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APPEXDf,I, A

Ia provtng tha fornule oonnccted rltb A, t"l
(A= l ,  6, 8r LO, l9l re bayo notlced thet

F
f"c.,, * f('Dc-,; =

$ld

(e,-e,f;1 eyuctrlc functlon La €, O", "r]

a^d.q]

l!c

Xobt-; 
- Fb'(.'l: (e,-g)x[a rJrruorrlo runctlon ln €,

tor cortaln vrluor of h . f,€ prcv€ bene that thcrc

tru6 for eII  n zl .

Is lrrrc

["(z +.oJ = e, + (!,-er)_G_,- e.J

P{zs -e '
' 

end hcncr

(1) pCzs*,) t PCa+coe; = (e,3e9 1

' I'cft rlde end Rl6bt rlde of (1)

Tajrlot a€tl.! cxpanrlonr

(e,re,; * lrr(Fnt-,l t 0e'c'",)) " 4;, (&G2*,1 t

and
L ,  . t -  -  2 -  l +  |  

' l

: e , )  +  t ( e , - e , 1 [ C - + l ( r -  € , t + c r z - + c r z b ' +  '  . - ) +

--<)= -=.-rct- - e -L- 4,,-\- V,=L* ;P

rt thc orlgla. E@c r. h.yc

, B(z...,')

,  ̂  . f  9 , -€ .
\-f --/L&(->-er

!e!pect lYely havc

f  c ,  - e "

€r- €s -l
- + l'  

PLz>-ert

th.

e(dc,,)*', ',

(.,
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-1

r25

"  " l*  f  -  tC* ' -*  e,n "r-ef  e,)*a-

'

:
and €.-€3 -- 2-ez+ €,, (11) Elvor

1
,'jV

{

L
{p  

t r3 l

f'''nt-,r t. ft(31-a I #,
= (",- e,; [(e,-er; f C ", t- t," - "+t6' -' ' '

+ (d;; t-(u.*-.i-"u*-. .
.  r .  o g  ^ " = l n  . -  r - r  r(n,-.,)J (n,-..;l I "l .-" - hz,e, z'"'"(c,*n.

r - t ' ; - | t L ' n I

- +  +  ( - , ; " [ c ' f + c u f + " " )  J

T f.,-%) I i .: 
z'n-\.tel-rz--*(6.21*

Yl:O

+ . .  ,  o  C , f  ( t . ' q  + c u z b 1 . .  '  ' ) n

(1 r )

n
" ) +

..n I' . 1  |  :
t j l

6 r
4 ' " " " ) +

T
6 r

C , z + . . - , 1 +
4 t

1 - l
l l . ,r J .

Slnco €,-€t = 9-€, +€r.

i 5i,',.o,;a6('^)c^,;
f f i '  E= 1u-e,) Ii c

l { "
J (a'!) I

i;'", ,.l'n-! (t"l- ze! +ei-!,-ei-'e, ) (c,=tcof*.,)+

+-r. ^ l , J . r

Thir olrally rhorr thrt | 4-erl2 Lt. factott on thr rlgbt

rldc. Also, Cr rC4r. .. belng functlona or fu ara ?r, UnW 1

are qrlrtrlo in €, and Qz .

'  
+ . . + G,i-'n.n-*(r-ef-,"1)1cr'+*cu.t*

+  ( - , ) h  ( e . - e , )  ( r r * + c * t +  '  ' �  ,  ' ) ^  
]
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Co:rparl-ng the llke porcr. of Z on oltbcr rldo

thlr rcletlon, we htve

of

.;
.t

I

ij

^t

. t

*r

'lr*te

@r (
/_,t
h r l

!ntrac*,1 +fiJ'1 = te,-",it$vt*atrlc fuaotloa of e, rai et) .

.kave 1'ro,n (:.; i)

LA-L

- fF){.,.) 1 #,
J  ' - '

-".) f i ( "u,n.!ref*'* eler*e2 e) ?-
' 

l-t v

-\=i,." (re| *rel * {-L,.*t-L) @a+n a3* "

. ' . * c-,1-'4.n-,.n1aef+ ref+z e'e'1 (e'za+c^t*'

+ (-rln 3Ce,+er) (cr.t* eur!+. ' '  ')tJ .

thlr rrrorr that rlght rt.dc hae got only ( ei-e1) er I

factot!. end the roErl.nl.ng t6r[s u6 tynnetrlc ln €, end €"'

,a C onpanlDg th€ llkc polcrt of Z r to hevrt

nnt*,) - 5;eDcu,rl = (€,-er) x (A w-ttrLo functloa of Q andg) ,

euts o

&nn'(.,,

= (e,

>
4-l

' ) *

i
!

