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Chapter ITT*

1. Introduction;I -- .,-  s i-.  =- -m--
A

In Cha;>ter  II we gave  a inroof of the transformation

= (-aq)a
Y-*
L
n = o

n(n+l)-._  _u__
2

q (-
h
rJn  b"

or, v&at  is tne  same,

(2) da, $\,b,q) = g(b,)  ,a,q)

where

n(n+l)e-s  ___I
03 2 h

'I ( ea  --
(3)  cj(a,h ,b,q) = (-bq),  rL

a )n an--.-Y-_uy--__c_I- ,
n = o ('IIn  b-bq)n

as a conserluenee  of three canonical functional relations

(6)--(E)  of that C'napter satisfied by g. The present Chapter

consists mainly of two related to;;)ics. In the first prt
I----.---.-  U.d. H.V--a
* Reference / 12-A 7 isbye based on this Chapter.
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(Section 2) we obtain two generalizations of (2), namely,

where

(5’)  %i(a,)i rb,c,q)=  (-bqJco(- 3)c

(- -&)nk)n(...  yn

0 (q+$-bq),

P
nd

(6) $(a,,:\  A&q)  = $(b,  A,a,d,q)
, \
where

n(n+l)- a - -
co q

2 ( h
(7) ;(a ,ij,b,d,q)=  (-&c)~ x _

- -g-In  (- 'FJn an
.

n=o
(q)n(-bq)n(d)n

~~ olltain (/1) and (6) we use two other identities found in

Ramanujan's works b 34, Vol.11, pp.103-104,  Entries 2 and 6 7

namely,

co

( 6.1
(-Wco “-3---'-- = ‘2 ”

(- i), a"
I --=-.-PO-

(da n z-6 h),

and

(a)n(gJncn .

(q),(b),

Identity (i3) is indeed equivalent to the q-binomial theorem

of Euler LW17i and (9) is equivalent  to an identity due to

Heine L-231. Proofs of (t-j) and (9) can be found in
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standard texts /-'4,~- pp.19-20-7,  and in Appendix-A we sketch

a proof of (8) and one of (9) based on (8). In the course

of our proof of (6) we obtain another identity o-f liamanujan

l-34,  Vol.11,  p.194, Entry B-7, namely,

c(n-1)

CD (c-T\  cs a” co Gl)“q  2 (-!3AA ac )‘I
'3.2
z

. - I n'a'n-
-=-----  = 22

a 11 c II
(10) -- --- ..

(:?I) n=o ( u )A., ( d ) n =o
n n (rr\ (h\ fd\\y, \^-In n“^'n

In tne second part of this chapter (Sections 3 and 4)

we ostain in a simple manner four functional relations for
nJ
g(a,/t ,b,c#y)  and thereby generalizations of the continued

fraction identities (I) and (11) of Cilapter 11. Tnese

generalized identities are

'4
daq,  bObc,q)

(11) L -._____ - -
%(a,  h,b,c,q)

1 (aq+Jq)(l- 6) bq+hq2
= --a- s-

l-t y+ l+ l+ F+ . . .

1
(as

n+l
+ rl Y2n+1)(l - --) bq”+1+/1q2n+2

Gl

l+ 1+ L..

and

l+aq+T- D +1 D +2 . . . Dn‘C . . .
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wh i:?re

(1’3)  N1 = (aq+Xq) (1"- $L

(l-aq+bq)+$(a+aq+  Aq)

and; for n=2,3, . . .

In the rest of this Chagter (Section 5) we give an elementary

proof 05 another continued fraction identity of Ramanujan
c-a
L 34, Vo1.11,  p.195, Entry 11.--T related to (8):

(-alm(i3)

(li)

co-b)CX,(-b)
co

cm=.  ..c-.*- -m--_I_1

(-a)CO(b)cot(a)cx,(-b) ccl

a-b
ZZ-

l-q+

(a-bq)(aq-b) q(a-bq2)(aq2-b)

l-q34 l-q5+ . . .

g:"-l(a-bq")(aq"-b)

1-q 2n+l+ -..



2. 'Two generalizations of tne transformation g(a,  h,b,.Q=.----
gJbA zbq)

-. - .-z- --.
.- -_l-

Theorem 1.~----.~~-lm_~ If (S/<l, I?(<1  and \q<l then identity (4)

holds.

