
.

25

Chapter-II*

Ok? SOI% CO;‘JTINUIZD FRACTIOi';l IDEKTITIES OF SRINIVASA RAMANUJAN-T-mem 1--.-- --.

1. Introduction'F--l-..-x.m __ - -l___  -

The following continued fraction identities (l)-(3)

and (I) found in tne "lost" notebook of Ramanujan (terminology

due to G.E. Andrews ,/'S_y), contain as special cases many of

his other identities:

c’:  ( 0 , I42 bq+Jq2 k
2n+l n+l

( 1 )
)q,bq) 1 bq +r\ q

2n+2

,?  ,z, /\ ,b,q)  = ‘1+  “it  “- l-i-
- -

( . . . 1+ l+ a.0

(3)

1

t-

= ,z- I _ l:

1-t l+bq+ l+bq2+... l+bq"+...

\ l-b+ l-b+... l-b+ . . .

and, more renerally

(I)

Gbq,  >q,b,q)

e-w-

<  :;
(a,  h  ,b,q)

1 q-t-  Sq bq+i\q2 aq
n+l

+ ki
2n+l

bq
n+l

+Aq
2n+2

= i- * .* .-m~--
I+ 1+ le . . . l+ l+ *..

._ -
* I?eference b 12 J is 'based on this chapter.
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where
n(n+l)

cx3
/\

.I q 2----- (

(4) G(a, ,b,q) = z
n =o

(4&b-  bq),

It is easily seen that (l)--(3)  are themselves special cases

respectively of (I) above and (II) and (III)  below:

(11)
'3Lq,~  q,b,q) 1 aq+ ;ts aiy+  /I q"a-- s*s_nP = - ------
%a,$ ,b,q) I+ l-aq+bq+...  1-aq+bq"+...

(LTS)
1 b+ qA b+/iq"

= ~T1-x_- ..%.
1-b+aq+ l-b+aq2+...  l-b+aq n+l +...

(ITT) 1:; an identity due to iiirschhorn  L-25J.  Identity (I),

an,! :Ience ( 1 > , has been proved independently by Andrews L-5-7

and Hirschflorn  =d-26-kiT. Andrews has employed G and some
\

auxiliary functions and a transformation of E. Heine; and

W.rscht>orn  has/$roved  it by obtaining a closed form for the

n-th convergent. While Andrews L-7 7 has given a separate

proof (which is essentially the same as Ramamani's unpublished

proof L 30_/)  of the "slightly tricky" identity (2) he has

extracted (3) as a particular case of (III) which Hirschhorn

LW2,Le_*,y ~1s ;>roved  by finding a closed form for the n-th con-

vergent. Many other identities of Kamanujan also follow as

pointed out by Andrews and Hirschhorn. However, we have

not come across (II) nor the groofs of the following

?arna;~ujdn  identities (IV) and (5) found in the "lost"
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notebook d--3S.,.z&

May,> q,b,q) 1
(IV) -

>q-abq2 I;\ ?I" -abq
2n

-= - - - ,

G(a,  >,b,q) l+aq+ l+q(aq+b)+...  l+q"(aq+b)+.,.

(5) ,-I-
ab ab ab

___u_- _
a-l-c- a+b+cq- a+b+cq 2 =- . . . a+b+cq n Cm . . .

1 bC bc IX!
= -___r-  c--/m- .

c-bta-t c-b+ a+
Y

c-b+ 5+ . . . c-b+ d+ . . .
4 qn

In what follows we em-;?loy as auxiliary function

instead of C(a,h  ,b,q) a multiple of it, namely,

n(n+l)m.R__
cm A

(2) g(a,,\.b,q) =I (bq)oc,  r
q 2 (- hjn a"

\\ n =o
'I\, (q), (-by),

and will the eby be able to give a simple, unified and self--,"'

contained approach to proving (I), (II), (III), (IV) and (5).