I
-.

ri

i

_a
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APPErDrx B !l fr-lt. l^ p 

q

In provtng thc folaulac oonrrcctcil lttl'Yt;Cn) j
I

I  A--5, 5, 7t g, 11 ) re havc nott 'ocd tbat (rn-r\  --\  i

iftrJ'".)ce) .+ fo('n-'r (-v;*u4- LFn"t6y'") * 0- cE-'+1 i

- \ i "  r  ^ - A  o  f  j

(g ,-er)"' '*(a rvmetrro fuactlon lu €1 Q'nd' €') 
I

lBa l  F  . - -  . r  1 ' r -  r \  -1  n

tft'-o(eg') + [ob"-Dc g*',)] + [6'^tg, .&*-?t.*-!

=Vt-e;\[ rvmetrrc functlon in 8, and' e) 
,

foF certata valucr of )'L . fc prov. henc thrt thelc erc I

true, ln ganrrell for ell' n Z I . ,:

tc b.Y. 
i

-2 E!g- -- PLutr) + p(ut,+-J- B[u7,tt'r) -&("t,**t) . {'{@zt 
I

nrtttng 1l : er2t b ln thtr tc brv'

- d yl:".a = F(?+?") +F(?**,* ?)-P(T**,tD-&[?-t.,9'),
tr1P(u;z' 

e) -et 
, i

. trpandlng thlr ln th. n.lgbbourhood of tbo polnt b:O to 8c: 
i

--[tfl,-,Fr"c*'l ft"-nl "l# Be^t-rl L 
j

n a l  
h > |

'P .  
- ( yD  ^ (n )  

-1

= L*, [ot(?) 
+ f,r'c?*-') - P[*.";-tr'?*;.d

h ; O

o t e'^-t f pt-.,,, ?) * t(--,r(?.-,) ]=* L{,"n-,c'"-Dl t
h = l

(Here potF) -= 
t"(t) I
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Fn*
F

( 1 )

Esnce te har'a
I  r  t t r  " "n -1

- I r l ) ' : -
(1-e,)Y'l Ltz''-rl-  -  

t t= l

{ .  tu- t= 
lF\^+1

h = l

&
r , t \'r'^
L'* il-", gF l

?) + Ptu-'Cg.,,)J.

F("^t*r]

(th-'t

fo?*,JL

?1,'f-* .1

In

( r l )

( r l r )

( l v )

'r'\ 
? |

shllr''tv 
rF g-. h('+..,.\rr-, ..,- -' fB-&G2.,,,J-t'- 

@;;,;/,1 L U;r 0 r---'lj 
L' 

' e 
n=,

= i*# I&o''(?) +
l1;"-' ('"-,)![ "
h :  I

sinoc i 1e.e,;yt =1e,'nf rtho nclrtlon (l-) bcoacr -V-

r r- S e""-.@sv,Lfo,e"-,rr fr%:,] [' * at*,[,# F%''l

=t L"ffi;, fs"'"-?e) + se"-r1?*-,1 .

fi6?,r"[I-f'('?';Ji *
' l n z l

+  [ - , ) Y  ! , s , . . [ r r - , )  t  . t f e -- z,,7i-(Q,1'tL@

h2 l

(1 t )  re  get

I#,F@?'"r] [

Pe^-'( ?.*,) l,

, - l -. i** d?-,, *
l .(e,-e") (t3nlt 

"

q, l= l

. . +

Expencting

|  , f
(ei-e,)'t L

:!

:
+

i

:

t

d
I

o

I

IS*;,r I Fo"?,-,) * F,("try,**,t ,
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( v )

Slnt larlY fron (t l t)  tB hevc

r- .'. rf *.,, ruit, - #ol*, Fe&u
(e,-",)'' L f, o6-o , ^71

+ + il' *r'l.Lt# C'%'"') J:*'' '-*
+ G,r fi-^6i-*,rt[#,Pe%.,Ji 

.

= t 1..*};, | tr't"-?u';> * tr6te**')l .

'I
I

:
'i

I

-c
_ias
E
-l

h ? l

^ [,rv!

FZO nes (€,-er) ar e alaplc

rcnovc tbe feotor ( €,-e- ) ana

of  b  on  e l tbcr  s ldc  o f  (1 t ' ) .

fom

frctoP fat Y 2-l . wo

compar. the llke twcrr

tc gct a relatlon of tb.

