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WATBR LLVEL ANALYSIS ~ EXCEEDENCES

L. kotxaduction

The common sooXoach to the oroblem of fleod
orediction is mainly motivoted by ocosrationsl objectives
and therefore the selection of a flood frecuency distribu.
tion function is baged on a critexfon of *'best curve fit’
to the obgerved largest flood discharge values at 3 lapse
of fixed time. Distribution functions that axe most
cormonly used include log-normel, log Peexresn type 3 , two
oaromatexy 3smma and Gumbel‘’s extreme value distribution,
roclicition of the firet three distributiong to the flood
fu*quﬁﬂ anal yais doeg nNot geem to ba anprook iste because
of the assumrtions Lnvolved, Also, tiw annl fcation of
Gumbel's extreme valus distribution is based on following
two assumtions,
(L) the ssquence of daily ~amter discharge valueg of whole
year form 2 sequence of indecendent and Ldentically digtxl buted
random varisbles and
(14) these random viriablas are assumed to how distributions
with an expenentizl tell,

For the limitationg of physical basls of thwae assumotiong
w cuote Gumbel

" It must be admittod that the good fit conmpt be foregeen
from the theory, which is based on three astumptions
{1) the distribution of caily dischaxges {s of exvonantisl
tyoe



(§1) n = 65 {1g gufficlently laxge,
(114) the daily obscrvations ére indenendent ®.

Assumotion{i) can not be checked since the analytical foram
of the distribution of talily water discharge velues 14 unknown,
n = 365 is not sufficlently large number for the ceavergance
of s distribution function to the (umbel extxeme value distri-
bution, Tha thixd assumotion definitely does Not held as the
dally obgezvationsg axre 1in general not inden.ndent,

These remaxks by Gumbel indicste thvt the mathematicsl
assum>tiong undexlying the classical extreme value theory may
not always be anplicable to a water discharge sexisg becasuge it
only orovides asymptotic expresslong, If the time interval of
intexest is less than a year which Ls often tie co2se, then the
use of an asymptotic exonression can baxdly be justified, lone-
theloss, the fact that Gumbel provideg ¢ candid criticiem of
00lying the extreme value theory to flood nheomens is of
congidexasble significence because 1t pointy out the need %o
develonr a theory that is oliysically mors meanimgful feox flood
frequency analysis than the asymototic theory,

The first attempt to develop such a theory from the
pronerties of stresm flow (rathex than to ewplatin the procerties
of strean flow from such 8 theory) 1s that of Todorovic and
hig coworkers(1970,1971,1972), Theirx formulaeim $¢ based on
the nartial duxation geries of stream flow . The secuence of
flows In guch a series within fixed time intemval 1is represented
by random variables.
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Todorovie{1971) used the obove formuladm aleng with
mathemat ical asgumotions of TodoXovic and 2 lerhsale(1970) to
snalyse another imnortont feature of the extreme fleod; namely,
their time of occurrence within a selected time intervsl., The
exnression for the time of occurrance of extrame fleod obtained
by Todoxovic(1971) Ls exact and testod on d-ta for two rivers
{n the Unrited Stateg by Todoxovic send Woolh sex(1972). It i,
worth mentioning th:t Zelenhasic(1970) has shown thet the fune-
tional form of the di-tribution function of the loxgest excee-
dance derived by above sorocach, is similar te Cumbel's extreme
value digtritution,

In gections 7.2 and 7.3 of this chaotey the work of
Todorovic and his coworkerxs is reviewed, In sectien 7.4 the
distribution function of rumber of exceed:indes Lh tw vartable
{s derived, while section 7.5 ig concemed with the joimt
bivari ate digtribution function of supremum and Infimum of »
bivari te samle of magnitude of eaxceedancey, Finslly, sactions
7.6 and 7,7 are devotad for the svalicotion of the regults
oblaingd Ln section 7,3 and 7.5 remactivaly, This e achieved
by exoressing the expected number of exca-dénces in a fixed
time intexrval, for both the variables, by » Feurier expansion,
The distribution function of megritude of engeedmcos 1ig ssmum-
ed to be excorsntial. The denendence parameter of bivoplate
distribution function of suoremum i3 estimated by relating
it to the medial corrclation coefficient, The sbove mentioned
results hove been derived for any bivariste oecwlation but to
achigve the goal concemning the gtudy of flopd. The remults

are tegted for secondaxy data., The data tsken fox 20 yearxs
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from 1948 to 1977 1g data on watexr discharge en the river
Namnaca at two stations(iMortgkka snd Gaxdeghwer) for a
partial duration series. Yo demonstrate the goodness of fit
achieved the theoxeticsl and obgorved results are also preeeh-
ted grashically.

1.2 Excesdances in o0e dimenalon

The ssction deals with the oroblem of flood analysis
based on the recent devalooment in the theory of extreme values
qiver by Todorevi¢(1970). In hig soproach Todozevic utilizes
a stochastic model to degeribg and oxedict the behaviour of
floods. He starts with 3 stochastic nrccess X{(t) defined ag
the highest magnitude of randor varisble: in en ftMtezval of
time (0, t] . Since the number of flood neak digehaxgas 1in
(0, t] exceeding a cextain level X, and the magnitudes of
these peaks sre random viriables, the foreqgoing model geamg
to confirm well to the flood phenomeiwn., A extension of
this asporoach hig beon made to more than ong variaeble which
wa ghall descxibe in loter paxtiof this chaoter.

Let Ol'. be the nesk values thit exceadg a suitably
choosen bage level X, and § = Q =y o W call % as the
meghituse of the f-th exceedance.

| If the sequence of these peak discharge valves i
multinle peaked i.e. Aif the daily discharges exceed the
fixed basge diacharge level Xe, for more than ene day coftinu-
ously without being less than x ., than the practieal asnects
suggast that the entire pesk discharges should net be congide-
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~rac but only the maximum ogak discharge 1is token es an
excead n co,
ihcecording to Toderovic(1970) the distyibution function
of exceed:ncoes and their timm of occurrence iy derived as
follows
Yo gtart reckoning the event of exceedenes at o timeg
deglgnated aa t=0 and define T(k) as the time e
before the k-th exceedince occurs snd 5k  as its megnitude.
We shall take T(o)=0 and 5,=0 . Lot X = 02218*’ be the sum
of the magnitude of k exceedonces, |
The timg (k) satisfles the conditiong
ok T(k) «l(k+1), k=1,2, ...
and (7.2.1)

lim
k-)cn‘[(k) = Q0.