We may observe that in all the identities (I)-(IV) and

(i)*-(3) we may replace G by g. We deduce (I)-(IV) directly

(Section 3) from three easily proved canonical functional

relations (6)-(B)  for g (Section 2) and extract (5) aS a

particular case of tne identity (II)= (IV) with /)r=o.

:fle also obtain (Section 4) two other conseqUenc@s  of

thi?  functional relations for g, namely, the Ramanujan's  basic
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hypergeometric transformation:

(-Wco

03

&
n 0

hnqn2
=

n=o

n(n+l)

9[
--( A2 - rln b"

wn

atid  more generally,

c&&b&) = g(bA ,a&.

me further indicate (Section 5) that by using the former

identity, some special y-continued fraction identities of

Ramaujan  follow from (1).
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3-. Canonical functional relations satisfied by g. --~  _. .-Iyiy-Lu-

Lemma 1' (Key Lemma).---. ---m If p3p-c  1, then g satisfies the follow-

ing functional relations:

(6) da, b,q) - day,)  .b,q)  = aq g(aq,  >q,bq,q)

(7) ii(a)  /)\ rbq) - da, h:i,b,q)  =,hq gbq, /ls2,bqd

(8) da, h Ad - g&/t hq,q) = bq g(aq,  $.x&s,q) .

‘Proof : Since (--- --- equals o if n is o and

( 5- -a-a n-l (1-q")  if n /" 1 as can be easily verified, we have
2=

left side of (6)

n(n+l)
co I*_-

2
= (-bq) 2--

(-‘I a"

O3 n=-io (qjrl(-bq)
" (- ‘ajn- q"(-

n c

)t

\
I n(n-1)->_-

1) co 2 it

5,/j - aq( .-&q2  )
q bzP%- T)~,-~

(q)n-l ( -bq2  jnMl

= . _ aq g(aq,X  q,bq,q), proving (6 ).

In tne penultimate step we have used the obvious identity

b-bq&, ( -by2 loo

.

--%w = =

(-bq), ( =-by2 ) n-l
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Relations  (7) and (3) follow in exactly the same way on using

equals o if n is o and n-1(1-qn)

if nz 1, and

6bq&) 6bq') co 6.bq*) coY -._u__ - e- n-cl

( -by*  ) (-bq*)
Q .

'(-bq& n n

Lemmas .2-5 proved below are simple combinations of relations

(6)-(O). Also, Theorems 1-4 follow directly from Lemmas

2-5 respectively in a simple manner.
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3. Continued fraction developments I-IV and (5)-their procl;S

Lemma 2. g satisfies

(9)  g(a,),.b,q)  = g(aq,#Qwd  + bq+hs)  gbq,hq2,bq4q)

(10) da, h ,b,q) = gtad  .AXg#bqtq)+  (bq.+Aq)  g(aq, xq2,bq,q).

Proof: Changing r to j,q in (6) and adding to (7) gives (9),

while hm-qing /\ to nq in (8) and adding to (7) gives (10).

Theorem 1 If /q/(1, then

(+f =I " aq+ hq bw- ,4Y
2

aq
n-i-l

+hq
2n+l

w
n+l

+Aq
2n+2

1-k li- l+ .a* l+ l+ . . .

where

-.., ’s daq,  j#qAq) g(aqr  @Ad= = .G(a,  /\ ,b,q) da, &b,q)
Proof: Changing a to aq",/\to>q 2n

,btobqn in (9) and

changing a to aqn+l 2n+l
rho )js and b to bq" in (10) we can

/
write (9)'and (loy'respectively  as:

gbq*, (Acx2?  bqnt  q) aq
n-t-l

Q, i l+
+hq

2n-tl
=

n+l
da9 ~~~ 2n+1,bqn,q) a;

g(aq
Qr; 5"

nc1,,ijq2n+1,  bq",  q) = l+bqn+1+Xq2n+2  -

daq n+l, #$+q2n+2,bqn+1,q) ‘I n+l

Iterating the last two identities alternately with n=0,1,2...
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we have (I). Convergence of the continued fraction follows

Since Tz,, ,Ji -+ 1 as n --‘4~0,
l

1

Lemma 3.--- .-- g satisfies

(11)  g(a,  X Aq)  = daq,  hu ,b,q) + bq+  As) g-h,  x q2,bq1s)

(12)  daq,h  hq) = (l-aq+bq)  day,  hq,bq,q)

+ (aq+ h q) gbq, jlq2,bq2,q).