Proof:-.-- Changing c to B, b to At, d to C and a to t in (9)

we '~avc2  the Heine's transformation, namely,

(15) t n
b)cn(At)

= ,---
(aa (t > m= o (q),~,(At  ) m

Since the left side OF (15) is symmetric in A and 3, so ?IUS':

De the r.icJht hand side and hence

Changing t to e, A to - ?s , 2scto c and 9 to bq-_ -- in tni.5c

we get (4).

CorollaryI----. 1 . Identity (2) can be obtained from (4) on

letting c --3 co.

Ve now obtain two lemmas in order to prove (Theorem 2)

the Ramanujan identity (10) on which we will base our proof

of (6) (Theorem 3).

Lemma 1._y --^ 1% /q\, It/ and
I I
A+ < 1, then the following
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identity holds:

co,  qp),t* c
ARt

(16) -G
-F- a) 03

= 25
F (Aat  * .

n = O w,m* (t) *=O (q),(C)
c )

CD n

This identity is also due to iIeine  l-23_/s.

Proof: We have seen in Theorem 1 that (9) can be reformu-

lated as Heine's transformation (15). It is standard to

prove (16) by,iterating  (15) twice and we have given the

details in Appendix A.

Lemina  2.u_j_us If/ 4 (1 and Pq c 1, then the following identity

holds;

*(n-l)
cc cc )* 03

(17) 7 --
1 (-1)"q 2 (&(acqm)"

.
nT6 (q),(d)

(aqm)*  = T
n (aqm)co  n=o k$..$"+,

Proof: Changing A to 0, 3 to c, C to d and t to aqm in (16)

we have the desired result.

Theorem 2. _Tf \d<l and [a/cl, then the identity (10) holds.

Proof: We have

(ala  O3

c

(c) (G) a"n a n Wm (ii& a (c)*a"

(bf, n-3 (q),Wn  = (blq 22
n = o Wn(a@?$!)

(a)m(?j)aT 0 0  (e&a”
= 22 3

(b) *=O (q),(d) m=o
03 n
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i?&  qq (a )m(y  c-0

n(n-1)

'i? (-1 Fq 2
= ..v- LJ '.-

($)n(acqm)n
i

(5)
&-,< -=---

co m=o w, n = o
- - - - - - - - - -  ( b y  l e m m a  2 )

k&+Un

n(n-1)--. --.- _-
CD
y-l

i-1 Pq 2 (i$J$)n(ac)n

n=o ( ‘I 1 1- l ( b ) n
( d )

n

&re  t t1e order of sumrnation is interchanged and (i:)  is made

use 0-E *

Corollary-l_.- - .--my__ Putting a= o asA  then changing d to -aq,

c to
)s

h t 0 -=bq,

~_  .--e-
b in (10)  we obtain an identity stated by Rcimanujan

in his 'lost'
)I= _..

notebook / 35-/,  namely,

Ad
n=o

Corollal~  2.--a=-  -.-  -..-  _ If )q~q  1, then  the Aamanujan  identity

which is tile  same as (19) of Chapte II but for the nota--

tional differences , follows from (10)  on puttiny  a=o=d  and

changing b to b‘k,  c to $,\ b to a and ldstly  3 to b.
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Corollary 3.em--.- On putting h= a in Corollary 2 above we obtain

the identity

cm 2
1

-x-- =>j A?
-m

(aq>
--

co n =‘o  (s)n(ac')n
f \sJi, 11

due to Cauchy  L--lS-T and Jacobi L--29_?. This identity is

also listed by Ramanujan  in his works l-34, Vol.11, p.193,

Entry 3=,7 and is the q-analogue of Kummer's hypergeometric

transformation.

Theorem 3.-.x-s.*-mi--*ia If \ sl ( 1 t then the identity (6) holds.

Proof:-y_I Changing a to - e-'2, b to -bq and then c to

(10)  we have

h---- inb

where $ is as in (6). Since the right side of (18) is

symmetric in a and b, so must be the left side and hence tne

tneorem.