Agsuming that the number of points T(k) in the fiwed time
irterval (0,4] asre the chance variables, them T(k) are
ratdom veriables as well, 1IN sddition it is al 90 supposed
that the ({k) are continuous zandom vsriasbles.

In what follows we congider the distribvtisn function
of U(k) and X .

Lat two events Ef and @ be defined as

e =[TCk) &tTkw)] (7.2,2)

G aln € x 6%, (7.2.3)
then for all & and J (L,3°0, 1,2, ... 1 14 3),



EtﬂE} =0, &N = 0 ¢

|
and
tJ E:u U G:w_ﬂ_
1i=0 1=0

lhere (] . enotes the whole samile snaeo.
By virtue of (7.2.2) and (7.2.3), 1t follows that
P(E:) w P(T(k) & t) - P(T(k+l) 6 ¢ ) (7.2.4)

() w2 % @x ) w2, $x) (7.2.9)

Sincet(k) and X, “re strictly incrcasing se-wences of
random viriablas {t follows that fir all t>o, x> 0.
P(E:DO and (& DO,

Finally, from (7,2.4) amd 7.2.5), the ros.ective dfstribu~
tion functions of ((k) and X are secn to be

Kl
Fo(t)=1- 3 ptﬁ}i) (7.2.6)
j=0

and k-
Fp (x) =1 = .ZO“’“’;P (7.2.7)

Let us now find an exoression for t'e orebobilities P(E:)
and P(c{). P(E:) as cdefined in (7.2.4) 1a the nrobability
of occurrence of k excecdances in time interval (O,t] .
Let us denote by r{(t) , the uabexr of axceedancas over x,
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in time interval(0,t). Then n(t) will sssume valugs

0,1,2 ... ard for all t20, At & O; nlt) = a(t+at) 1.,

n(t) ts an nondecreasing function of time.

Todarovic and Zlenhaslc(1970) sssumad that tiwmse excesdances
are governed by a Polseon orocess which hag & time decendent
intengity function, Accoxding to them, under the sssumotiong
of Polisson process, the »robablilitiegy P(B:) sat igfy the
following system of stochastic viffexrential equations.

d P(&Y)
-——;l-:l— = Ay (t) P(Eﬁ_l) A (t) P(E:) (7.2.8)
d PI:Et) t
—g - =)o(t) P(E] ) (7.2.9)
where ), (t) = it:)op(ﬁ':;}wt { E: ) /i (7.2.10)
and

E:ﬁ*“ = qlt+s) - nlt) = 1. (7.2.11)

Ecpationg(7.2.8) ond (7.2.9) have the following solutions
t
P(B:) - em(-L o(8) ds (7.2.12)

arv] t
P(E:) = exp[-L Ak(s) ds} So A=y (t)

t
. oxp So Mils) =2y (n)lds

: jt‘ S:“"l Do (tic)

t
. axp I; (Als) -,\o(s)]dn de, dt, ) ... dt,
(7.2.13)



In gonersl a closed exoression for PIZR:) in texmg of ’\h(t)
is ot 2cossible, however, we believe that in the relevant
cases of flood analysis, the intensity functien {s indepen-
dent of k , 1.e. , we can tzke

‘)\k(t) =)(t)

Hence (7.2.12) and (7.2.13) can be written respectiwly as

t
P(E;) = oup ~ EO As) ds (7.2.14)
t As) as] (] A (e) ae] ®

similarly, the exoression for the orobabdlitiss P(G)
cin be obtaingd, The probabilities P(C{) setisfy the system
of following stochastic differential ecquations,

d®
-1 ™ Hk 1(]) P(q ) - ,n[k(l) P(({) (7.2.16)
ancd
d p(a®)
—g = =y (x) P(E) (7.2.17)

l"'ﬂl ¢
whore "t(‘) » 14m (;_)

ax30

anc!
s, XX o (f(xssm) = f(x) =1 )

(7.2.18)
2x) = supiks X & x|

In general the closed éxoression for the orobabilities



P(G:) in temms of M, (x) 1s not oossible, /gaim donsidering
the simolified sssumption of g (x) = y(x), the exoression
for 1’(1) and P(G:) are obtained ag

P(G:) exp[— jin(s) ds‘J (7.2.19)

exp [- Ln(s) d;_l [Lih) de k
p(Q) m — r‘ (7.2,20)

The distribution function of the time of nccurrence of the
k=th exceedance can bs written from (7.2.6) and (7.2.1%) as

follows

"
k=1 o [-g)\(.) as][{ Ma) aq)?
F(t) =1 - :éo 1 -2 (7.2.21)

with 1ts density function
t

A kel ‘ .
f(t) --%DZA(-) ds | exp {-SDA(s) de (7.2.22)
¢t
where A(t) = [Ox\(-) de .

Similazly veing (7.2,20) and (7.2.7), the exaoression for
distribution functlom“k is Aven by

x
k-l oo |- uis) de i' uis) de| 3
Fr(x) =1« :Z;; —S=9= T3 HQ } o (7.2.23)

Using the exoression of P(E: ), the distribution functiomof
%k d Inf & arederiveu in the next section,
Tk )t

aﬁk yat
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7.3 Cistribution function of and Int
T I_mzé.f'

Once the above temminology and initial structure of
P(gt) have been develooed, then we cam easily find the distri-

butfon function of Suwp &, end Inf . in the following
Tk ) Tk )=t

nannay,

Let us considaer the sequance of magnitude of exceedn coes

§o(0) W& WGy 4 eenen

and n(t) = wolky t(k) &t} , Pln(t) =k ) =rP(E}), then
as obgexved by Todorovic(1D70), the followdng theoxem gives

the distribution function of Sup &, end Inf T uner
Tk )ix T(r)ea &

the following assumtions

(1) the stquence ‘{l .Ez 4 ssss 13 5 semence of indenendent
random variables with common diatxibution function F(x) ,and
(11) the numbex of exceedances r!(t) are indeoendemt of thelr

magn itude ﬁk .