Proof :,i-.=x I Changing A to hq in (6) and adding it to (7) we have

(11). Changinghtohq  and b to bq in (6), b to bq in (7),

taking the negative of (6) and adding these three equations

to (9) we deduce (12).

Theorem 2.-__- - -- If \qf< 1 tnen,

(II)  = J.,.
aq+  As aq+h  q”

f
-_--_-  . ---

l+ l-aq+bq-t . . . l-aq+bqn+...

where 5
' is zds in 'Theorem 1.

\ /l

Proof: (11) can be written as___I__

gbq, )\ qrbd 1 aq+hl
(13) pm .= s-w

da, h Ad l+ gh, h%b,d
=--
g(aqlh2Jmq)

Changing>to  hqn+'  and b to bqn, we can write (12) as
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g(aqrj\qn+l, bqn4
S ,--

aq+n qn+2 .
%

'- g(aq,,&n'2,bqn+1&)
= (1-aq+bqncl) +

S n+l

Iterating thid with n= 0,1,2 . . . and using (13) we have (II).

Convergence of (II) follows since Sn * 1 as n -+ co IfThen

/ql<l.

Lemma 4.---"- g satisfies

(14) da, A ,bq,q)  = (l-'w+aq)  g(aq,rq,bq,q)

+ (by+  h> gbq’, i4s2rbq.q)
Proof: Changing a to aq in (7), a to aq and )Ito )tq in (a),

taking the negative of (8) and adding these three equations

to (6) we deduce (14).

Theorem 3.--__I If /q\<l then,

f
= = - A - -

b+/\q b+> qn

1-b+aq+ l-b+aq2+...  1-b+aqn+'+...

where -I
s

is as in Theorem 1.

Proof: Changing a to aqn,),to)cqn and b to $ we can write (14)

as

Y(aqn,  ~qn,b.q) b+j\q"+'
Tnz =-- = (l-b+aq"+') + .

&%In+l, hqn+',b,q) Tn+l

Iterating;  this with n= 0,1,2 . . . we have (111). Convergence

of (III!  follows as in the proof of Theorem 2.
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Lemma 5.-s-1 g satisfies

(15) g(a, hq,q) = (l--q>  daq,Aq ,bq,q)

+ (r\ q-ad)  daq2, [\q2,bq2,q)

(16) 4(=.x, hq&/q)  =
i
l+q(aq+b)

I
daq2, kx2,bqd

+ (/&I2 -abq4) daq3,  )\q3,bq2,q).

Proof:-.- Change a to aq, htohq,  b to bq in (6) and multiply

the- result by &by; change a to aq, b to bq in (7); change
\

a to aq in (0); take tne negative of (3) and add all these to

(6) to obtain (15). Change a to aq,>tohq  in (15); change

a to aq and Ato> q in (8) and add to get (16).

Theorem 4.I____*.-  - If Iq/<ltnen,
s

Aq" 2n-abq

l+q(aq+c,)+...  l+q"(aq+b)+...

where f is as in 'Theorem 1.