3. Some functional relations satisfied by 2rm-.-m.m- -m--vB -

Lemma 3.--.- If \q]<l and thenrG  given by (5) satisfies

the following functional relations:

(19) C;T(a,/'\,b,c,y)-  (lq) G?2q,/\ ,b,clq)

(20) ‘*;(a, J ,bc,q) -‘i&q,&  ,b,cq,q)

= P$+-  W &qJ  q,bsq,cq,q),

(21) ";ia,/\.b,c,q)-G(a  ,>$,b,c ,q)

"&( 1 ,_ $1 %%)I q2,bq,cq,q).

If
14
", <l

i.0
in addition#*,tne conditions above then,

(22) '<\a,x ,b,c,q)-Tia,  X,bq,cq,q)

A= C-C- + bq)#zaq,& qrbq,cq,q).

Proof i Since (-. $) L p( h )-c jz --
n aq n

equals 0 if n is 0 and

( nm --a ),_l(l-q”)  if n> 1 as is easily verified, we !Tave._.I

left side of (19)

co (c)& :Q)”
= (-bq)&-  F)a z- .I--- (-

n= 0 (q),(-bq),

= (- ?)(l-c)(-bq2)&  52)co

‘\

nco-,
2

(cq)n,l(-  -y)n-l(Y  2g3)
n-l

. *
n ='l (")n-1 (-bq2  )n-l
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= aij(l- $) tI(aq,  &,'bq,cy,y)  proving (19)..L

'The  relations (20) axl (21) follow on similar lines. That

(20)  iIn;31ies  (22) can be shown using (4).
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4. -. sontinued  fraction developments (11) and (12)-their.-
p.$of  s

-m-w.
._ .--

In this section, we establish generalizations of

Ramanujan's q-continued fraction identities (I) and (II)

dealt in Chapter II, using time results of Section 3.

(23) ';(a,)\,b,c,q)  = (l+:$ ;(aq,Xq,b,c,q)

+(aq+$,q)(l- $ ytag,  hs2,bq.cq.qL

(2(&) ';;(a,/4  i,>,c,q)  =$a,/i,q,bq,cq,:;)  - ;

+( )\il+bq)  '<(aq, bq2,bq,cq,q).

Proof  ”- - - ChangingAto/1q in (19) and adding it to (21) we get

(23). Changing htohq  in (22) and adding it to (21) we get

(24).

Theorem 4.----, - _ .=--- If IY\<  1 and

identity (11) holds

Proof:--...-  s Changing a to aqn,)(to)tq2n,  b to by" and c to cqn

in (23) and changing a to aqni1,hto)\q2n+1, b to by" and

c to C“' n1 in (24) we can write (23) and (24) respectively as

,-.J

y(aqn,  hq2n,bqn,cqn,q)
*- -.---_z--_--_j_____  =

"n'? -.AJ
g(aqn+l,  ~q2n+1,bqn,cqnq)

(l+?)

(aq n-i-l
+/ q?\ 2n+1)(l- h,)

\\ -t
-\
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.A.J
CJ(XJn+l ,>y2n+1,bqn,cQn,y) %I

n+l +)tF2n+2
Q;:

1s--s.  -_I -=l+
rJ

* d%ln+l, ~q2n+2,i,;n+l,cqn+l,q) 8 n+l

Iteratiny  the last two identities alternately with n= 0,1,2,..

we have (11).

I

Lemma 5. Ife- emI I I
q (1, c (1, and

Pi then Tsatisfies

(25)2(aq,h,b,c,q)
(l+bq-aq)+$  a+ij+aq)+

= =C_- da% )\q.bqm,d
(l+?)

(aq+)Iq)(l-  1)
+ c we.-  -. CL$aq,f\q2,bq2,cq2,q)

(1-t gq

Proof:r- Changing c to cq,~to,\q, b to bq in (19) on the one

hand, b to bq, c to cy in (21) on the other, and then taking

tile negative of (19) and adding these three equations to

(22) we get (25).

Proof:--.saa Identity (2.3) can be written as

,-.J
daq,  ,bb,cd 1 (aq+&q)(l-

(26) 7
$)

= - *

ChanyidJX to .)\q n+l , b to bq*, (25) can be written

as
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sns
‘&s, /+qn+l,bqn,cqn,q)

- -?-- -.--*m---
.PJ
4(aq,f)lyn+2,bqn+1,cqn+1,q)

) Cl-aq+bc$+')+  -=-$$a+aq+;\qn+l) (aq+Aqn+2)(i
= .----s-P?_ cq =-- f

Itera-ting  this with n = 0,1,2... and using (26) we have (12).



