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CHAPT R 8

*EXPECTED VALUE AND MEAN SQUARE ERRCOR OF VARIANCL oSTIMAT:

In thia chapter we shall state a rule of proocedure
for the estimntion of the true error and obtain
sxpregsions for bins and mean square error of the estimate
thus obtained.

let us have the following tadle of the ananlysis of

variance. Them our rulc of procedure

Table 8.1

Analysis of Yarianoe 1 Component of Variance Model

. Degree of lean bLxpected
Source of variation Freedon Jquare ¥esn Square
Treatments n,

- L2
True Error n3 73 43
Doubtful Lrror 1 2, v, 3p°
Doubtful Srror 2 n, Y, "i2

for the eatimation of 332 13 as follows 1@

® sonsidered in a ninilar context by singh (1971).
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Now; we evaluate individual aomponents of E(Y) in (8.1.1).
Let

Ly » 2(V/( vz ET% < 2)) P ( ? % -72 f%)

(a) Por Ly

Then to evaluate &,y we nake the following

transformation

Uy = nyoy Vyo3

¥

e V2
v
v,
in (8.1.1). The Jacobian of transformaticn is
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end the joint distribution of Uyy U, and Uy 1s given by
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It we integrate u, in (8.7.4) ao & gamma wvariate, we
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which may be written as

where
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We shall firet evaluate the integral 11. Applying the

transformation
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n n
dere
t=
n, n, Nu, + 1
+ Uy +
A=A
in (-3-1-7), we sﬂt
P k,
( nzz (3—12 n1/2
; ; 1
o o
n,/z «1 2
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in the above by the Binomial

If we expand (1~t)
Theorem, integrate with respeot to t and simplify, we

get
n oy T’
I, = (=22°T) > . )
1 By a0 1 ( 5%2 le1)

(Be 14 10)
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in (Be1.11) and obtain after some simplifiontions.
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If we follow the same procedure as in the evaluation

of 111| we obtain

. n,
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Substituting the valuen of I,, and I,, from (Be1.14)
and (801016J in ‘301010), we obtain
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integrating on similar linea, we get

5
I
i

n1/2 +1

(D)
g = ny/7 +9 :3?;75 n3/§ nﬁ n,/2
<—;.> <—§\ —j& Ky

el )
n
1
-1 1
[ 2 \ 1 ' /1
- /n -n' [ ‘
? (-} -1 w v \j {;J-J B, (; +1-] 'é*:l)
w0 1/ B2 kg 3e0

Jubstituting the valuos of I4 nnd I, from (8e1.17) nd
L Bele16} In (Be1e5) und simplirying, wu cobtain
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in the joint deneity of V,, V,, Vs glven by (Be1e2)s The

Joint distridution of wy, w; und Wy is then given by
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1f we integrate w, in the above, we obtain after

simpliticution
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Now, we nmake the mubstitution
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2

3

2 n n,
+ —E-4— BX1 { —a--b i-1, "5'+ j+1))

If we now subatitute the valuees of 11, I, and I

2
from (841.27), (841.29) and (8.1.31) in (6.1.,23), we

obtain

3

241.32)




102

ny/2 =1, .
—— n,/2 -1 {(~1) n n
Singe e 1 - 3(.31L+1. _% )
1 na )
1=0 \ (-51 +i+1)

(Be1.32) begomesn
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o2 n .
« Ti— B, (=% +1=3+1, & + 3)
2 . N ]
3 n ! t
+ . 311( '% +1-4, ‘% +3s1) |
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(a) For ﬁé

To evaluate h; we integrate out V, in the joint
distridbution of V4, V5, :und VB and get the joint deneity

of Vz and V, aB follows )
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.. n /2 - 2 -1 l V V.

Let us apply the transformation

y1-V3

v
yg-vg

in (8.1+34). Then the joint distribution of yq «nd ¥ is

Ziven by
“23/2 -1
h( ' C, . ( . —2 ) |
Yir ¥z '—'72'-1’ xp |~ '2‘-"1".’3"" —2 )
¥, !

Hence

~ .

h, - ( \ Yq h(ﬁ,p 32) d¥1 dY2
F'1 °

If we integrate out y4 48 6 g:mma variate in the above,

we obtain after simplification



104

e

dy

(501035) Ej = KT ) E,’i *2?* ; +1 ’
Y2 Te, *T 7
2 T2 '3

where

n2/2 n3/2
nz,(%> (—?;)
‘2 J

2

{801036) K7 -

in (8.1.55), we get
. .. 2 23_ n
(3-1!37) ﬁ, L q; Ixu( ’ -% 41}
whe: e
[8e1e38) 13 =1 a Xo4
Finally, the expected value of V 13 obtaincd by

