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Chapter-11*

O 5OMi CONTINUED FRACTION IDENTITIES OF SRI NI VASA RAMANUJAN

ORI MBI G RITI

1. IntroducEion\

The following continued fraction identities (1)=-(3)

and (1) found in tne "lost" notebook of Rananujan (term nology
due to ¢.E. Andrews /5 /), contain as special cases nmany of

his other identities:

- 2 2n+l +
c{o, Ad,b.q) 1_ 2&1_ ba+ g _ M n+_ b l+/\ CI21’1+2

(1) = -
?’( O, [:\ Iblq) l+ l+ + “o l+ l'+' LA
2 n
(2) Lt Al .k
1+ l+bg+ l+bq2+... 1+bqn+...
1 b+ b+ Ag"
(3) = : .
\ l-b+ 1-b+. .. [ -b+
and, nore renérally
Glag, Ad.b,q)
(1)
t:(a, A ,b,q)
2 +
1 ag+ )q;ﬁbq+/\q aqn+1+ Aq2n+1 bqn I+/%q2n+2
1+ 1+ 1+ C 1+ 1+ ve

* Reference / 12 7 is 'based on this chapter
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n(n+1)

g ° (= —) a”

O
(4) G(a,}\,b,q) = Z an .

(q) (- bq)n

It is easily seen that (1)-(3) are thenselves special cases

respectively of (I) above and (Il) and (z1T) bel ow

(1) Cf«?(aq,/\ q.b,q) 1 aqg+ )q aq+/\qn
IT S S
a, N ,b,q) 1+ l-ag+bg+ ... 1-=-aq+bqn+
1 b+ b+ qn
(111) = - Ag A

. : +
l-btag+ lab+aq2+... lmb+aqn |+...

(111) is an identity due to Hirschhorn / 25 /. ldentity (1),
aninence (1), has been proved independently by Andrews /5 /
and Hirschnorn £ 26_/.  Andrews has enployed G and some
auxiliary functic\Jns and a transformation of E. Heine; and
Hirschhorn has proved it by obtaining a closed form for the
n-th convergent. while Andrews /7 / has given a separate
proof (which is essentially the same as Ramanmani's unpublished
proof / 307/) of the "slightly tricky" identity (2) he has
extracted (3) as a particular case of (I11) which Hrschhorn
[/ 25 7/ nas proved by finding a closed form for the n-th con-
vergent. Many other identities of Kamanujan also follow as
pointed out by Andrews and Hirschhorn. However, we have

not come across (Il) nor the proofs of the following

namanujen 1dentities (1V) and (5) found in the "lost"
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(1v) <(agq, A qub,q) 1 A q-abg? M a"-abg?"
v = - ,

G(a, /\,b,q) l+ag+ l+g(ag+b)+ ... l+qn(aq+b)+ ver

1 ab ab ab
(5) S 2 T n

a+c-  a+b+Ccg- a+b+cg ...  a+b+cqg -

1 be bc be
= — C--/m _ _
c-b+a+ C-b+ S+ c-b+ %+. .. C-b+ %+. .
4 q

In what follows we employ as auxiliary function

Instead of G(a,)ﬂ ,b,g) a multiple of it, nanely,

n{nyl)
o 2 . n
. q (= =) a
(4 ) g(a,\A /blq) = (‘bq)w Z -
|, n=o0 (q)_ (~bq)
n n

and will th.e]zm eby be able to give a sinple, unified and self-
contai ned approach to proving (I), (Il), (1), (1v) and (5).
VW may observe that in all the identities (I)-(1V) and
(1)-(3) we nay replace ¢ by g. W deduce (1)-(IV) directly
(Section 3) from three easily proved canonical functional
relations (e)-(g) for g (Section 2) and extract (5) as a

particular case of the identity (IlI)= (IV) wth A=o.
We also obtain (Section 4) tw other consequences of

the functional relations for g, namely, the Ramanujan's basic
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hypergeonetric transfornation:

5 n(n+l) 5
o] ~ _n o0 - n
(b1, 2. AL L3 20
©A=0 (), (=by) n=o (q)

and nore general ly,
8,)\ ,b,q) = Q(btl;\ la(q).

we further indicate (Section 5) that by using the forner
identity, sone special y-continued fraction identities of

Ramanujan follow from (1).
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2. Canonical functional relations satisfied by g

Lemma_1- (Key Lemma). If jg}< 1, then g satisfies the follow

L R

ing functional relations:

(6) g(a, AA'qu) b g(aq:ﬂ Iblq) = aq g(aql /\qlbqlq)
(7 gla, A Jb,a) = gla, Aq.b,q) =)q glaq, /\qz,bq,q)
(8) (3‘<al ){ /blq) - g(al/\ :bCIICI) = bq g(aq, /\q,bq,q) .