- LIS |
Lo

Ihenrem 7.3.) t- The digtribution function ’ti") and thx)

of Sup and Inf f are given by
-m)sf" T(k )yt ®

Fo(x) = sxp[=A(t) (1=F(x) )] (7.3.1)

P‘i;) =1 + @pA(t)]e explaA(t) F(x) (7.3,2)
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m‘;- The d’.'t:lmttoﬂ functions (733-1) anc (10 3.2)
are cerived ag the mathemitical exuectation of the foilowing
conditionsl probabilities.

P i;‘:)j,‘ ‘ '/r\nﬂ (7.2.3)

P v:':m? “ ”/q(t)] 7.3.4)
The distribution functions cun be written as

Feln) = B P _?‘(‘:) fs_: “ '/rt(t)n] (7.2.3)

Fe{x) = & PH‘(" ME; < ",/:l(t)] (7.2.6)

Taking exoection we have

@0
Ft(.:u) -;%;\P [moghnik €x [l E: ‘I (7.3.7)
and
€
i).l-z_‘) P[Inf gkéx nltl (70308)
n=l

Undex the assumtions mentiongd raxlier the distribution
function (7.3.7) and (7.3.8) can ba exoressed by

F(x) -2)( F(x) )™ p(E}) (7.3.9)
n=0
and
Fe{x) =1 - 2.( 1-F(x) ) p(E}) (7.3.10)

ne}
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Subatituting 1‘(%) from (7.2.19) in (7.3.9) and (7.3,10)
the relovant form of the digtribution functiens of a.nr gk
T(k)t

and Inf e given in the form of following exnreggiong
T(k)én

Fo(x) = exole Alt) (1F(x)]
8

Ftin) w1+ exo{Alt)] = axp{= Alt) Fn)l,
Obviously (7.3.1) and (7,2.2) are nondecressing functions
of x wsuch that

Ftsm » Ptim = ax0 ( =/ (t))= P(E;)
Folap) = F ) = )
tloo) = Foloo

Herice (7.2.1) and (7.3.2) satisfying all the oronesticy
of s digtridution function,

If the exceadances ale exnonentially dist¥ibuted Ath
disteibution function

Flx) =) = ¢~ ® X ®x>0 (7.3.11)
x=20
then the dl;tﬂbutton function of Sup “c 1s glm by
L
Folx) = aup[=A(t) & & x| x> O (7.3.12)
s x >0

It mgy be noted that the functional foxw of the
atove distribution function {s gimilar to Gumbel ‘s ¢«xtreme
value distribution function, Howswer, ag incicated earlier,



the umbel's digtribution ig an asymplotic exnression for

the digtributicn of the maximum Ir an irdepenient dentlically
digtributed secuience of exponemtial rando:n variables, wheress
the axoression (7.3.12) xeorosents an exact (Nen-geymtotic)
exorassion for the distribution of the maximum tn » random
sacuence (governed by Polgson process) of indevendent identi.
cally distributed exoonential ramipn vériables. The distri-
bution function (7.2.12) will be used for 1llustrstien
ourposes in the gection 7,6 . In the naxt section we will
dexive the digtribution function of rumber of exceedances in
two dimension,

1.4 Gxcaed ncta in teg digensiaons

Whereas, lot of work has beon done in the theoxy
of extreme volues for scslar random varfiables, ot much work
is renorted in litercture for two dimensional verfisbles. In
oroblemg of axplied nature, it is always oossible te get
information on some other varxiables which sre denendent on the
vari sble of intexrest without much effortg and coet. Such
situationg nrovideg onportunity for the study of multidimen-
sional random variashles. Thexcfore, in the sscqual the study
of extreme order statistics in biviriaste distributien 1s taken
up. Thig haopens an extension of univariate diastribution
function of extremes given by Todorovic and hie associastes.

Let ( x(t), y(t)! be an obgexvation in two veriables
at o timg t . The natuxe of time t for practicsl reasons
will formally be digcrete, e denote by T(k) and T(/) the
timp that elapsed bafore the k-th and {-th exceedance occured



L w

in x g y respactively, W shall taka T{c) = 0
for coth ttw cvents, 7ha time Tk) anc T(7) satyafy the
conditions

0&eT{k)k+l)
0sT(L) «T({+ 1)

We shall danote by &, and €, the magnitude of the k-th
and [=th exceedinces rescactively dn x and y snd also
assume . =0, 6, =0, The time T(k) and T () 4n (0, ¢]
are random viriables. In aitition these are continuoug and
dependent on eich other, Here w2 are intereeted in finding
out the jolnt distribution function of

Inf Inf e{l
T(k)et & 5 T0)t

and (7.4,1)

Sup Sup =0
gmmg" (" )

Bafore deriving an exoression for the jolint distribution
function of ( Sup & , Sup &) and ( Infl , Inf @& ) we will
derive an exnragsion for the distribution function of time
of occurrence of k-th exceedince for x and [-th exceedonces
for y in this gection,

Ve define an event

et a[T(k) & t £ T(kn) (A & ¢ 6T+ 1)) (7.4,2)

Obvioualy Eptf (\Eep = P for k ,/ A m,n

lJ E:'} a {2,

t 4
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2y vivtue of (7.4,2) we have -

a(girt) = o[Tk) 66 , 10 &t )

-pllk) &t , T(0+1) é¢t]

(7.4,3)
- P{;C(k+1) £¢,((0) &)

s P{Uke1) 6 ¢ ,T(e1) & ¢

Adding (7.4.3) over all valuep of k and [ , tha distribution

function of time of occurrence beccomas

w oo
Rftat) =Y ¥ PEPY ) (7.444)
1=k j=
In oxdexr to derive an exorassion for the orobabilities
p(s:':: ) o we stert with x and y, as critica) coimts for
two variables as defined In section 7,2, Let q(t) and
P(t) be the number of exceedances in the time intexval(o , t]

for x and y respectively, Then for all t>0 emd At >0

n(t) = nlt+at) (7.4.5)

pt) = P(t+at)
which imnlies that the number of exceedances for both the
virlables are nordecreasging function of time,
- The possibilitics accounting for oxcesdances in two
varisbles are enumeratad below
(1) [x(t)\,xo o Y(2)L

