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PNAMIN PROGRAMMING APPROACH TO INVENTOHY TYPE PROBLEMS
HUICN X s THE WAREROUSING PROBLEM

f.1.1  INTRODUCTION

Ine of the classioul problems of linear prograzming is the so salled
vareshousing problem wvhich oun be considered as an inventory type problem,
The probles can be stated as follows 1 Uiven a warehouse with fixed cupacity
#+d an initial stock of a oeortain product which is subjsect to known seasonsl
vrice apd cost variations, what is the optimml pettern of purchasing (or
procuetion), starage and sales 7 The probleam was initially formilated by
e hn [ 13_7 and Charnes and Cooper [ 20_7 gave an analytical approach to
cov ¢ ouscs where more than one commodity is traded and nonlinear priscing is
- iowsis HBellman [ 10_7 and Dreyfus [ !5_7 have given the functional
- ustion mpprouch of dynamio prograaming for a single commoaiity model,
i atman [ kY] _7 consldored a multi-product model and -ave the metrix formula-
70 mothod to solve the problea, 4lso, he aonsidered this problem as a
i 0 ial case o' the sharteasat route problem, Here, we give a funectional
- aetion spproach of dynamio programming for both single product and sulti-
- wuet models, In addition to the commedity purchase costs and svlling
sric 18, wo 4lso sonsider the storage costs. These coatas sre wasumed t. be .
noar funetions. To assist the computational aspeot of the problem, a
- waputar progrem is written in FORTRAN language., It is alao run on a IEM 1420

o ters
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4.1, FORMULATION OF THE MODEL - 8ingle Produot Case

Given the purchase costs and solling priees of a seasomal product
in swoh of the n time pericds, we want to find a soheduls for purshases
sur eales o0 ap to maximize the over-all prafit. A varehouse of 'b';lxod
capacity is available for etoring the produot between the time of purshase
s gale. There is aleso a storage cost whioh is proportionsl to the unite
tored. We shall assume that the warehouse is initially espty and that

the stoek at the end of the periocd n eshould be sero,

“otations
During the 18 period, let
8y = unit selling prioce,
Py = unit purchasing cost,
X, = quantity purohseed,
y4 = quantity sold,

hy = unit etorage (bolding) sost.

The constralints are as follows 13
(1) Buying constraint i1~ The stook on hand at the end of gth
period eannot exoeed the warshouse eapasity,
(11) Selling oonetraint -~ The quantity sold during the i'h period

+angot exooed the amount available at the end of the peried (1-1,.

(111) Nonenegativity oonstraint - The quantity purobased or sold —

iu-ing any period are non-anegative,

Lot w be the warehouse sapaoity. Then, mathematically, the above
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:omgtraints ean be expresaed as

1
(1, >_“ (tj-y.!) S W 1=1, «ees n
J=1
i-1
(11, yi N >___ (xj - yi) » 1i=1 ..., n (401)
=1
(111) !1 » Ii >’/ Q i = 1. esep N

The problem is to determine the quantities x; and y, a0 a3 to

snwvimize the profit funotion

n i

o= 2_ % (Biyi - pixi) - hi(xi - '1) S (‘0 2j
i=1

[N

Jaet to (4.1).
‘e d  DYNAMIC PiOQRAMMING AfPROACH

Let u be the level of inventory attalned at the end »f the period
snor investigation. The choloe of u will be saulled the *® poligy ®
.o1- thet peried and we ! -h to determine the optimsl sequence wuj, U2, s<., Up.
tnow the initial stoek is sero, it is clear that the maximum profit is a

canstlon of the level of inventory at the emi of the period under oonsli-

“nration and the duration of the prooess. Clearly, u = x-y oand it is —

c»-3 than or equal to the maximum capasity of the warehouse.