(v i )  G,-  n,)v"C*,"1*{,4-1.*.  .  ' . r {"- , .1) =

' '  
rherc*r ( ts14n. jaro i ln teger-oonstants .

slnlletrlyp fron (v) re 8rt r (rn-r\ 6a-r) 
j

It

(v11) -(e,-ej'[{.,ei&,{"ri. ., +{^*fl)= tlr%)"d?'4-",] . 
I

- [d%,-Fti--4
I

J

j
I

ra
l

t

:

Addlng (vl) and (v11) rc havl

; [t"e'-u1 ?) t- 8'e'-'l g**,f - L F'"tIn>* ttrZ'g.,u]

= qe,-r,1v' 
f,e,"-"ll+/"(ef-","'-') e,",n.,, , +

+ lln1, Le,"-e,l) efn-'Lrn'''','

Llry (e,-e,) €;'q" 4'tJ8,

n elt+r \
I
I

noAL ).

=

.,E
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L

*.r. Iy(r (y ( n/:.ar l+) o" lnteger constentr'

t -

.:

= (n , - . , )u '  L  
t ,  (e |+  e )  )  *  - i (  t l - ' * "1 * )e t  e )  + " '+

* [  
-r t '  e 'n ' '  g- l t  '  h e ue' .  

I

Ltq (? ,+e, )  " f ,  " l+  ,  noaa ) ,

rhcrc ?n , (, 9 ,3 tnA* r)', 
t l+, 

) 
.r. tatesGt conatantr'

t L;[L:'t*r'iT.'"-'l *;,,-,;] o lsb"-? ?') * [''("& *-,i
Z- !

:
t
-l

;
I

.

!
i

i
4
-l

t L;il1',;;iT"r* 
'i *3*-,)] -Fn"-',*J) * rt'n-'t? *-')]

. 3l;- r-- (g,-*r)-''* l-r 
srmctrfo functlon ln €r rn'l er1 .

SubtrectLng (rl) fron (v11) ve havl

i [ &"""-'t ei) + d'n'? *,'*-,1 * Ld'"-'f e'';-t d*-t ='' *-t

! r - 1

= (€, -rr)'" 
La 

rynctrlo firnstloa ln ( and €r) .

ru"tnto,itnduclng thc fornulao conRocted tlth )r6(n)

{ r ;3r  3 t  7r  9 t  l t r ) ,  tho lucccrr lvo d l f f  erent  la t  lons of  thc

F ' c r )
funottoD

J  PG) -e t  '
For purposo! of oelEulatlon ro furthcr slnpltft (1r) er
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) - - . r - [  ,  & , ' r * , , *$CGt - , , * .  , . *# l  F%,1- . . . , ]
Le' -e") '-  L

r r r horr.g * tq l- dDc*,) _v,E &bf.,y ]*X L' 
- i-e- o-f' -r r [-"- ,-",; L> @.",rs

* tt [ - FG)c,o,) *,;s P!r-ld\z) _ _g'r- pt*, ]
[  " ,a l  (e, -q, . )  2- .  4!  CS-g '  zc, ; r  1Z]eyJ '

- ljj Pbtc*,t F''c:) * r'i,t.T fntc^, ) .
z-b.4t, (et-r,)3 zt, +r, @lZ1+11

I

, ".!1 :-. -

I
. {

. . t

l
- f 1"=,,' , | &0"?-, u) +&(--'(q..t j

f l t " - , L r n _ r ) r  { -  
_ , 2 )  _ v  . , , _ , , J .

l't=l
conper'l.ni iue l,tkc Doter. ot t ta thlr r glo

ruoocrslvrlt tbs follorlag tr.lrtlona t

hQt t^r, t
( l )  u  ' - ' - v  ' -

( €  '  
- " '  ) ' t

h ' t ? )  *  8 , ' t ? o - ' ) ] ,- r  (a L

(1) 
ctzl" [ ,-t 

'^t') - 3/zW J = -F[8'%"'r* 0?q**'t.
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(L)

4S-
+

(5)r'.^rr
L =

l5 -
L,3)

t]5
+

q_1Ll l -

z+

+ &('cq*-,) ] ,

(p - , t  t3
\ - l  ' L , /

li'l r'"e*,,

|  , , (
(,t ' ') ' 'L

1.3;t'[ 6"(*"'''>

I

( e  - e . \ Y z

-.1-

4
F"'c^,1 1
GEr'I

$G)c^,.y 8'o!:'l f,q:'l *
L)

]

r )
i:-et -€-

I r'ttc B) + 8'

1, .  F (oc* , )&(?- ' l  3 .YtL+ -Grer)- < -T

^ l , t  L

+ P.!!- ff'-'c a) ftLac,a')2- - (e]t.tr-

(e '-"

*.o,.)

