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APPEEDIX_ A

In proving the formula connected with 'V,_ én)

(A=4, 6, 8, 10, 12} we have noticed that

k’ #")Cwa) -+ E’(m%w:.) = (e:'ez-),:"[f symmetric function in €, and e"]
and

29@'“)(&,) &L (W)= (e,—%)x[A symmetric function in €, 4“4‘3_;_]-
for certain values of N . We prove here that these are
true for allngz;.

We have

f«’(z-t-co;) - e_‘ -+(C|-62_)Ce'-€i) , &)Cz*w;) = €, 4 (e;_'ei) (91'3‘3)
, £(z) -¢€, =) -

and hence

6, ej — el-- 83 ]

) Pl = Pl = (erzen) s (o zJ[@m- =y

Left alde and Right side of (1) respectively have the

Taylor series sxpansions

4 7 o) -
(e, xe) + %, (Fcon £ £%0) + Z7 (87Co = g%+

L A—
(ere)+ 2 (51-69,)[((,~e3)(1-— e+ 4G 20 - )T

|
et = (..’—,‘Zd,,‘t,,;._,_,m - )

at the origin. Hente we have

T I

-i
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UL e v ] 2
L, L Fewn = § ‘)} D) |
. h=| 4 ‘0 "
’it' (en e}_)l—(e 63)7(,92"'C z_-c%'z,.__-....):
_,.(e ea) L_‘(ez -Gz - ) ']
' n=0 -
. —
(11) *(e QI)L(Q 33){ - " e z &(Cg,zq-t('.q,z,é-{-;ra.)_’,
-D
o .
4 .. +(—i)(C"Z.+C,+Z.L+»»--)J:;
w - -
X Le;'eg,) [ ze: 2N ncj e: lza.n 1(_611&'1‘(:42?*'”5*
- ' n=o

_ n :
T e 4 (_,)*‘(clz.q+c416+'; Ca ) 1:) .

Sinee €,-€3 = 2@ «¢, and €,-e, = 2€,+¢, (11) gives

2n-z..

{an
E i& Teoy + £ sz)} Y
h=z\ ’ ‘ ' :
N+ ntl h n n
(e,- ele { (22l e e;_-,ej. T -
-2 h-1{ 4 [

, . - n~f
+ o0 & (—l)h Pe, zl(lef‘-lei)(czltt—kcqzéw r)
-1

if

| . Cn
+ o (e-e) ((C2tac,z - o) }

This slearly shows that { t‘.’.,---c‘,".,_)2 is a factor on the right

side. Also, C « » » being functions of ?2_ and @j » they Lo

z"C"-u
are symmetric in €, and €, .
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Comparing the 1lke powers of Z on either side of

porliy- - this relation, we have

. _
P(m)(w.) + gs)'af,,_) = (€,-€2) x[Asymetric function of €, and e,_) .
e also have Arom (i)

AT

i b—) o zn-z.r
Z{g) t)"'g, (w )}Q..‘n‘)i

n=}

e bt A s e g

'H-O )
...nc " J'(J_e. -\—9.e,_.+e" é}_a-e e)(c z,-q-cHz.-»-. )_,.

,‘ n-i

+ PR .1-(—\) ‘r)c Z,(Qel-\—le +2€€1)CCZ+C t.|,+

+ (-l)n 3(‘,6‘-\-6,_) (C,_z +c,+'z. 4000 ) } .

i} i i

%his shows that right side has got only { &,-€,) as a
factor and the remaining terms are symmetric in €, and &€,°

.~ Comparing the like powers of Z , we hava

gé(.a.n) ;) - 8)@- ws) = (B-€) X (Q symmetric function of & ande) ,
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APPENDIX B

In proving the formulae connected vith'Y,_ ,f“)

(A=35 5, 7, 9, 11) we have noticed that

e 9“““)(“”7 co) ] = [ Fom) + 6 TS

(_C ..-e,_) * (A symmetric function im C, and ez.)

e g S

)

_ 1[Kiz_n D) 003.) + 83(3— I)C W w‘)-] [‘e,lnaw C%,*w‘)] _

:&ei_.ez_)zi@ symmetric function 1in €, ond e,_)

for certain values of Y, . We prove here that these are i
true, in general, for all N2z} . _ _ ) é
We have é
g Plow — ga(u/,_) + P(Upt )= @(‘%ﬂc w.) — P (W, W3)
J W€ 7 3
Putting U=z w,t b in this we have
. 3. &
_a B e ) 4B e ) B ) f’f oA
Wl
) kExpanding this in the neighbourhood of the point L':o we get g
n-i (g.n x XN an "6_ ;
A[fERrl e JE el
hz) é
LY )
n 50 W
= ;En n [?(n (%)« Kawc%*w') -f (% ) &C_ +wﬂ
h=0 _ : :
o0 S ,
¢ n-y REE) P (3n-1) s
- "2 Z ‘21“#‘@‘"‘9!{& ( "5'-) A g) _a"-*w') .
h=i _