(11)  [x(¢) sxy o ¥(t)>vy] (7.4.6)

(111) [x(e)>x, , Yt)>y))
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The corresponding nrobabllitiocsg can ba derived as follows.
Suoooge that in time interwsl (O, t:l, k andocxmoduncu
had already occured in x and y rospectively , we denote

by Pk;_(t) ’ Rutt) and %hg(t) the probabilities correspond ing
to three eventyg of (7.4,6) thatidn short interxrval(t,t+) an
exceadince will occur eithex in x(t) oz in y{t) ox in both,

t,tect; Lttt -t,t
e PECLT S et ]

M, ft) =40 it

(7.4,7)

where ERsbests vttt {n(test) - n(v) =1,
' P(t+it) - P(t) = 0

{.e. Ong exceudionce occure In x(t) with no exsecdence in y(t),
Similaxzly for the sacond event we have orobabllity

Lt +at; t, b0t t
iim piER:Q*l ' E !k:.a ]

Vo ($)mas 0 =t

ez BTG tteet [n(tat) - q(t) = 0, (7.4.8)
Plt+ot) « p(t) =1 1.

snd finally the orobability for the third event e

por

t,t+itg ¢ttt 2t ]
1in p[ﬁk:’l'Qﬂ ’ :- Bk, U

Ats3 © At (7.4,9)

A )=

ctotety tyeet (N(EER) - n(t) = 1,

where B, (41 "Pltest) - p(t) =1

The oxobabilitiog P(E::E) satisfy s system of differential
eruationg which may be derived by congfdering the eventg and
thely associotoed conditional nxobabilitics., Using tha arguments
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of & Mochastic oxocess wa get the followng ciffersential
eugtion

JEOMAU NGB IRV N C) WYY RN P

t) A(t) P(ES
*&Q( )é( )P“ ke .1.1') (1;4010)

+ N (t) 2() po[hk o1 !
o 1Py (t) ¢ an(t) on (2)]at p(ES )
Un rearzrongement the sbove squation may be written a8
¢ P(edrY)
% = Dt P o))
* oo (t) PIESES ) (7.4.11)

+ ka(t) P(Ek:p_l )
-[An(t) * I, (t) + *r.al't)] P(ﬂk 7))

Thls equation in genexal can ot be solved in closed form in

terms of ), f(t) ’ r“kﬁ(t) and \?m(t). hovever, we believe that
in the relevant cige of flood anal ysls, the Lmtengity functions
are indecendent of k and (. %e take

My () =p(t)
N, (1) =),

Conaecuently, the eauation(7.4,11} can bg exoyesssd as



d p(ﬂﬁ:?)

— /\(t)p(ak-1 ey} A () NER ”)
+X(e) PP ) (7.4,12)
=Dt (2) +(t)] P(Eizf: )

The above ecuation can be solved with the help of probability
genersting function. The equation in the foym of generating
function 14

k { ot
Sy e 8y dP(ELYT) kK ( t,¢ . t,t
A ~ M)y e} 8 PREY L Im (el of aLAWL

YT S o .g P(Ek o)
=My mee V(] ot -; "(E:'.ta )

or

P(s) 4850t
« .&.1'__ = Xx(¢) . o, P(. 'Q't)*”(t) . (8, “2'”

+ \g(t) ‘2 p('l"i?'t) -{)\(t)*' l-l(t )"’Y(t ﬂ P( .1..2,t)
(7.4.13)
wh - k t,t
ere »( .1..2.'” 'Z‘Z'.l % p(Ek,ﬂ) .

Rearranging (7.4,13) we hove

dp(. ’ ot)
_5[_'1"2’ y . LJ?‘ ﬂﬁ(t)r(ul.'.z-ll + u{t ”'1-“
+‘o)(t) {.2-1)

d log P(s,s8,st) s
--*E—%L )\(t) (.1.2. -l)"‘M(t) (31-1)+Y(t)(‘2-1)



t
iog P(sysaget) = Jo[m) (8)8,-1) +mlt) (s,-1)

+ 7(2) (ay=1)]dt+ C . (7.4.14)

Wheze C i a constant of integration. t = O s P(sl..z.o)- 1
give C = O fram {nitial conditiong, Then from (7.4.14) we have

t )
log P(al...).t) -jo[)\(t) (01-2-1)1' ult) (ll-.l)*f(t) (l,-.l)]dt .

(7.4,19)
ox
t )|
logq P(.l,‘?.t) - (.1 32-1) k/\(t) dt+ (ll-li fo ul)dt

t
+ (.2.1)3033&) ot . (7.4.16)

Further putting

t t
Mty at mw(t) , [ p(t)ex s u(t)
) o

5‘ Y(t) dt = V(t)
0

we et :
P(8)s8,et) = up[(slu.z-l)'(t)*' (sl-l)U(t)-* (02-1)\!(1),] (7.4,17)

Exoression(7.4,17) Ls identified by Maxtiz{1032) as the
orobability generuting function of bivariate Polsson distribue-
tion with parametey Wt) , U(t) and V(t) . The ombability of

Potsson digtribution corresponding to gener-ting function(7.4.17)

is seen to be



AT e Sinda e ARYR S HERT I A

k
PUEy) = emf(=(Ult)e V(t)s )] (47 ) <-J;;-1a :

> r) (!wa x
S ud (gl (7.4.18)

r=0 a' b* ¥

whoxe s = [U(t) - A{t)d>0

b = (V(t)~ wt)>0

k(F) a (ko) oo (kez 1)

and
s=soinlk ., 7).

7.9 Digtribution function of (S\lpfr&m 9;) ano (qufi,lnfﬂq )s

e nNow oroceed to derive the joint cistribution
function of two extreme of two devendanmt secuences of exceeda-
nces E;’t and 6¢. The number of these axcsedences for the
sequences G, and & will be taken n and m ressectively.
Thooe axcerdances con occur In the following three ways.