Let us now define
c
£.{v) = Max i P }( (4.3)
+hore the maximum is taken over all admissible values of x; and 2T

Using the prineiple of optimality of dynamio progrucming, the

~sa3urrente ralation oao ba obtained as

folv) = Max z('n’n" PeXn) = bylxp - yp) o £, () 0
xul'n>/o _
0O<W oW
= lhz i ::'n o [(lnyn- P Xy - hn(xn-» yn)Jo fn-l(“)J
o<« w In- yn, u
s Max ) Ro(u) » £, . (u) )\ (¢.4)
O <M< W 2
e
[ ,
B (u) m Max \ (o y=px)-h(t-y)} (4.3)
A XY 50 ( o’n” Po¥a n‘*n~ Tn )
Xp=Tp° 1

‘ince hn(u). the profit during the nth puriod, is a linear fumtion
'n X, and y , the maximum value of (4.5) can be found cut in a siuple
say, Having found out R (u), we ssn use (4.4) to find out the optimal
~urehasing and eelling policy and tha correspoading total profit over a

~1isnning horison of n periods.

“, 1.4 NIMERICAL ZXAMPLE

Considar the following exsaple, the data for which ig given in

1

\

U



trile 4.1 where py and ey are unit purchusing and sslling prices.

bar slieplieity, let us asaume that h1 sh=] forall §{,121, ..., 12,

‘21w be the warehouse capacity and the initial stock be sera.

Table 4.1
1 2 3 4 5 6 7T 8 9 10 11 12
. 18 1T 15 18 17 21 2 18 19 14 1T 18
oy in 15 17 18 20 22 19 17 18 20 22 21
dnce the initia) stock is zero, we have the following sclution,
iried 1 = Oinos 8, < p1 » We have
Xy =0,y =0 and u, =0, Hence £,lw) = 0.
wriod 2 = Slnce 8, = Py anrd h = 1 , wo have
X, T0, 5,20 end u, =0, Hance fa(w) = o,
awrdoal 3 = Sinee . > Py » vo have
Xy 2 W , Yy 30 and uy = w . Henos fs(u} Be16 W,
ortinuing in thls way, we have
clod 4 - x =w y v sodu = v Henos f‘(w) = = 15w,
lod B - Xg 7 Wy ¥y T W and ug= w. Hence fglw) = = 13w,
“lod 6 = X, =0y, =w andu, = 0. Hence falw) = 9w,
vilad 7 - Xy X0y yp =0 and ug = 0. Henoe fglw) = 9 w.
ilod B -~ Xg 30, yg =0 and ug = 0, Hence fglw) =9 v,
srdiod ¥ = Xg @ w, Yo =0 and ugz w., Hence folw) = - 11 w.
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“arlod 10 - :10 = W, ’10 =w and “10 = w. Hensce tlot') = - 10 W,
Sgriod 11 - 311 = w, ,'11 = w and “11 = w, Henae flltv) LI ' N

erfod 13 - xp ®0, F,=w and W, =0, Hense £ .(w) =15 w.

Hence the maximum profit over the entire planning horison ie equal

"o 13 vo The optimal policy ean be stated as follows

Buy the produet during the periode 3, 4, 5, 9, 10 and 11 up to a
mavisum of w unite and sell thea during the following period., If v = 100
znite, then the smaximum profit will be k. 13500. The computer program
‘written Ln FORTRAN) is given in Appendex. The program hes been run n a

41 1830 eomputer systes.
4.1.9 MULTIPRODUGT MODEL

Uaually, ths problem that is encountared ip of designing » polloy for
. multiproduct model rather than for a single produvet molel. The sulti-

or -duet model san be stated as follows 3

Qiven purchase acosts and selling prices for each af the m produetys
‘nw amch of the n time periods, it is nesessary to schedule a purchasing
anvi selling poliey 8o as to maximize the over-all profit. A warehouse of
! ired capacity is aveilabls for staring the produsts bstusen the time of
rarobase and the sale, It is assumed that the warehouse is initially

. wpty and the stosk at the end of the a'® period should be sero.

~ontations t

“xtending the notations used in the single produst model, we write



2, = unit selling price of xth produet during the gth period,

k=1' .-.,l]l.:lp.-.,n.

Py = unit purchasing price of kth produet during the gth

p.rim. k= 1y, ceapy H 1= ly suep n,
: . th | th
X, = quuntity of the k~ product purchused during the 1 period,

ksl'...'.' 1“1,-..,:1.

quantity of the k" product sold during tbe 1M pertied,

-
-
‘l

izl).oophi k=1,....m.