Droof: bChanging b to -,
q

we can write (15) as

gbq, )I q,b,q) 1 ;t q-abq2
(17)  - - .= - -

da, ?+ ,bq) l+aq+ gbq, )(qAd

g(aq2, >q2,bqrq)

Changing a, ia &to aq
n-l
,h

n-l and byn-l respectively, we

can write (16) as
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(1;7)  iJ =
g(aq",  >qn,bqn-1,q) >

n-t1
Y -abq 2n+2 .

n-
i *- .-___n___-

n-t1
= l+q"(aq+b)+

g&l t&
n+l

, byn , y > Un-t2

Iterating (18) with n=1,2... and using (17) we have (IV).

Convergence of (IV) follows since IJ
n ---+ 1 as n --+ CD when

'Theorem 5.-*--.,  TZ *w If fq/<l, then

1 -'W ah
(5) --I.-,_-  -Y---- ---- ,--___

a.+c ~- a+b-Cccl- . . . 'a+b+cq n =- . . .

1 bC bc
= ~ .sLxwpnis- L A-w -- Lw____--

c-b+a+ c: -b + d+*..
q

c-b+ a+ a..
-n

Proof:---. _ Changing ,&,=o, a to Ls $;

and taking reciprocal we have

-1

and b to z in (II)= (TV)

-b/a

I+ @d+ . . .
a

hcc;/a 2
_ jg ) + ,.. _.-i-___l___.

bcq /a22n-1
= (1

I+ m--3)+ . . .a
1+ 9.%-b)+ ". v

a

MultiplyincJ  this set of equations by a throug'hout  and adding

C throughout we :7ave
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a g(- b
--ro,~rY)
aq -ab -ab

c+ = fa+c>  +
bg(- pt~&) a+b+cq+... a+b+cq"+  . . .

bcq kq
2n-1

=  (a+c-b.)  + .

a+(c-b)q+...  a+(c-b)qn+  . . .

We complete the proof by taking the reciprocal tha'ough the

last equatibns. In addition to proving (5) we have thus

obtained ahat  each side of (5) equals

/

i
a g(- $~,o,f,q)

2.

c+-
b

g( - p&q)
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4. A basicaz?rAeometric  transformation of Ramanujan and amm*. .--w- -__p.a-.-
sneralization-_ I I_rr___w_ -w-

The transformation

n(n+l)__I-
"1q2 (-

= >
+-+, bn

p m _ _ _ _ _ _ _ - -
n 0= w,

or, what is the same,

(19)' J(o) i\ #b/q) = g(b, &O,q)

with g as in (4*), is found in Ramanujan's second notebook

L-34, ~01.11,  p.194, Entry 9 7._.. A particular case (b=l,

()=-a)  of (19) was first yosed as an Advanced problem by

m-k=
Carlitz  /1. 13=-y who also proved tne general caseL-13-yby

employing Euler's expansion for (a)r as a ploynomial in a.

Ramamani ~U3~~L~~7  has given a proof of (19) by obtaining two

functional relations for the right hand side. Andrews d-5-7

has snown that (13) is a limiting case of an identity of

Rogers. Ramatnani and Venkatachaliengar  L--312  have observed

that (19) can be obtained as a limiting case of an identity of

Heine.

In this section we make use of the functional relations

(6)=-(G)  satisfied by
n(n+l)-ST

'=O4
2 ( h

(4*)  g(a,  ,\,b,q) = (-bq), 72
- ajn a"

n=o W,b=-bq),
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not Only  to Prove (19) but  also to, show that (19) im;2lies a

more cyeneral  identity

n(n+1)y-=-e...
Co

q 2 ( _ A
' (20) G43q) >-‘ - - - a )nan

co ---.
n =o (q)nL-bq)n

or \&at is the same

cm’ g(a, h,b,q)  = c;;(b,  ,j ,a,q).

‘Weorem G  1-_ ̂ - ,. s-X Identity (19) holds.

Proo? :U_IL-_:s Setting

and putting a= 0, 8) =bt in (12) and comparing  coefficients

we have

(l-qn)pn  = qn(l+tqn-1)/3n-1., n=1.2 . . . -

Iterating this and noting that PO = g(o,o,o,q)=l we get

n(n+1)--~.-~~~~ n(ni-1)--=
Y

2 C-t)
pnzr-

n q 2 (- $)n .-.u 5

(4), wn

Substituting this in (21) we get (19).
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Theorem7  - Identity (20) holds.