)

t
J .

G) "G)
Ccor) f (q)

- y l

- L

f(gC"r,)
l-e3,.,1

l5-'Is:' c

, )

[ &('".*,,

+ eJr
)-

I eo'tru n &Qt(*,,.

(n,-g'

fl'", c "^;

* - " )

/or &
L€, -n  )

L  / - \

&k)c,o,) &*?*,)-GA-

F-@c,o; ]
t ..l+ J

+

6 ^ ? ^ . -

-  t L S A L >

+
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.APPEIDAX, C

In connectLon

(  r 3 = 3 ,  S r  7 r  9 r  1 1 )

relat 1on:

dot crminet t oa of l'za(-)

nade uee of tbe follollng

* SC.*.or)  -  &G.  ̂ ' ) '
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f cCz+" : J .

tF. rlti tho

ra have

( 1 )

Le t  ^  c - ,  ^ r  p (z * "o . )
Qt.({ = Pc=> -+ f(z+'o') - |

lfbeE'

-a=t2t- = &r.,
J ptzz)-e I

, ue glvc bcrc t proof

'U (z)
t -

fhoa

rl, Czl =

srnce 't(z+(^)') =V(z)

ai, C.l haa 6l and

o f  ( 1 ) .

- drG+r^lJ .

9 r G  +  c ^ l r )

Q ,  
( t +  c D ' )

Ecnol dr end Zcor u6 the porlodS of pl/) .  l fhe

functlon Q(z) ues polos of sccond order at ZzO end at

I : oJ 2- Ln the perlod perellol'ogr8u rlth Yortlci'! O,, @1 ,

Zc,^i"+ t c' tL@t '

?r  c t )

-  qt ,Cz)

PCrz; 
- er

4  (  &  (zz ) -  e , . )  (&c ' . ) -e " ) .

""a t{:(ztr,c") - 9t > , tho runcrton

c^iL as pcrloda. w6 conslder ?(z)

i
l
I

:

FT c, , ,
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er hevlng tbc perlodr t'.11 rnd Lt'lr end rorprtl' eiCzl
r . *

rltb + !(z) .

|Ibe funatlon !rCz) brt polcr of tltb oldcr lt Z=o

rt f = qt' ln the pcrlod perrllellograa O-, c^)r ) Z tnlt oe,-)

rar lor  crpanrLon ot  \ !G)  . t  7"o l '

(*. '  - ez+ Y53,**" '  'X*" - €r+'/r i l ' t+. '  . ' )

ooeffLclsat ot I IZL ln thls elprnrlon 1r

- 4  L e r + e i  =  4 € 1  I

Tbc constant torn !r

€/t ?" + [6 ezer i '

lutthcr, tbe lcrlc. crpantlon ot glkl * 7=o lr

l rl=- *l€,-eo-e"; + 27,($''t'o - p"@ -d"'rql +'4o?') +
1 . . _  + -  J ' - .

Tba eoofftciont of I I ZL ln tblr erpena!'on 1r

& ( e r - o y - 9 3 )  = 4 € t  .

?bc ooaEtrnt t erb 1l

(€r-€"- "r) t * $o'(-,1 - pscn,D - 6oco'"1 +Y'ot'

=  4 e r *  +  b ( e i ' e l ' e ! )  + s l r t -

= 4etL + IZ  eLe3 + 3 lg  3v

= ffr+ 4€zes+ lLe>e3 a 3fu-9' - t1'X-+l6e'et

Benoo the cocfflolont of l/zL ana tha conltant tcla

*, 
'ln 

th" serlca erpanslon ot Q,zCzl 18 the samc ec tb' oo-
'  

cff lolont ot l lZ'end th'  constant tcrn ln the tcr l"

'!

,
|Dd

&(lt:r

Tbc

I L

!Ibc

::d

:

- j
t
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cxprnrlon * 4! C4 o '

Tlxrs rc bet.

4tLz l  =91c. )
Thlr glvcr 

_ I Ft Czz)
QtCz) = ' l  \ i-

J ['Lzi-e1
A oonsldcretlon of tho bohavlour of tba fuaot lon fa tu,)

rt ths orlgln chorr tbat thc lorcr algn nuat bt takan.

f lsaoo rc have (I i .

-_--i:!,.--]!s-E+- a,.

i

1
1

'q

, t
I

;:

j

I
:
j
- l

i
.l

i

I
1
.t

,{

:

i#
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