Hdding (301.19). (8.1-35) and (801037) and if prrlluld
as a fraction of qaa » 1t 15 given by
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& e
(5501n39) r\
9
-1121(%0»1.%)" + n’/ﬁ n?”
kgksy ky
i n /2 -1 ' i i \1
1\2 n,/i 1 (=1) N L; (;1)3
T Fran gl T
S
n n : n1
d£1 (_3' *1-3 -g' +3) - njﬂf n,/2
IL'/Z -1 /2 -9 3 . 1
Lo }(:"’,1 se 1) X3 gm0 Y 4
> - |
B, (2 vi-g01, €41 .
K, * —'a'zk4 BX1( "g‘ + 1~-3, :E» +3+1) J\!
Speoial Cases.
Cage 1. For By = P, = 0, that ie, when we never pool the

mean squares V.l, ‘12 and V,, we have X, = %y = O3 l:?5 = k4 . <
and

k&lﬂ!w) E(V) - 332



106

Case 2. For [’y = E}z = <0 4 1,e., when the three mean

squares V¢, V, and 73 are always pooled we have
X21-X1-1|k3-l‘-1 and
2 2 2
n.‘ r")'1 L n2 “72 +» n5 e

(8.1.41) 5(V) = “12; 2

Case 3. PFor Bi - c o, {52 w0 , 1.¢., when only two

mean aquares V, and v, are pooled we have 121 - L= 1,

Ky = kg = == , and

(Be1.42) V) =

8.2 Mean 3guare irror of V.

Iin order to find the mesan square error of V, it is

negessary to find E(Vz) and then to use the relation

(B.:t‘) .311.(") [ ] E(vz) - 2 '332 f,(V) + '\TB‘

If we follow the same method as in the case of L(V), we

zet
2 (ne 2) % s
2(V) ﬂzf 2 nyin,+ t;al n n
- I ’ 2
R i %;r xm('% -+ +2)

(Be2e2) . 2n2n2 “921 1, ( 2‘3’ 1, :% + 1) -

n23 21
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Tlng Dmpr2ng) (B, %
Ny n23 1

(Bara?) “
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(_1)1 { <;L [1_

n
(—%2 +1+2)331

r BI1(22' +i=-J+2, -n% )2 CR
{ = . k4k3 Bx1(-§ +1=g41 EE*J+1)+

A

(Q IR
(:g +1-Jv +3+2) ] i |+

J

ny/2 +1 Iny/2 +1'
S |

{\13 (n123 +2)

s 2

nyo3 kg Ky

p* | - k‘) (;2)1 By (;2*1“3'2%”) 1 l
j 4

n
2 i
( +1) k3 - j-O

/
2 a (n1 231'2) n'l/ 2
+ 12 3 /2 5 ™ /2 \
By S mofe L
nyp3 X5 Ky Ky o -
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(=1t /i \1‘] (;2)& ‘
(22 y101)x, L:-o i) e
(8Be-.2)
5 n e
-;';J}-( -,-g- +1=-3+1, 2% +3) + {i%i- Bx1(2g_- +1<3, -g» +J+1) j ’ L
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%'L’iﬁ’}i 4‘2"; 121(-% -'%m)u

n
3 3 nys3

+

(-a- My B s1) = I, (33- 2 +1)

(_3 o -%) _ 9152)(12: 2n3)

n, n23
+2)

1121(2% +2, :%)] + i?[ u,‘,/r . §15°

Ny K

o .
1=0 | } (:%7- o1)kyt

n

) .
"’11(";,‘ s1-3y %+ 3 ’H ,
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L o n < i k

i Bx-

L _r; (E% +1-3+1, 2;‘ +]) + “gfl nx"(:g' *1-30% 03*1)]]}'

(Boce3)
("W |
(

n,/2 =1 1 d
By, e n1/2 -1\ (=1) AN k P
oY ( s 1w
1=0 3

n 2
311(-% +1-’, '!:g‘ OJ)JJ ] + —n-l {l_—.ﬁ.&_ P

.
) et o (:) "
. & k
V! /(251+1+1)k3’- " im0 4

.Bn(:g +i=J01, :% +3) + -%1 BXI(E% +i-3, % +.‘I+UH ] -

/ 2 =1
i“ (ny + 2mpy) <~ f"’/ | (-1)*

: |
o3 1a0 ‘\_‘\ t "_L%; r1e2)k, !
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i
! k., J ,
L Zi_ [; (;%) :lg BX (2% +1=342, f% +3) +
=0 3
\ L] ).3,"
2 Cg) n2
"*-22 B, (-3 + d=daly, —F +3e1) »
ky kg
So3° 1) \‘ ]
+ — 5y "% g, Fop) 1]
ks B
Speocial Caces .
Cgse 1. For ,91- %2- O, that i», when we nuver pocl the
mean squares V,, ", and Vyo Wo got
4
2 I
(8e2.4) V(V) m e,
ng