(Here K:) (&) an_—) )
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(1)

(11)

(111)

(iv)

;
@i‘ ez—)yl [ L’Ln—\) :

Eence we have - - o0 o -l
gl (zn} ' | t
(ez. e)/’-[ Z@n—\)l N")] [l N é,-¢; ZIQJ\)! e, Cw‘)]
- _ _
B R L SR o EO]
2 (2n-p)
n=)
| e e g ]
-(er'eu.)/"'[ Q—"'\)I gb %‘”l) L e‘i— k?' ! & G
n= n={
_ Zf&- - {5’17\-1 Cw') gg(m u)( 1 cn,) ’& .
Nz

} . | v, ‘
Since 2 (e, -2 )V,_ =Le,—el)" the relation (1) becomes

2N-| ) ?-r\.
(e (e-e)™ [Z (ZQ“-U‘ ‘)} [[ R efe; LG)i P e

hzj

_ Zt,_t:i Dl[s,o(m-t) (@) + gow-(""—;_'-fw.z—).-

Expanding {(11) we get

v . :
£ Eob.r\) | t_,_h’ -
[ =
:, [ 2(e-€.) (Z-n)! Cw))
M=} . .

f\:Z

(.3 ) L (1n) T
+£_— 2—5 &7 }-—-—l—;,,_&

21 (e-e) Q_n)u

+ (=1) Y !5 (_.'Lr—-l) ] { U\. g,( )h‘
o (e~e) kin)f Fe :}

- ! @n-) (3_1; -)
i £ “an- ,)l [ % cwi) -+ ? Cm]"“"’l)}

BT RT . P I P P T

P T O PR

gL
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Slm‘llarl'y from (iil) ws have
g g,@-ﬂ)
“Wz)

(e (e D—_* =y K,un&m;)] [~ 5 Ce — )Z - .

o Wl B

s+ 41

1'3 in)
(v) % 2_,),| Le,_-EQ i Q.n)| ﬁ 002.):& [ &
e Bl L “'@@m} S
27, vl @ e) Q_n) | _
1 in \ (an-1) o \
i in-
1!:““\ (2m- \)‘ ? (%) +f 8“"‘+wn } .
h=}
gJCcos) has Lea-e;,) as a simple faetor for Y2 | . We E

remove the factor ( €,-¢, ) and compare the llke powers

of  on either side of (1V ). We get & relation of the

(fm-') (i-n -1) 9 | i

(vi) @"‘-— e,_)\’a.(;kle:‘.\. &Le:\-‘e‘_.q, ‘e "I-H ) = ...-[ (wa)_,r (L e,

form

7

F T

where Ry (lsrs n+i)are integer constants,

TR

Similarly, from (v) we get an

. _ VL " . n . &7 "2 ’-’i(-l‘:)m“a0
(vit) '_—(e,—e,_) (“klez“"‘k:.ez clfu..}--ﬁh?‘)'z 1 C_’_-z-)-t- B+ '3

R Ty

Adding (vi) and (vii) we have _ )
ey ey Gn-y ) :
1 [?’ () +F T ()= [ 67 Co + 8l o) :

(e 37-) ["@n RS (e R T
N Xln/z () RS o g,
Aoy (8-€2) é}‘ Va ef:"”/’“, n odd
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where dy() ¢y ¢y, or “.J) are integer constants.

This shows that b
_ T LS)(M ‘)(wlf ) + G) 2“*’-\-@ )] ‘;@g " 0(“") + t’ % +°\’3)] .
punt (el-ez)ah')\ [_ﬁ symmetric funection in e' and e;] .

sSubtracting (vl) from (vij) we have

. [g’b.n l)(wl) . 8_,(2.“ b s +w'):) +[&7D.n ) w‘)_‘_&( (“"'wah.)]

(@. E,_) LM(Q‘*? )*mz‘e '*'e; )PP‘}----}

N, N neve
4 imn/’-_” e e?. R ) “']
n-t n-ol
(e *02)@ pul @za. , nedd ;

where ™ (; < Yﬁ't“/x" 1)er h_jil) are integer constants.

This shows that )
{in-s} -

TLe™ )+ 6 S CISORY an-a} D+ § (2w

e Qe‘.—ea)li Ll. symmetric funetion in f' and e,_] \

Ve '
woa AN e A p gy ¢

TR .

v
Further,féeducing the formulae connected with 72-6(“)

Lo, )
BT A T W T

{s = 3, 8, 17, 9. 11), the successive di1fferentiations of the
}
function &
J P(?)*Ec

For purposes of calculation we further simplify (iv) as

ean be avolded by msking use of (iv) or (v).
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‘_t §Pce0) + = L-5 p (3 SN E@L::)l E’ Coo,)-{-s.. :]

X L[ __)."._ g’"_'f_‘:’_') 4+ b {- §%eo) 43 (f’ (w‘)}

22. 2.4t (e - ez) 2_‘3 (e‘ 'ea.)