(1) There may be an excacdance for the secuenae ‘:t ut not
for the secuence O in the time (O,%] .

(11) Thexe may be an exceedonce for tho senuends ©6; but not
for sscuence &, in the time (D,t] .,

(114) Thero is an exceodance for both the sscuence St and
e 1in time (0O,t] .

First, we nrove two theorsms for the joint distri-
bution functiong satisfying the assumotion 'A' given in 7.3 ,i,e.,
(1) the secuences & ,%5.....5, ad 6, G,..., 8 of
random variables have their common bivartate distrzibution
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funetion F(x,y) with Fl(x) and Pz(y) as mexginal digtyibution

funct ton, and
(i1) the rumber of exceedances n(t) and f(t) in both the
vérisbles ere independent of their magnitude &, end @ .

Iheoxem 7.3.1 t= If the sequencescof random vazishles satify
the assumption 'A', then the joint distribution function of
maxioum of two dependent secquencesg is glven by

Fog(Xiy) = @mpf= U(L) = W(t)+ w(t) + W(t) Flx,y)
+ { U(t) = w(t)) F(x) + (V(t) ~W2)) F{y)] .

(7.9.1)
gxgofi= The joint distribution function F, (x,y) of the
max lmm of two cependent sscuences ig dexived as tim mathe-
matfcil expectation of the following conditional omobability

ol s ix. /n(t), Bt ) (7.5,2)
[ Poe® © X e/ Tt |

The ex ression for Ft.(u.y) is

- p| P & & . Sup O|_|‘ Y
(xev) p[m)et" " U« |

= Mo g, WD ok y t) , B(t)
baﬂ't‘(k)ﬁ«t“ * U / e . P 1

‘ | ] t (705.3)
'ZZ {mm" x St Faln |
n=0 meQ

Undey asssumption 'A', the exorassion(7.35,3) con be witton es



Fl r.' /'
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T % a(p y ox, s G y] PUELEY (7.5.4)
- P ek ™ o '
n=) mes)

Taking into the consideration the three gltuationg in which

thrae encecdances in two variables occur, thy expresston for
‘gup & 4x, up G %
P joﬁ’-kéngk ' et d
i1s given by

min{m,n)

Z {F(l'v)]r [F(X)]n-' ['?(vﬂm-! (7.5.5)
=0
where r 1s the numbex of exceedonces when the excesdances in
both thh etcuences occus.
Jvbetituting(7.5.9) in (7. 35.4), we Hbtetn

w oo min{m,n)

Feg®e¥) =57 57 [Fla ] RG]y ) ™ p(eled)
n=0 m=0 =0

(7.5.6)
oo o min{m,n)

- Zé > [P T [EGO] ™Ry )™ F
n=l) r=0

919[- U(t) = V(t) + w(t,]ﬁ.!n)_hmﬂ." L.\Lm.ﬁ.’m.:.)l'.

min(_nl.n) C ]l (x) i,)
% * luge) - W(tﬂ’ v(t) - v(tﬂ'

(7.5.7)
after P(E}'S) has been reclaced by (7.4,18).

Intexchanging and resrrsnging the sumations and the limite in



(7.5.7) we obtain

S T T i
Fog(asy) = expf= U(t) = V(t) + we)] 2] 57 3
s r=0 n=x

(1) e - Wt Rey)]
"Tr!!‘i-r !

Toxy o (7.3.8)

(%) Fla,
. oxofe () = V(1) + wn)] 5 LXELEL 2

x
ra0
S, (Wit - we)) Fix)] @ [V(t)-* (tHF(vT
{nr) | 24 (@r )t
n=z mey

(7.5.9)
= exp[- U(t) = V(t)+ At exup[wlt) F(x,y)]
exo | (U(Y) = w(t)] Fix) Jexol (UCt)-mt)iF(y)]
{7.%.10)
= axp)~ U(t) =V(t)+ w(t)+ w(t) F(x,y)

+{U(t ) ()] F(x ) o[Vt )atv(t) | F(y) | (7.5,11)

The distribution function(7.5,11) setisfies the omoertles of
distiibution function and we c¢an nat marginals from it by
subgtituting x s 00 , vy = @ as follows

pt;(.,.,“) 2 .;p[.ua; J=V(R)+w(t) s E(x,m ) W t)+lu(R)w t)]IF(x)
+V(t)~t(t)]F(o0 )]
= exo{-L(t) (1~F(x) )]
and

Fyglo0sy} = exp[=V(t) (1(y))].

These forme are same as givan(7.3,1) for one variahle case,



Iheozon 7.3.2 1~ The joint distribution function F.,(x,y)

of minimum obgezvationg of tupo deperdent secuences 1 given
by

Feg(xey) = Leoxp [U(%)]-am[L(t) (1-P(x))}+ expfaV(t)]

- oo [=V(t) (1-P(y))]= exp[U(t )-V(t) s(t)]
+ .:p[-..U(t)—V(t)ﬂt’(tli"!"-"(t) Pixay) P ly) TV(t)=t(t)]

« P(x ) [U(t bu(t)] | (7.5.12)
whezre
P(x) = 1-F(x)
P(y) = 1=F(y)
Pixey) = 1=F(x)=F(y)+¥(x,y) (7.5.13)

propf:- The blvariate distribution function for the infimum

of two deoendent secuences G;, and & of independent zondom
viri sh)leg 1lg dexrived ass the mathemoticil eunectation of the
conditional srobability

Inf €, I 84y / t), B(t | 7.5. 4
{mm W @ R PO | |

as follows

F N = P} s £ & \

Inf ¢ Inf & / "
IIIE ‘ » é t]' )
P[T(k)éfk  he T/ R |

@ 1= B p[l"' )ét"“/l(t)' P(“J-J

- E [_f_’(‘;)‘:hy A(t) . P(t)—!

gpInf & 5y, B Qe Catv), BlRY)
* {m)a" *una T "-( F ]

4
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o t
<r | Inf ¥ E

- 1"'2;1 [OGkﬁn 7 xN ‘]
n=

-7 o[y 0 g
u=]

t,t
ZP [Inff > %, 0125‘:( >Y N By (7.5.159)
n-:l =]

Undoy the assumtions which 2re given for maximum case the
bivazi ate dt.tribution function(7.9.15) ¢an ba wxitten ag

F'.u(u:.v) = L E-: {IM ﬁ, ) P{h:)

-V e (o P

m=i

S < (10t % sx, Inf eoy] »idet](7.5,16)
+ A"{oékhn Okltm =~ DB
m=] @]

Taking into account the three cossibilities of the events
Int §oox, Inf 9>y
"{rﬁkén“ ' Deism ]
is qlven by

min{m,n)
‘::7

- 4
Z [l-F(xﬂn r(l-F(vﬁ"' [;-F(x)-F(v)wu.yﬂ
31 0)

or

min{m,n)

—.