=% hy be the unit holiing (storage) coat during the ith period whisch
+ asaumed Lo be indepondent of the 1tem atored urd let w Le the warchouse
aosnlty,

The consiraints, then, are

)

Juying constraint .- The stook in hand of all the m proxiucte al the

ona of the 1h poriod cun not exoeed the warehouse ocapacity.

th pt aduct sold during the

{*} Jelling eonstraint - The smount of the k
ith poriod van aot exgwsd the smount of the conmedity availabls st

tha end o: Lhe provious period.

111) Nonenegativity sonstraints - Cuantities purshaszsd or sold of auy

produet during &ny periiod are non-negatives.

ihe sellii: constrsaint statod above reflectes the faclt that the

4.ierant coznodities do not interact on the salea aide,



The prosedure developed for the single product model can be
sniended to encompasa this problem. The profit funetion, to be maximized,

~nti be written as

n B k kE k k 2 Mk
2w 500 (ag ¥y -pix, )= > he d @ - % ) (e.8)
J_ 2. \ag 1 ) i .
i=]l k=1 1 1 i=1 1 k=1 ! :
wiih) 2ot Lo
o & ok
(.l) t’._ 5__ ( xj - yJ ) € W 1= 1’ seng N
=1 k=)
i-1
k : .,k k
(ii) ,'1 S 5_' (l - ’ ) ’ k = 1, svep .l 1 = 1] esep R (‘.7)
i T
k K
(i..lij 21 » yi ?/ Q , k= 1’ secpy B 3 i = 1, saep Ny

4, 1,86 DINAMIC PROGRAMMING APPROACH

st u be the ecubined level of loventopy ol & produgis at Lhe
et of bue period under eocuslderailon, then
1
S k k
a o= 57 =y s 1=1 n (4.8)
k=l
;a1 sinee the maximum capseity of the warehouse is w, u < w. Then using

:he functional equation approseh of dymasic programaing, we can writa the

- myurrence relation for the a perlod profit aas

» [ ]
= T ok Kk k k N k K = ‘
. (w) = Mex }_ (.ﬂ Yn = Pn X, ) - hn ?..1 (xn - Y, ) . tu_l(u)
P k L:l A=A
X0 ¥q 20

L RS I )



1
, . . .
= K Mok ok
= Max Max [ > (l: y: - Py l: ) - hn ) (!n- !n)J
k=1 k=1 )
o-u-w( K K
) -ﬂ:n’ 'ﬂ. ?/ o
!
SR ALT C oy (4.9)
kmg " -1 | *
z
snare £, (w) demotes the maximum profit ovar the n periods vhen thure
»t« m produste ard the eapaeity of the warshouse being equal to w.
xo aan write (4.9} as
" Max L S et w ) (
f (v) = i (u) e u) 4.10)
1 o<W o -1 4
~®
w 5 k k Bk 0k
i, () = Meax >_ (lll: y: “-Ppp Xy ) = by (x5« 7, )f(:s.u)
" k=1 k=1 A
X s ¥y 0
n_
) (- 7p ) =
k=1

: (u) belng the ot® period return when there are a produets for

rargideration,

=, 1.T NUMEKICAL EXAMPLE

Consider a six period, two-produet problem vhere the purehasing
.rioes and the selling priees are given (Table 4.2). The mamufacturer
lecision maker) san stock either of the two products or a ecombipation of
“nem up Yo the totsl sapacity, w , of the varehouse, Given that the initlal
inventory of the two products 1s sero and it is desired that the fioal

Lok is also gero.



Table 4.2
i Produst 1 Produot 2 |
E Po:lud ! : " : " m;
. ’ Py °
. a |
1 . 28 23 n a2z
2 n v » a
3 | as %0 26 | 26
¢ n 21 2 7
5 = 2 w e
L } s | 3 32 [ 46 J'

Lot hy mh =1 for all i. We aball use equations (4.11) and (4.10)
1 obtein the mexiwum profit for the six period problea subjset to the

~oratraints given in (4.7). The optimel deoision poliay ie given in Table 4.3.

Teble 4.3. Optimal purchasing snd selling policy.