Cage 2. Por “ .= [ .m <, 1.6., when the three mean

sQuUAres V1, V_, and V_ are always pooled, we ot

2 3
n, 51‘ on, 5% Dy i:i
{Bot.’o‘j) HBL(V) - 2 nL%‘ +
423
n 2 5 “
2 2 27 P
(r 7"+ B 7 - 3% n1_L23 )

Cpee 3. For 51- 00 , ‘52- 0y 1:6., when only two mean

squares V, ~nd Vy are pooled we get
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4 4 2 2 2.7
N, 7 + 0z T, ( 55° = 03°)

.y 2 3 73 Mo\ 3
?Bonfoﬁ) HL(V) w 2. """-_& + r—

o]
Nox

6.% Mathematical Resulta.

R.!nl! gz 2. I
For a given svt 0of degrecas of freuvdom nd ¢j3' ¢23'19
the mean value of V expressed as a fraotion of ‘3L is

greater than (1 « <41 =~ ~,).

£roof 1 For Q13- 6923- 1, the joint distribution of
mean squares Vq, V, and Vy given by (8.1.1) reduces to
ny/2 =1 n,/2 =1 n./2 -1
. , 1
ilisdel) g(Vqy V5, Vs) = C' V4 v, v;5

-

oxp [- n1V1 * n232:+ n373 1
: 2 .
2 JS
where
C' is a oonstant,

Lst ua apply the transformation

ne ¥ A/ n, V

1 m, Vo' 2 n ’
2 Y2 1 Y4 2
2 ’3

in (8.3.,1}), Then the jacobian of transformation in

(2 55°)°
n, Tty Uy

and w ie given by

w? and the joint distribution of u,, u,
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2 -1 ¢ =1 . |
h{a,, u,, w) « C u:j/ u;23/ 'n12}/2

,, o a2 )
exp ‘:- w (1 4+ uy + uqu, )1 *
where
(tie e 3) Cow o J_ —
n, 'nz f%
2 1Tz

Now, the estimate V und the ranges of integration ‘or

the vuriables uy nad u, are glven as tollowe 1

u?

(1) 0 < ug« w3, 0 “uyc 1"537 '

. 3}2 w(1 *u, ’“1‘2)

and ¥V =
o3
u.
(11) 0‘.-'~u.|cu'1',°1:§;su2(:(n
2
2 5g° u,w(1 su,)
and V¥ m 2 % 1
23
(111) uj < g oy O TUy T
2‘5"2\1\1 w
and V-—:——LL-n3

where

uy = n, I
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let 2+(V) denote the expeoted value of V. Then

e ded) C#(V) = &% + bL® + E®
Sad L (V) ] + > +
where
Rl 5 - 0 < . e <. . s ))
Ly = 1 & /( S My & gy 0SB, < ?:57
u‘
P(O <uy< ufy 0 ~up < )
u3
ip = B(V /(0 ¢ uy < ufy = cups )
M2
P(O < uy < Uiy 1+u1 2 <o)
i‘;; - B(V/(u‘ < u1 e s O < uy < O )
P(u; < u1 < e ’ 0 < u:? LN )
tiow
u; u§
i 2 1+u o
: -'.' 2 = C 1 ”
{He3e5) E1 - 3 (

n3/2 -1 n23/2 -1 n23/2
(1+ugeuquy) u, u, w

exp [- w(1+u2+ u1u2) dedu1du?
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Integrating cut w as a gamma variate, we obtain

uy  u3

u u du.,du
(8.3.6)  Eo = K 922 ( ] 4 1
1 3 !
0 o (1+ u, + u1u2)

vihere

18.3.7) K |B (5% ’ :§) B (%1 ’ ;l ) 'J-1

iIf we apply the transformation
u1-w1

w
u, = 2
2 1+w1

in (8+3.6), we get after simplification

l;‘ n,/2 -1
. ) *‘ w dw
[BeB.13) E = 'gzL ) - “23/‘3"
B(% L %) 0 (1+ '1) '
u§ n23/2 -1

' | =t
{ > R | M2 |
MR g Ctewy)

Using the relation between the P-distribution and the

incomplete beta funotion, (B.>.8) may be written ase

2

| - P
(430309) -E‘1 = (1 - 9(1)(1 - 0(2) -3
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Since h; and n; are necgessarily non-negative, we have

from (Bes3e4)

’ J.'.. ¥
(8e3.10) ;2) > (1= ) = )

3

Result 8. 3.2

For 6\313" @23"1’ Al B Ay - ¥ 3 B8y o the
bias expreseesd as a fraction of 032 {8 greater than

')(‘("K- 2) .

Proof « Prom (8.3.10) the result follows immediately.