- '
> [Pxet )f[fptxﬁ '[P(yﬁ" (7.9.17)
a0
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Subgtituting the exorassion for the three orobabilities in
(7.5.16) ve get

@ o i
Fegroy) = 1= [l o8] 2 Coy) wlat]
n=] me]

® oo min{m,n) . ™ 44
e 1S Y eenfpeT T ] Pl
n=l m=) r=0

n
© axpl= U(t )] [u(t))
-5 o]

m ] ¥
n=1 .
® @ exp[~ v(t)] {v(t fm
- > ply) i 1
mx] )
oo o mn(n.n) \ | o .
DA N [F’(x.vlf [-’(xﬁ }n(yﬁ'
n=l  m=] r<Q
U(L )-V(t)+(t }] Luc "'W(t)? Lv(t )-W(t)f
axp J:- - = "
rnlg(ﬁm.n) [w(t)]' n(r) | .(t)
‘:Z:o x| [U{t)-"(t)]r. [v(t)-xs(t))!
(7.9.18)

whren P (E: )e P(E: ) and p(E::; ) orxe replaced with thelr

Vallle. f'm (7.2.15) and (7l4018) .
Reatrrnnging and intexchanging the gummations for l2st exdression
in (7.5,18) we get
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Feg(xiy) = 1 + op [ <U(t )] - exo [~ u(t) (1-(x)) |

+ oxp (= V()] exp{~ V(t) (1-P(y))]
- exp (= L(t) = V(t) + (t)]+ axol Ult) = V(t)
5 £ )42 )P(x, ¥y )+P{¥) (V(R )=W(1 ) #2 (3 MUt Jair(t)) ]

{7.3.19)

In tha next sections the results obtained in section
7.2 to saction 7,95 are ueed for nredicting recurrences over s

fixal donnger level,

L.bueollcotian of one dimenatonal thagry:

In this section results obtained in section 7,3 are
olled to the flond frequency analysis of river Narmads, The
resultg of saction 7,2 ¢to section 7.9 of this cheoter ig of
trmence orxoctical annlicitions, ‘¢ note Lh-t the verishles
undexr study are based on vary neneral corditions given as
assumtion 'A' 4in section 7,3, ‘e shall itllustrite below
tht ihe study of flood oheromenen ¢ n be carried using the
above results. It ig naturxal to have the data on flood level
at two differemt olaces for such study, 'R slso verify that
the assumption *A' are satisfied by 'flood lovela'. There-
fore all the roeults derived in the section 7.2 to section
section 7.5 cin be sorlled to this vaxiable and 1t will be
vossible to find the probability distribution of the excee-
dances when the flood level at a cextain ooimt of a river
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excedds gome oreassigned mark, Thigs may be halpfux/uianntnq
JUXI0 ses.

For illustr-tion we hove taken the cats on the
rivar Narmada at two pointsg L.e. Morxtokka and (Gardeghwarx.
liowaver, it has not been possible fox us to obtain the dats
on flood level but the date of flood discharge wag easily
made avsilable from 'central witer cormission®, $ince two
vazisbles flood leval and flood discharge are very highly
corT plated we have used the flood dischaxge as a oxoxy
varisble for the flood level. It may be recaélled thst wm
are using orly a oartiasl duretion data which 1g teken for
30 yoars viz. from 1948 to 1977  as indicated earlier. The
timg intexrval of intorest has been taken from July Ist
(which 15 stazting point for ralny seasen of ewery year) to
Octchex 28 for both the gtutiong, The exnzessien(7.3,12)
indicates that the estimation and orediction of floods is
nsos-tble through 1it, if ong hag the estimates of the orobabi-
1ities P(E ).

It 1s cleaxr from equation(7.2.1%), in order to
estimate P(B: ) . we have to evaluate the function A (%)
(the average num.ex of exceedinces in (0, t )., The function
A(t) foxr the gtotiong tiortakks end Gordeshwax is denoted by
U(t) and V(t) xespect ively and detemmined in the following

RAMNMST

* The authoxr ackhowledqes greatfully Dx. )\, li.Dag and Centxal
vater Commission for oroviding the required data,
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The partial dupstion series of woter discharge values
is divided into elght intervals of fifteen days verieds for
ndch yedx, As Gantioned eorlier, the baese level ig taken
as 110,000 c.f.s.(cubic feot oexr second) for both the
st tiong. The numbez and magnitude of exceednnces hagbeon
givenn in anoendix,

Zelenhasic(1970) has exnressed the functlon ~(t) as »
finite Fourier series baged on the analysis of dagta. Using
the same method, the exoression for U(t) and V(t) for the
axcecdances glven in aopendix (Table 1 and 2 ) are given as
follows

U(t) = = 9,2142856+ 14.0396824 ¢t + 6,3337143 t2
- 0.6944444 ¢t - 0,0181075 cos 43 ¢
- 0.0106729 sim 45 t + O, 0504091 cos 1233 ¢
+ 0,0083746 sin 173 ¢t + O, (Q3IBOYS ¢os S0 ¢t
+ 0,0738095 sin 90 t + 0,0i11111 (=1)¥

(7.6,1)

V(t) = = 1,3000000 + 3,7871573 ¢t + 7.5259740 t2
- 0,7373737 t3 - 0,0157369 cos 45 ¢
- 0.0110213 sin 4% ¢ + 0,0113997 cos 90 t
+ 0,0838383 sin 90 t + 0,0648711 cos 139 t
+ 0.0285776 sin 135 ¢ + 0.0086%¢0 (-1)%
(7.6.2)

To comongtrata the a2rooriateness of the model abgrxved and
camouted values of U(t) and v(t) are shown in Plqg{7.6,1) amd
Fig(7.6.2) . Thig has come to be an exceilemt fit.
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The next step ia to detexrmine the distributien function
of the flopd pesk exceecdances. In conslstancy with the
assumtiong of (7.3.12) , we ssmine that the excsedonces
duxing the given period sre indecendent and identicslly
distributed. The magnitude of these exceedanceg have o
common distribution function(7.2.11) with an unknown axa-
meter (@ J. For both the gtationg the value of thie daze-
meter of the distribution function(7.2,11) is estimated by
the woll known technicque i.e. maxioum likelihood method.