Proof. ;’ -Makin(j use of the functional relations (6)-(E;)  we

show that (19) implies (20). Substituting

and
\ co
g(a,  ij ,b,q)  = 7’ i(J >,b)a"

nL*o

in (3) and (6) respectively  and comparing coefficients we

have

pncaO  ji 1 - --qn  Pnwl  (aq, nq)
1-q"

and

$,( s\,b) = -5
1 -qn

$+1  ( ,A  q&q).

Iteratincj  this we have

n(n+l)- - - n(n+l)
2

p,(a,X ) = -2--..--
2

wn
Q, (&-I, .,\$I) = "

(d,
dacm4  fy2n,o,s)

and
n(n+l)- - n(n+l)- -

tin{  h,b) =
q

2

.g,(  ,\&bq”)  =
Gi 2

((I),
w,

dot  ,@n,bqn,q)  l

These imply
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n(n+l)

122) ?~(a,  Ili,b,q>  = ,F q 2 .- g(sqn, hn,o,q) bn
n = '0 (Y),

and

nCn+1)
co 2

(23)  g(a,h,b,q) = yz %.-,L . , g(OJ  Aqn,bqn,q)  a".
n = o (cl&

Interc~~anMn~  a and b and using (19)',  (23) becomes

n(n+l)..---- -
co

gb, X ra,q) = 'c; P
2

n=o wn
daq"t  jy$-k,q)  b".

This with (22) proves (20).

A simple alternate proof of (20) but dependent cn the

well-known Euler's formclae  for the expansions of

(a+,+  )(a+pjq)-..(a+/l~~"-~) and of (- bq"+l) co in powers of /‘r

and b respectively, can be given.
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5.

the

Some corollaries:-.-.m U?S

We now give some corollaries which are deducible from

results of earlier sections. Tne identities

co rrnh+l) co n(n+l)
-a---e

(24)
i*‘-’

WC0  >“.’  =

-r-4

=--my___ =

n = o  (q),2
;s-,, (-1 )" q 2

n=o
-A

ant?

co ,.n(2n+l) cm r7

are stated by Ramanujan as corollaries to (19). In fact,

we obtain (24) by putting b= -1 and,\= q in (19). For (25)

change y to q2 and then ;>ut  b - -- JL
q

and h=q in (19).

-s -
As noted by Andrews /_ 5-/ the identity,

iv2n+l  X(q2n+2-qn+l)

1-t 1+ 1-t . . . l-t 1+ . . .

listed by Ramanujan in his notebook L-34, vol,.rr, p.195,
G-w

Entry 13_J, is a special case of (1) with b= -A provided we

use (19). Rut, unlike us, he obtains (19) as a limiting

case of an identity of Rogers. The special case of (26)

with i\=LL  is an identity of Eisensiein  L-16-7. The Fulerls

identity
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(27) (-b) =
co

cm

F
n &

n(n-1).z- +s
2

Y bn

w,

is itself a special case of (19), for, it can be written in
\

tne form g(o,oIbq,q)  = g(;,o,o,q). As observed by

Andrews [-S.&i;  the identity

z. ( l-q2*+l) 1 q 'j-Y2 cl
Zn+l n+l

+?I
2n+2

f\
cl

=.-  -l-m-..-F ___i_l. = .s- w-s. .m s-e- - - -
17 = '0 4n+2  2

(1-q 1
1-t  J-t 1+ . . . l+ l-t . . .

found in Xamanujan's  'lost' notebook i-35-7 is also a special

case of (1) with b=l, x =1 provided we use (27). Andrews

has also obtained a few other corollaries L-55, pg.105-106-Y

of (1) employing the works of Slater A-39,40-7  and