Ty i )‘ n /\ . .

Progf: Since (- .- d (==-nn equals o if nis o and
A

£

L= =) (1-g") i f n> 1 as can be easily verified, we have

left side of (6)

nin
o0 u —Za—-——
‘ ; au 'h A
= (‘"bq):: z__‘ ({—“ i(' “‘;)n" qn(-— aq n]

n=o (q), (~by),

mflgflml) ),

/ o q ’ (ap)? (- =)

=/ aul g 2l

oo

n=1

i

(@), (=0a®)__,

- aq g(aq/A qa,bg,q), proving (6 ).

In tne penultinmate step we have used the obvious identity

2
(==-bq)Oo ( =bg )oo

(-bq),  (-ba®)_
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Relatiens (7) and (8) follow in exactly the same way on using

(¢ ), ~ (= ,,é_?i)n equals o if nis o and (= Laq)nal(l“qn>
if n21, and
2 2
(~ba) (-bg )o (=bg™)
- et n+1
| 2 2
(abq)n <a'bq )n (“bq )n

Lemmas 2-5 proved below are simple conbinations of relations

(6)-(&). Also, Theorens 1-4 follow directly from Lenmas

2-5 respect I vel Y in a simple manner.
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3. Continued fraction developrments 1-1V and (5) —their proo’s

Lemma 2. g satisfies
(9) g(a,/\,b,q) = g(aql)\qtblq) + (aq“'/\q) g(aq,/\qz,bq,q)

(10) gla, A «b.,q) = gla, )\q.bq,QH (bq_+>‘q) g(aq, ,\qz,bq,q).

Proof: Changing ) to Ad in (6) and adding to (7) gives (9),
whil e changing A to g in (8) and adding to (7) gives (10).

Theorem 1 |f jape 1, then

2 +
~ 1 ag+ Aq bq+ A4 aq"! | +/\q2n“”l bq" I +/\q2n+2

1+ 1+ 1+ v a 1+ 1+
wher e
f Glaq, /kq'bcq) g(aql /\qlblq)
G(a, /\ 4b1q) g(a, /\Iblq)

Proof: Changing a to aqn,/\ to/\qzn, b to bg" in (9) and

changing a to ag™*1, ) to /“;c}”'l and b to bg”™ in (10) we can

wite (9)'and (lO%rrespectively as:

n 2n n ot
g(aq ) Aq , ba, q) aqnt | +,\q2n+l
Qn":' = 1+
n+l n ‘
glag™ L xa?™ g, q) oM
X 2n+1 n 1 2
g(aqn+ . AQ n+ ., b, q) . bqn+ +,\q2n+
Q= = 1+ )
n
2
g(aqm-l' f\q n+2,bqn+l,q) Qn+1

Iterating the last two identities alternately with n=0,1,2...
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we have (I). Convergence of the continued fraction follows

Since 2 Q;] —s 1 as N -—> o,
Llemm 3. g satisfies

(11) gla, A,b,q) = glag, \q .o,q) + (ag+ Aa) glaq, A 42, bg,q)
(12) g(aq,,x /bIQ) = (l-aq+bq) g(aq, kqlbqlq)
+ (ag+ A q) alaqg, ‘hqzlqufq)-

Proof : Changing A to Aq in (6) and adding it to (7) we have
(11). Changing/\to Agq and b to bgin(é), bto bgin(7),

taking the negative of (6) and adding these three eguations

to (8) we deduce (12).

Theorem. 2. If jgj< 1 then,

1 ag+ Ag ag+tA g

(11) €~ mr e e« —_— -
1+ l-ag+bg+. .. l-ag+bg + ...

where i 4s in ' Theorem 1.

Pr oof : (11) can be witten as

g(aq, A ¢,b,q) 1 aq+g
(13) SR

g(a, X /o.,q) 1+ glag, x9.b.9)

g
glag, xa ,bq.q)

Changing Mo )tqml and b to bqn, we can wite (12) as
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n+2

1 .
g(aq,ﬂqm ., bq,q) n+l aq+/\q .
= - = (l-agq+bgq 7)) + ————

n= n+2 ., n+l
g(aq: Aq ,bq ,CI) Sn+|

Iterating thid with n= 0,1,2 . . . and using (13) we have (II).
Convergence of (I1) follows since Sy —> 1 as n —> co when

jal< 1.

Lemma_4. g satisfies

(14)  g(a, A .ba,q) = (l=bg+aq) glag, Aq,bq,q)
+ (ba+ Aq) g(aq?‘,?:qz,bq,q)

Proof: Changing a to aq in (7), a to ag and )\to )\q in (8),
taking the negative of (8) and adding these three equations

to (6) we deduce (14).