The values (cul. mz) of o for these twe stationg
are oresented Iin the following tsble(7.6.1)

Teble 7.6.1

station 66 ) o =[a(§ It
Mot akk sl ) 241037, 93 4.1487246x10"%
Gardeshuaz(ar, ) 33391.88 2.912187x10~®

The distribution function(7,2,11) can be caloulated now
for diffarent valueg of x . The obsarvec and corresoomniing
theoret fcal distxibution functiorig of the flood pesk exces-
dancts #Te yeorresentad in figure(7.6.3) and (7,6.4),

The distribution functiorng of the largest flood exceedances
for both the stationg ¢an now be written using(7.2.12) ,

(7.6.1) and (7.6,2) ae
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Feg(®) = (= 5,7333333 ¢~ MET296 x 10¢ x ) (7.6.3)

at Morxrtakka , and

Feg(Y) = em(~ 5.0333333 ¢~2-91212 x 1%y (7.6.4)

st Gardeghwax, where the time of interest was from July
Ist to Octhor . . | .

HBre x and y are measwad in c.f.s. . Fi9.(7.6,5)
and (7.6.6) compare granhically the distribution functiong
(7.6.2) and (7.6.4) and corresvonding cbserved distxibut lons.
A falyly good agrecmmrt betwgen theoretical snd obssrved
regults imiicates that the sssumptions urterlying the deri-
votion of the model are basically coxraect,

In the following the retumm oceriod ig calculated with
the help of distribution functions (7.6.3) and (7.4.4),

Beturn oaxiad:- As defined in (1.23.2), the retusn peziod of

8 particular valug x Can be written as

Tix) = 12277 (7.6.5)

substituting in (7.6.3) F, (x) and F, (y} for F(x) from
(7.6.3) and (7.6.4) , the expnected return cexinds foxy diffo-
rent vélugg of x and y are calculated s givem in the
following teble (7.6.2). The calculatud values are also
oresented qranhically in the Fig.(7.6.7) ane (7.6.8) ,
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Table 7.6.2

jiaturn oserind st Mortakka amd Gardeshwar

titaer dischsrge

100, 000
200, 200
309, 000
400, 000
500, 000
670, 00C
700, 000
800, 000
900, 000
1000, 000
1100, 000
1200, 000
1300, 000
1400, 000
1500, 000
1600, 000
1700, 000
1800, 000
1900, 000
2000, 000
2170, 000
2200, 000
2300, 000

Heturn 7erlod

raturn oeriod

at Moxtakka 3t Gurceghway
1.0232 1.3
1.0804 1. 0639
1.2373 1.1238
1. 350%9 1.3626
1.9478 1,447
2.6416 1.714
3.7001 2.4799
9,339 2.3820
7.8002 32,2619
11.5974 4. .17
17,2364 5.4074
23.8331 7.0%2
38, 83%00 7.263)
38, 5713 12,2221
88.4860% 16. 184
133.62% 21,4792
202,2080 28,3709
305, 87599 8. 087
461, 9004 80,7341
7100.2801 67,7598
1064 ,.73%9 90,44
1613,6840 120,909
40,2147 161.5117



L. Amoldcation of fun dimenaional thagxys

Here in, tha 1egulis obtalned in sections 7.4 and
7.3 e anlied to the gsame dutas which is used in nrevioug
saction, It was geon in section 7.6 that %, 's and 8,'s are

axocongntially distributed vith thelir rwenective distribution
functionsg

F(x) =1 - % * x>0 ,a, >0

1

It is also obvicug thit thelr joint bivariate
digtribution function ghould be of exvenential tyoe, 4g it
is vell known thot Anfinite rumber of cigtribavtien functiong
can exist corresgponding to glven naxqgirialg, thon the (ueastion
arises, whet should be the form cof blvaziate exoonential
distribution function F(x,y) given that x snd y themselvcs
are exvonentially cdigtributed. The commonly uaed bivarfaste
distribution functions which uxe having above gliven exponen~
tial marginals sre given balow.

(1) Tie Morgenstern distribution

Pl y) = 1-a %< &Y + %Y [1+ a(1-7%) (1-e"7)' (7.7.2)

{11) Gumbel's tye 1 distribution

F(x,y) ® l- %~ ¢ Y +amp(~- x =y +9x y )

x0, y3:0, 060 &) (7.7,3)

(111 )Gumhel’s type JII distribution



Fix,y) m 1 ea*c oY soupl={ x®+y" )tll (7.7.4)

(1v) The Marshall-Olkin digtribution
F(x,y) =l =@ * e +exp(=x=y-rnmax (x,¥)]
x 30, y30,2°0 (7.7.5)

{v) Maxdia distrihution

Fix,y) =l =@ X o"¥ + (¢ +of -t
n )/0. Y'}O (707-6)

It will be noticed th-t all the above disgtribution
functions exceot that of Mardia's distribution comtain an
unknown dengidence oarameter, The so called deoendence
naramptor can be estimated by the methods given in section
5.2 . The selection of bivarliate distribution function {s
deoeida uch uoon the egtimation of depgndence paxamater,
Due to complicacy of caleulationg it 1g not esagy % find
out the estimate for all the bivariate distribution funetion
with the help of all the existing methods, It ¢an only be
estimated elither by relating it to the differeat goxrelation
coefficienty or by the mathod cf oquadrants when tey axe
used in (7.5.1) .