—

!
‘ Produet 1 Product 2 Stook et i
veriod i the end of | Total ‘
3ell 1] Pureshase 3ell Purehase | the period profit |
- v - - “ . -2
a W W ‘ - - 1" : =2
: ‘ I !
4 ; - - v i W f 7 -13v
! i ;
B ' - - v : v ’ v - 4w *




i+nre, the optimal policy can be stated as follows 3

During period 1, purchase product 1 upto w units and do not
sarnhase product 2. Since the initial inventory is sero, sell nothing.
juring period 2, sell all the products purchased during the previous
a»riod and purchase product 1 upto w units and do not purchuse product 2.
iring period 3, sell all the products purchased during the previous period
4. purghase product 2 upte w unites and do not purchase produst 1.
wring 4% perlod, sell all the products purchased during the previous
220 ol and purchass produot 2 upto w units and do not purchase product 1,
Sing next perlod, seil all the products purchased during the previous
worrod  and purchass product 2 uplo w unite and do not purchuse product 1.
Taring the last perlod, sell all the produsts purchased in the previcus

z+riod and purchage nothing,

o i



Ao ION XY ¢ MULTISTAGE INVENTORY PROBLEM
4 2,1  INPROLUCTION

An inventory can be defined as a stoak of items which is held for
wra purpose of future production or sales by a manufaocturing eoncern or
b o dealer, Sinee inventoriea ecamtitute an alternative to produetion
3 purchese during the future periods, the seleetion among the polieius
Hagond upon thelr relative profitabilities or losses. Some of the gost

sectors that determine the profit or loss ure (1) the costs of ardsring or
g ifaoturing, (11) holding or storage coats, (i1i) unsatisfied demand or
t10-tage penalty coats, (iv) revanues, (v} salvage costs, and (vi) dis-

vzt rete.

The iaventory model studied hare is an extension &nd modifisation
= nhe model formulated on the optims]l inventary policy by aArrow, et.al,
¢'3 ], Bellman, et.al. / 16_/, Dvoretsky, st.al. / 36_/ end Xerlirn / 53_/,

«,2,2 FORMULATION OF THE PROBLEM

The problem that is considered here is concerned with the stooking
ai 1toms to meet an uncertain demand, ussertain in the senas that only the
. robability with which the demand will be in any interval of real aumbers
+» taken ta be known, under the assumptions that thers are various coats
~uspolated with over supply and under supply. At various specitied times,
~here is an oppertunity to order supply of a esrtain ites, vhere the cost

4 ordering depends upon the sise of the order and some other cost which



is fixed por order. At varicus other times, demands are met from these
+to0ks where the demand is not known in adwance, but the probability
‘{atribution of demand is known, The following ussumptions are made in

! mol  §

&Y The known probability distribution funetion of demand is assumed

o have & gontiouous poeitive density funation @ (), for . - O

.11) Unless explicitly stated to the contrary, it is sssumed that the time

{a: batwien the ordering and the delivery of a ccamodity is nogligible.

"111) The storage or handling cost, 1f any, 1s assumed to be a funotion
i stoek on hand at the end of the perlod, 1.s., ths storugs cost 1s givem

oy & funetion h{y- ¢} 4f y > ; and 1s sero if y < .
‘4+) There i» no backlog of exceass of demmnd.

The cost of cbtaining » units ordered at the beglaning of the
sariod during wvhich the desand must be supplied froam the etock, is assumad

.o have the form k ¢ a(a) wvhare

ofs) =

share k 1s the ordering cost, o ami k beling constants.

Ii the amount of demand durlng the period, ¢, 1ia greatsr than the
4 ount in stook, y, then a positive penalty oost p(j -« y) 1a incurred,

£ <y, them p{i-y) = o,



When the stosk is grester than the demend during & peried, a
~nuitive storage cost (v~ )and s positive salvage gain u(y-: / ure
tncurred, For : > ¥, h(,—g) = o and u(y-)j)) = g, The unit sals

r71%e8 of the items is assumed to be a sonstant, say r per unit.
4.%,%  LYNAMIC PROGHAMMING APPHOACH

Lot x denote the stock level at the beginning of the proceas, The
“rvblam 1s to determine an optimal ordering poliocy which will miniaise the

~v:r=-all loss, the procsss being carried ovar n periois, Lat

T.__,i(x) = the sxpeeted total loss for an n period process starting
with an initial stoek of x units anxi using an optimal

ardering poliey.