5. An elementary--=-  - __x -.*zyoof  of the contlln_ued  fraction $dent_ity  (14)
-

T<Ve first make soSxe notations. For
I 1
q 41 and 14 Cl

let

-2 ($)217+1  a2n+1
i

(% a2n
N07 L-r

-mu__  ._ , e a 2n- - n = L -- ,
n=o (CT >

0
2n+l T.=o kc&

(1-q)
=  - -  i\T

(a-b) O'

and for m)l

Let Am n and 9
, m n denote

,
respectively.

Lemma 6,* For  1n2 1,

the coefficients of a 2n in Iif m and D
m

(27) A  --i3
![I,  n m, n = c.r‘-B.w _p_rr_l I iE n ) 0.

Proof :-1 .n T,le  c;l'ges  m= 1 and  2 are quite easily verified.
\

For m) 2, we hclr7e,\ from the definitions of A and B
rn,n m,n'

m I_-  2
A
m,o  Wa ‘ 3

!Tl,O
= ( 1 -q2m-2 ) ,& (1-q2k)  - mz w-q2k)=  cl

k =, 1
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and for n >o, o!^i removing colnmon  factors ,

Am,Pm,  t-l =

m-1

‘n- (1-q

2n+2k
)..  (1-q
f

2n+2m-1

k=l
) ( 1 w $ qm-l  )

- (I-  z q2n+m-l)(l-q2m-Q

El:yality (27) now readily follows.
i

.

Lemma 7. If-.--a  -._ I Iq (1 and
I 1a Al., then L c 11‘  r!:  ,"::,  1

(20) (lgQ+-l) 2 = ( l.%..qZm-l  )

qm-l(a-bqm)(aqm-?~)
+ cm-

.

m ( l-q2m+1  ) *
m+l

Proof .' P/lultiplyiny  iJoth sides of: (27) by a 2n
.-w  c * .i_l and then summing

over n from 0 to 03 we get that

( CIm-l ) (a-bqm)  (a~j~-is)
i dm /* nm = E___m_--___O__= -m-%.--  -._---  I

2m-1  ) ( l.-q2m)  ( l-q2m+1)
r,

(1-q m+l

Or

2m-1  ) (*it  c_ 1)
(I m--1

(1-q
( a+ym  ) ( aqrn-b  )

= ___.-.  --. ?-- - - -

(1-q 2m+l) ( l-q2m)?
m

D -
m+l

from whicWtne required result follows since (l-q 2m)'Dm  = I'Jm+l

by definition.

Theorein  6.-a --s-w If \sl<l  and  jaI-;1,  then



a-b (a=-by)  kcpb) q(a-hq2) (aq2-b)= ..- ..-_ i. -=li-.-,s- -_*_ -a---
1 -q+ 1 -q3+ l--q5+  - . . .

Y
n-l

(a-bq")(aq"-b)
nil_

1-Y
2ntl+ d l

. . .

Proof:WI-.-- On Using  (8) we have

(b) .co (43) 00. -w-zPR  .-_

(29)

(-a Jco (b) co - (a)&4& (a& 6-a)
--*-----=.----=.~--m,rA&-~  -_In*_l  -__ = Fe___ co

-.
6-a)CO(b)m+ (a&(-h) CD (b) 03 (-42) co..--- + l.l-~

(aJcx,  (-a)

co (hn+lc &
------=I_  a %n+l

n = 0 tq)2rI+l
_--

co

7

7
(fjzn  a2n

- ,-*a. _-  ‘-g

ri<o kii

(a-b)

N1
(1-q)  -

n1

Iterating (28) with m=1,2  . . . and using (29) we have the

required result. The convergence of continued fractiotlfollows
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Nm D
since  g- = (l-q

%m-2)  m-1--- ---+l as m ;yco under the condi-
m 'rn

tions \qfcl and \a\<l. :ferndt C private communication/

incor;kxxfAted  in /_-l-3;;;  ) , has  recently obtained another -proof

of (14) employing a continued fraction of Heine A-23-7.