It 1s again notad that foxr the above given Livariate
digtribution functions the valuas of the cetimate for depen-
dence naxameter xanges from 0,0 to 0,7 by mixtmum exceaot
Qumbel's type 1II, howeverx, in practicsl situstionsg the
correlation may lies botween -~ 1 to + 1 . dow we can say
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that the madn criterion in selection of bivartaste exnonential
cistribution ig the estimation of decemcence nazemeter.

On the baglig of the caleculationg for the cstimstion of
denendance caxameter, it Ls secn that Gumbel tye II digtri-
bution is an spprooriate form for Fix,y) in (7.6.1 ) .Substi-
tuting the oxoression of F(x) , F(y) and Fix,y) from (7.7.1)
and (7.7.4) in (7.6,1) v hove

Frglxy) = oxo | = Ult) & %1% - V(t) o= %2 ¥

+ w(t) exo [-— (¢ o, % "o a:zvf )*ﬂ (7.7.7)

and its marginals axe

Fy (x) = - U(t) o= %]
tolX) = om0 [~ Ut) e (7.7.8)

Ft.(v) = oxp [~ V(t) @ ‘327]

It {s worthwhile to mention, that the functiomil form
of the distribution function (7.7,7) in similar to the asym-
ototic bivariato extreme value digtxibution given by Guabael
and Mugtafi (1967) . loweverx, the umbel and Mustafi's
distribution igs an agymototic exorxassion, whete ag (7.7.7)
reoyasants an exoct (non-ssymtotic ) exoresston for the
bivariate distxibution,

The estimation and oxediction of the floeds by the
distribution function(7.7.7) Lg coestble, 11 one hag the
estinates of the congtants involved in (7.7.7). The constonts
u(e) , vit), oy, ad o, con be estimated with the help of



mexginals and these asre given saction 7.6, Wt} ( the

expacted numiex of exceedances in time ( o , %] €or both
the varistles) 1s exoresssd in the same way as 2 Fouriler
expansion in the following, ueing the dxts of excredances
given in sooendix (Table 3). The exorxession is given by

w(e) = » 3,214.836 ¢ + 14,03968M t
+ 6.3357143 12 - 0,694444 t7
- 0.018107% cog 43 ¢t =~ 0,0108729 sin 45 ¢
+ C.0zIBDS cog SOt + O, 7738009 sin 90 ¢
+ O,0883746 sin 35 ¢t + O, (5091 ces 135 ¢

+ 0,0008300 (1% . (7.7.9)

and orosented In F13.{7.7.1).

The devendence oarametexr 'm' may be eg¢timated by
relating it to the nedial correlation coeffietent, The
medial cozrelation coeffichent (Y ) can be exoressed in
the form of bivaz]ate distribution furction F(x,y) and
its marginals P(x) and F(y) as follows

Vo 4 {F (%.§) = F(®) F(y)] (7.7.10)

whate & and y ate the medians.
For our cage the bivariate and univariate distxibutione
are given 1n (7,7.4) and (7.7,1) respectively amd gonse-

quently
Y= 4[1-.' %3 x o %o Y + axp ['k"_[ P X, y)‘]tﬂ-l

(7.7.11)



Substituting the values of o), &, . ¥ and y in(7.7.11)
we can find out a valug of corresponding to cash vajue of
i
b( =d),
The valucg nf o, wnd o, for tha %2ime inteyva)l from
firgt July to 28th October are niven by
®  4.1487246 x 1070
x, = 2.91AMT x 107°
and from Apoendix (Table 4 and 5) the veluaey of the mdiang

® and axe

)

X = 173004,%0
y = 243313.00
After estimating all the constontg 4n (7.7.11) we give now

a teble for the valug of YV corresponding te diffarent values
of b,

Table 7.7.1

The volug of deoendence Madial cerrelation
paxameter (b) -# cosffigient

1 0, 09966

0.0 0, 113625

0.8 2, 234780

0.7 € .234973

0.6 2, 436216

0.9 G, 530144

0.4 0,640073

0.3 0,74 324 2

0,2 0.942173

0.1 0, 94 486



)

The next step is to caleulate the value of <he
madial correlation coefficient. Granhical oroceture
degcXibei in section 5,2 can be followsd to estimate the
vilue of Y which is iven by

whore n = total numbex of roints which are olotted in »
scattox cigrsm as given in Flq.(7.7,2)

d = the fotal number of ocoims in nodtive quadzant
and its opoosite cuadxong,

From Fig. (7.7.2) we nnte that

n = 115, and d = A8

whence

Ve Hf- 1014962 ~ | = o167

how tahle 7,7.) ¢:n be used to irtercolate b for the
above valug of ¥ , The corresocnding 'b' cemes to be
0.9357 (esporoximately).

Return veriod in bivariate case -~ the return nexiod in
bivarfate ¢cies ip defind by

T i3 —*11:‘
o{MnY >y )

or alternatively oy

——-L——
.I.-Ft'(l) - Ftﬂ(') * Ft.(xp')
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Substituting the value of F, (x) , Fy (y) amo Fy (x,v)
from (7.7.7) and (7.7.8) in the above exnression we have

T - 5 W, ) .
X ¥ 1 oxp (= U(t) = ®1* ] = oxp (= V(%) 0~ x,y|

X

+ oxo[ - U(t) " %" - v(t) o~ %2Ve w(t)

o [ { ( all)'+ ( oxav)" )JM )| “f (7.7.12)

J

Using the astimates of o, &, U(t),V(t), Wt) ad =,
the return oeriod ig caleculated for eome value of x and y

and entered in table (7.7.2).

Table 70702

“atnr discharge Raturn psriod

100,000 1.0617
200, 00 1.1273
3N, 000 1. 433
400,200 1.7M0
300, 000 2.4)43
600, ONO 3.978%
700, QOO0 3,5614
800, 000 8.9428
900, 200 14,724%
1000, 000 24,6090
1100,000 41,9077
1290, 000 70.3229
1300, 000 119.2733
140,000 208,99%