Theorem 3. If jalg 1 then,

b+ Aq b+ A "
(111) = =-A-- 7 -
1

1-b+ag+ l-b+aq2+ .ea 1-b+aqn+ +eea

wher e Q is as in Theorem 1.

Proof: Changing a to aqn,)to)\qn and b to -g— we can wite (14)

as

n n . 1
_glag . AQ .b,q) nel b+ Ag™t
.= = (l-b+ag ) + —

g aq1'1+l ) /\qn+l

D.d) TTH'].

Iterating this with n=0,1,2 . . . we have (rr1). Convergence

of (111) follows as in the proof of Theorem 2.
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Lemma_5. g satisfies

(15) g(a,A,bq,q) = (1+aq) glaq,Aq .bq,q)

+ (A geabg’) glag?, Aa.ba?.q@)

(16) g(aq,/\q,blq) = {1+q(aq+b)I g(aqz, )ﬂqz,bq,q)

2 4 3 3
+ ( Aa“-abg") glaq”, Agq ,qu,q).

Proof: Change a to ag, AtoAqg, b to bg in (6) and nultiply
the- result by ~bg; change a to ag, b to bg in (7); change
ato aq in\\<8); take tne negative of (8) and add all these to
(6) to obtain (15). Change a to aq,]xto Aa in (15); change

ato aqg and)toﬂq in (8 and add to get (16).

Theorem 4. If |af<1 then,

1 Aqaaqu ,{qn- abq2n

l+ag+ l4+g(ag+n)+ ... 1+qn(aq+b)+ vae

(Tv) {? =

V\lneree is as in 'Theorem 1.

Proof: Changing b to %, we can wite (15) as

glag, ha,b,q) 1 A g-abg?

(17)y - -— = - B
gla, A ,b,q) l+ag+  glaq, Aa.b.q)

2 .
g(aqzl Ad.bg,q)

n- |

Changing a, A ,b to aqn'l . %qn'l and by respectively, we

can wite (16) as
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n n -
glaq , )\q ,og" l,q) ,NJIle'C':‘bCIZYH2

(13) U, = = 1+ g (ag+b)
n g+b) +
g ( aqn+l ’ )\qn+l ) bqn ) ‘{) Un+l

Iterating (18) with n=1,2... and using (17) we have (1v).

Convergence of (1V) follows since Un -~ 1 as n =% co when

(a)< L.
heorem 5. 1 fqfg 1, then
| Tab ah

( 5 ) Lt ad e - L) e il - - -’lw'*-mm*ﬂ

apCe  a+b+og-. . . \a+‘f>+cqnm. .

1 jole) bc
C"b+a+ C““b‘*’ i+~~a C' b+ "é‘""‘*" LI Y
g n
q
Proof:  Changing A=o, a to = ’é')'q and b to < in (11)= (1v)
and taking reciprocal we have
- Lo S ~b/a -b/a

g( aqlol a/(I)

. = l b e ——— s e _—

% ) n
g{- ;éz,o, %,q) RENECaa=L NI U Qg_g,_,+

. a a
1 -/ 2 2{]‘“1
. bcg/a bcq / a2
= (1-2) . S _
1+g~€-%:-'9-)-+.‘. l+g=—-(—§:-lgl+...

Multiplying this set of equations by a throughout and adding

c throughout we nave
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o) c
a gl(= 320,39 -ab -ab
c+ : = (a4+c) + — —
g~ g,o,.g.lq) a+b+cq+ ... a+b+cq +. . .
beq bchnul
= (a+c=b) +

a+(c-b)g+ ... a+(c-—b)qn+ Co

V¢ conplete the proof by taking the reciprocal thyough the
| ast equations. In addition to proving (5 we have thus
obtai ned that each side of (5) equals

-1

b C
a g(‘“ ‘g’zilol'glq) z

g(=- iz'lol'g'/q) [

C+
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4. A _basic hypergeometric transformation of Ramanujan and a
generalization

The transformation

or, What is the sane,

(19" glo, A Lb,q) = g(b, As0.9)

with g as in(4*), is found in Ramanujan's second notebook
/34, vol.I1, p.194, Entry 9 7. A particular case (b=l,
A==-a) of (19) was first posed as an Advanced problem by
Carlitz /13 _/ who also proved tne general case /13 /by

enpl oying Euler's expansion for (a)r as a ploynomal in a.
Ramanani /30 / has given a proof of (19) by obtaining two
functional relations for the right hand side. Andrews /5 /
has snown that (13) is a limting case of an identity of
Rogers. ~ Ramamani and Venkatachaliengar / 31_/ have observed
that (19) can be obtained as a limting case of an identity of

Hei ne.