Ir wve consider a single period process, then we et

Yy
1,&} = Mo i k + e(y-xj 0J [h(y-3 J=viy- )-:-;J Pl i
y:x ° i B

o ) Lols=y)aryT ) a o (4.12)
y 2

<an & nuantity (y-x) > o 1s ordered,

Uaing the principle of optimality, the resurrence relution for the

pariod proces: ean be written as

} 4
1 (x) = Min ik o s(y=x) 'Jo Onlyms dovlym's sor s 7 9 (5

y X
o ,_0-.
¢ j[p(g-t’)-rrj @ () dse Ly y(os J¢(S)as
y y

y
o) Lpgly=y )op( IRLEE (4.18)
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vy taking into oconsideration the various casss eorresponding to the posal-
2111ty of an exoeas of demard over supply snd an excess of stock over

tosund, For n =1, (4.13) reduses to (4.12} vith £ (x) = o.

The genoral theory (Bellman / 11_/) impliea that L,{x) eonverges
*s L(x; and the optimal poliey yn(x) sonverges to y(x) as n besomes
targw. Let us introduse the conocept of diseoounting the future costs.

A 2 0 .« -1, be s fixed discount factor for such period, Iatroe

1aing | 1o (4.13) wnd s a becomes largs, the functional squation
rejucea to the form

T
t{x) = Mr ; k + e(px) *J Oaly- )vlp= der Jo(5)a
y X - o B i

o LGy Tt ay
y
- - 4
salllo) jPlody «) Lly=yich iy 71 (4424)
4 a ”

+tare L{x) 18 tho sxpected over-all dimecounted cost starting with en
irdtial stook of x units and using an optimal ordering polisy. If we
n-suise thet some af the items supplied upon demand may be partially
vrburnsd, €0 that the demand of s 1tema result in a return ~f y ltems,

1, which can be addod to the atock, then the equation (4.14)raeduces

. «
AT

t.- the orm 'y .
Lix) = Mn )k « aly=x) ¢ | [hly-3)=vly=s Jor, TB( )"
y x' © : .
‘i‘a-u
v LpCy=yiaoy /Pl iay
¥ O
- , 4 __ .
e L0l o] Ly=3e 20 i )a 7 (4.15)
y ° Co-
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If we alter the assumption (iv) of seetion 4.2.2 ani allow baok-
in-ging of excess of demand, the assoclated functional aequation tekes
" {orm

Yy
Lix) = Mn } k + o(y-x} * O hiy- 4 J=v(y- . J=r. Jc;'(_-i )

y x - o
. J[p(» ~y)-ry7 p( )dfw.ijl»(r-: Jplidd .~ (41e)
y ’ S o ’ -

i, ¥.4  SOLUTION OF THZ PROBLEM

We shall now characterise the optimal ardering rule far the

2 inite stage problem. Hewriting equation (4,14}, we hava
. 4

Lix) = Ma > k ¢+ o(y-x) ’Ji [h(r-} J=v(y- . J=r _7(,)( 5 M
y. x- o ' o

d J Lo =yiry T (50§ ea lo, [ P(gIR:
y - o
4 o
> L(r—g)@(;-’)dii ¢ (6 17)
o 73

If the winimun is attained at y >x , then we have, undor the nsaump~

firns that the cocst functions are linear fungtions,

y (L ‘
Coe v | GliMg=B e [ Pl
° y

o, -
+L\J L (y—g,) 55( g)d% = 0 (4.18)
iy
varwover, for this value of y, we have

L (x) = = o _ (4.19)



123

mation (4.18) oan be simplified to obtain
" T |
(c s+ h-v)- (h-"p’r)j Psiay e Lidy-1)P(20a: =0 (4.20)
y o
‘oasider the equation

: y
L(x) = Min %Lkm(y-u o] Cnly=5)=vly=5)- vy T80 55
y.x o ' i

ke S
"j [P('E_y)-l?_?g)(“j)dg tc\’L(o)';(p(i)dg
4 “y

Y
s ) Ly-3) Pluid (4.21)
a o

+hare we impoase the conditions

¢,k,h,v, p and r ure positive constants,

& . O
Voo Tl e ) pliaay = ) s gCal

i1} per ~ o0.
[ |
Let x be the unique root of

0o

Y

ceh-y = (h-vepor) f¢( gl . xej @A s e

- - — 2
Yy 0

"hsn the optimal policy ia given by

(47 for oux - X , yax® (
4.23)
(11) for x -~ X y yowx :

hat ims, the optimal stoek level is x" .
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From equations (4.18) and (4.19), if wve replace the tera

