4r,/,)*. poLynoulelr la ?r e "nl €z_)

of tb. rcletlon {$.4} Fr,t*) ero el'o polynoolalr

r'nd gL

.t

.:

i

I