Le e,_)

g g iy

— et

{ 26l lee) 2 4! CRSE y Ce,—@’
¥ tgg- &(g’cwo + B0y ¢ bo,) I- 3 f‘“)c:o.) _

2:81 (e,-€) 7.3 6! (€~e,) 3,(,_”5' @

?(6)@0,) L8 @reo G-/Lr(w‘) 13 135 E’u‘ }

CoE - b Pm(m) Q"J(")(w) b 3, | ?@—)C‘Ol) ' -
i : 2_6* 4{ Q‘?.j 91,)3 2.9, 41 Ze e)_)'-r}"‘

-t + 2 . . . - - L
;

) )
- - E m ,( ¥ 5 E:' C"O'/z -+ &)m (L%j+wz) }
an-| *

comparing the like powers of t 1n this we get

successively the following relationss

i D . ¢llgewn ]

) m - =1L
. (e —el)yﬂ- 2
. ' N _ _ 3
: ‘ C o ®
@ @‘-—g)vzi g’@th) -3 @:C_jf } = -'-;_'_gig’ o)+ £ (2 '-HO.z)l‘
6 { |
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— .3%
a POy — 15 Fow) §0) | BE PO, l
(&-¢) % € -8, 4 (2,-e)™
- - ‘/j,_-i@(”c@) A CRO S
©) (2), 2
\ ® P L 35 PWcw,)
¢ =50 Sgo oy = I =S 5 e +
+ 515 & ey 6:,@9@9,) 178 E’L{;’Cw‘)
(e,-e)* -1 Le,-eL)S}
= ‘")ﬁ'ff@ww.) + @’ C‘*’*/ +wz)} .
1 (8 . pl2)
> | % - 55 BB s 6% s
") = e -e +
"€z (€,-e)
2
L s e 6900 wrae ey £%%a)_

* (e 'e")l- . N & (8‘—6;)3‘

- 23625 W plcoy g pley
+
4 (e,-¢, )3 A (ei-e)% E

= -5 § P %o + 6]

L ]

PR
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.APPENDIX ¢ - | |

ﬁ In connection with the determination of Yy 4)
(A=3, 5, 7, 9, 11) we have made use of the following
. relation: |
@y -9 0D o Py & praaw) - Prron - PE0Y
| Jpau-e,

We give here & proof of (1).

Let o _ o
P (=) = @‘Cz) A Plzxw) - P lzeeon> —&(ums) .
fhem |
G lzxw) = P
@, (2+ @) = — P

.- Henoe &, and 2.0, are the periodsof F(z) » The
function ¢7(2) has poles of second order at =0 and at

7 =ws 1in the period parallelogram with verticies O, W,
o, ¥ 2wy o
Let 2.
P! (22)
V(o = .
. gj (_11) — e,
Then :

'q) Czj =

A ( $(r2)—e) (P22)—e;),
~... Since '+(Z+w|) :YJ(Z) and '14/‘(2*““‘92') = 'LP(Z) , the function

‘l{)(z) has 3, and %2 as periods. We consider YJ(Z)
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as having the periods ) and &, «nd eompars P, ()

with 4 Y(z) .
The function \(z) has polea of 4th order at Z =0

&
and at Z=w, in the period parallellogram O, w,, 1c~,_tw,)

LWy
The series expansion of L Y(z) at Z= 0 1

,é(“—zz’_’ 1+\/53‘2.Z+-,r.)(‘+z "e +/5"%Z"‘t'¢b-0).
The coefficlent of | )z,""' in this expansion is '
—L" (,e;_*'ej) .’—'L‘-e} '
The constant term is . .
gls tr +l6ese5 -
Further, the series expansion of CP,"CZ) at Z=0 1»
(2)
i'/z’- HE-ema) ACGEDE g:‘%a £ +Y0%a) +
TN }’- |
The coefficient of l}z, in this expansion is
&(8,*6,_—-33) = Ll-el ’

The sonstant tem is

(G,-—e,_-— 63) + @’ Coo.) —- E’b’)(wa-) —@w@*’&)""%oﬂ'z
— l-t-el <+ 6(€| —81-83) +3/5"%2_

= ket 4 126,85 4359,

Hence the coefficlent of | [z and the constant term
- , ‘¢n the serles expansion of QDIZCz) 1A the same as the co-

i

officient of |/z* and the constant term in the series
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expansion of L V{/(z) .
Thus we have

bY@ =@ -

This gives 4 ng‘CZZ)

P(z2) = ,———-——-P 25-€,

A consideration of the behaviour of the function Pp'(u)

at the origin shows that the lower sign must be taken.

Hence we have (1).

peela e el
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