¢ - -y _

l,'(,. ) gl s )ay by - e ¢ (s)d: , then the equation (4.20)
: o
“wiuees Lo

s

H . 4
0+h=v=(h=veper; J P(=d. = e J p(cia- =o (4.23)
y 2 e A B
‘iaplifying (4.23) , we got
p s+ -0

24 :
i plghs = (.24)

o i h-veper - @

+uich has only one root if SD( ') > o. Let this root be x .
For 0 4 X - x' s WO have
]
. s x . .
L{x) = xee(x*-x) vJ Lulx= 5 )-v(xs )-r:-]@(;)d;
o : o,

O

.| Cols=-x")-rx"7 9lsa

x
*

o X
calue) ) iy ¢ Lt @Ce T (4as)
RIE |

L+

1 L (x) = -o. Thus

L(ix) = L(o} - ex {4.26)
saing (4.26) in (4.25) and substituting x = o and simplifylng , we get

x*
L{o) = ko ox* .J [h(l'- E) - '(Ia_.“ ) - r?_?c;‘)( st -
. o , - )

T L]

' b {
’J‘L,[p(;-x')-rx'_?gb{_ﬁ;)dg-qoJo - ¢y ds& (1=<y )

| (4e27)



Knowing L(o) from (4.37), we can cbtain the value of L(x) from

i.28)e For x ‘/x' s W8 have

X e
{x) = J [h(x- g__')-v(x- > )-r£_7¢( : }d_:; "J [p(‘: -u)-rx_?p( )
x

o

e X
o L L(o)j PLsias ’J Lix- s Jp (¢ ds 7 (¢.20)
b 4 o

4inons L{oj 19 known, ve can rewrite (£.28) as

b ¢
Lix) = 2(x) L«J L(x =53 @ ( ) (4.29)
o

wrare /{x) 1s & funotion in x. Bquation (4.28) may be written as

[ 4
X=X x
1{x) = 2(x) vu()' Lixe s )0 (5 0y ea) | Lxe v )p(:dg
() - X=X ' S
x
tr the interval (x-x", x), L(x- t ) is known, hence, writing .|
" X=X
e iy )d:; and /L(x) together as 1l(x), we have
r x=x"
(x) = Ux) eq Lix= - )( s ) (4.30)
Jo -
iuplaeing x-x by 2z snd L(x* « 3) by g(s), we get
. s
#(s) = 1(x"e 8) + « | €= ) () (¢.31)
()

‘or 8 .. 0 p which is & eimple renswal equation.

heorom (Peller [3!_7) 1 Supposs that f(t) is a density funstion and

viat a{x) is continuocus. Then, the integral equation

X
u(x) = alx) ¢ )! ulx - t) £ (t)at , (x - o)
[ ]



-cugegans & unique solution, and if a(x) ; o for all x - o, then

IS ] 7 [ % IS

Using the above theorem to equation (4.31), we can deduece that

#in) oxists and that g(a) > © alnce l(x' + 83} 0.

+ 2D CXAMPLE
We shall spply the above approash to the following problem i

Conaider that the demand for milk at s milk-booth is of the negative
sxponsntinl with mean 50 cana. The coet funstions sre assused to be a»
oo blows ¢
k cofly-x} = 2.5 ¢ 10.8(yx)

Ay = y) = 1.63(!-3‘ }

vig-1:) = O.e8(y-.)

p(s=y) = 3,08(: =y}

r = 12.9

vy = 0,95

The probleam is to find the optimal stosk level. e sre given

__ - /5o
Glsny = “-%-- d,

Tubstituting the sbove values in relation (4.24), we have

X =3/s0
_3_ J e as = 0.79717
s ]



127

Thus, wo get

- !'/w
° =  (,26383

1e0e) x' = &7.0 (approximetely. )

4enee the optimsl stock levol is 67 oans.