In this section we nake use of the functional relations

(6)-~(8) satisfied by
nin+l)

L q (= =) 3

(4%) gla, A b.a) = (=-bq)oO >

~
e

n=o (q)n(c-bq)n
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not only to prove (19) butal so to show that (19) implies a

nore general identity

o0 A n
| o (-
(20) (b 2 - - -
n=o0 (q) (mbq)n
n(n+1)
B ff-\ 2 (= )\)bn
n'=

or what IS the sane

(20)1 g(a, "'\Jbzq) = (5(1.0/ y’\ Ialq)-
Theorem 6 . [dentity (19) holds.

Prooi: Setting

@e]
(1) glo,bt,b,q) = 7. Pt )p”
n=o N

and putting a= o, A =bt in (12) and comparing coefficients
we have

B

(1-g")p, = q 1+tqn—l){3nm1'”=142- A

Iterating this and noting that B, = g(o,0,0,9)=1 we get

Q,S_Dzﬂ;u n(n+1)
'Pn = (= b ‘n .

(q)n (q)n

Substituting this in (21) we get (19).
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Theorem 7.  |dentity (20) holds.

Proof: Making use of the functional

show that (19) implies (20).

g(a, /\ ,b,(l) =

and
A

g(a, A b,q)

Substituting

relations (6)~(5) we

in (3) and (6) respectively and conparing coefficients we

have
qn
Fn(al f\ ) = “‘“Tn inl (aql /\CI)
and
n
d
‘r’( ( ’\ /b) = - X ( P b o
n 1nqn \n-l A4 1)

Iterating this we have

n(n+1) n(ne1)
() = - B (aq”, 1q") = - 2
ntav = - - PN —————
(@), °° \ (@),
and
n{n+1) n(n+1)
g ° 2
qn( f\lb) = _;<O( /\qnlbqn) =
(q)n (q)n

These imply

n n
glag™, Aq ,o0.,q)

g(ol )\qn,bqn/q) .



. n;n+1)
(22) g(a, A,b,g) = ¥ g _ n .n
AR A ) = g<aq ’ +0.9) bn
n="o (q)n A 4
and
nln+l)
o g °
(23) gla, A0sq) = 3 mewer glo, Aq",bg%.q) a".
n=o  (q)

Interchanging a and b and using (19)7, (23) becomes

n(n+1)
o™ R A
; ) - 4 n n
g<ol /\ ldlq) - L‘:_J e g(aq 4 Aq IO,q) bna
n= (q)n

(@)

This with (22) proves (20).

A sinple alternate proof of (20) but dependent cn the
wel | -known Euler's formulae for the expansions of

(a+ A ) (a+ ,\q)...(a+)\qn“l) and of (- bg™?t) in powers of A

0
and b respectively, can be given.
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5. Sone corollaries:

We now give sone corollaries which are deducible from

the results of earlier sections. The identities
o) n(n+1) o) n(n+l)
e 9 T n 2z
(24)  (q) , o= (-1 )7 ¢
nzo <q)r2] n=o
and
oo qn(2n+1) oo 2
e 2 %
n=o (“I)Zn n=o0
are stated by Ramanujan as corollaries to (19). In fact,

we obtain (24) by putting b= -1 andA=q in (19). For (25)

2

change ¢ to g“ and then sut b = -- % and A=q in (19).

As noted by Andrews /5 7 the identity,

@ n(n+l)
(26) P (~1)"q 2 P
n=0o0
2 2n+l 2n+2 1
) 1_ \g J\(q ) \a n+ NCaan )
I+ 1+ A 1+

listed by Ramanuj an in his notebook /34, vol .II, p.195,
Entry 13/, is a special case of (1) with b= -\ provided we
use (19). Rut, unlike us, he obtains (19) as a limting
case of an identity of Rogers. The special case of (26)
with A=1is an identity of Eisenscein / 16_/. The Ruler's

I dentity



nin=Ll)
o0 2 n
q b
(27) (=) _ = };o =
n
is itself a special case of (19), for, it can be witten in

the form g(o)o,'}é}i/q) = g(%,o,o,q). As observed by

Andrews /5 / the identity

S 2n+1 2 2n+1 n+1l 2n+2
R S 1 g+ + ¢
o q ) a g 9 d q

O ML INC T eaeig - T wew m

n=o (1_mqfln+2)2 1+ - i+ .. . 1+ |-t

found in Ramanujan's '|ost' notebook ,735 /is also a special
case of (1) with b=1, A =1 provided we use (27. Andrews

has also obtained a few other corollaries /5, pp.105-106_/

of (1) enploying the works of Sl ater 4“39,40_-/' and

Rogers [’37“7.





