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Chapter 1IT

A STUDY OF SOME BASIC HYPuRGLOMETRIC TRANSFORMATIONS STATED 3Y
RAMANUJAN LEADING TO GLNERALIZATIONS OF SOM& CONTINUED

e

FRACTIONS CONSIDERED IN C:HAPTER IT

1. Introduction;

o e, T S s I

In Chapter |l wWe gave a proof of the transformation
n(n+l) by
0 g 2 (m —a—'-)n an
(1) (-ba), 2
n=o (q)n (=brg)
n(n+1)
o A n
g:@“ q (=5, B
= (~aq) L
n=o . -
(.{)n ( aq)n
or, what IS tne Ssane,
(2)  gla, /\,b,q) = g(b,,) .a,q)
where
nlel) 5
m || 2 r"a{_ al’]
S a 'n
(3)gla,d \boa) = (dq) _ L. -
n=o

(q)n («--bq)n

as  a consequence of three canonical functional relations

(6)-(8) of that Cnapter satisfied by g. The present  Chapter

consists nmainly of tw related tonics. In the first wmart

* Reference 7 12-A 7 ig based on this Chapter.
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(Section 2) we obtain two generalizations of (2), namely,

(4)' o (a, )\lblclq) = %' (bz/\lafclq)

wher e A
® (- ?)n(c)n(“ %g)n
(5) gla, A ,b,c,q)= (“'bQ)OO(" %g)oo \M\
n=o0 (q)n(--bq)n
(énd
(6) G(a,A ,b,d,q) = §(b, A,a,d,q)
wher e
nixn+l) A b
co q (= =), (= ;\«—)n al
(7)  §la, A .,b,d,q)= (-ba) 2
nEe () (=ba) (d)

To ohtain (4) and (6) weuse two other identities found in

-

Ramanuj an's works / 34, vol.II, pp.103-104, Entries 2 and 6 /

namely,
(-b -y a
o o o F LB
(a) n=o (),
and
_ o b. .n . co a, n
) (d) L (@) () a ) (b) o om (@) (F) e,
(), n=o (@) (@), (a)  n=o (q) (b)

Identity (8) is indeed equivalent to the g-binomal theorem

of Euler /17_/ and (9) is equivaleat to an identity due to

Heine / 23 /. Proofs of (t-j) and (9) can be found in
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standard texts /4, pp.15~20_/, and in Appendix-A we sketch
a proof of (8) and one of (9) based on (8). In the course
of our proof of (6) we obtain another identity of Ramanujan

/ 34, Vol.II, p.-194, Entry 8 _/, nanely,

n(n-1)
n_~ 2 b, ,d "
(a), ® (¢) (By aa o (-1)q (2) (£) (ac)
(10) -- = Z, —2n s n'c’n
) 0wy, -0 (q) () ()

In tne second part of this chapter (Sections 3 and 4)
we ostain in a sinple manner four functional relations for
Eka,) ,o,c,q) and thereby generalizations of the continued
fraction identities (1) and (II) of Chapter IT. Tnese

generalized identities are

glaq, Mab,c.q)

(11) s
A@(a' Albchq)
1 (aq+/\q)(1m%> ba+ A
|-t 24, 1+ 1+29,
C C
n+1 2n+1 1 n+1 2n42
(ag"™  + A T (1= —=) ba +Aa
cq
1+ l+§1+ ..
C
and
1 N N, N

(12) = L 2 A

l+ig+ D1+ Dot ... D +...
c 2
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).

Q=

(13) Wy = (ag+ ) (1-

(luaq+bq)4-%(a+aq+ )

(1+ =3)

C

and: for n=12,3,. ..

1
(aq+ Aq™) (1 = —=zop)
W, = <A
l + ,.a_..ia_(..g;._
n=-2
cg
( lmaq+bqn ) Rl inl ( a+ag+ A qn )
cq
D =
n
a
1 + r.,,m.‘,.,%:a
ne-1
€]

In the rest of this Chapter (Section 5) we give an elenentary
proof of another continued fraction identity of Ramanujan

/734, vol.11, p.195, Entry 11 7 related to (8):

(-a) (b))  =(a) (~b)

(69] O O QO

(-a)_(b)_+(a)_(-b)_

a-b  (a-ba)(ag-b) qla-bg?)(ag’-b)

I-q+ 1>+ l~q5+

qnhl(aann)(aqnub)

1_q2n+l+
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2. "Two generalizations of tne transformation g(a, A ,b,q)=
g(b, N ,a,q)

Theorem 1. If (qj<1, {%ﬂ‘(l and\%(l then identity (4)
hol ds.

Proof:  Changing ¢ to B, b to A, dto Cand atot in (9)

We have the Heine's transformation, nanely,

e'e) ’ . o fe. m
15y S ﬂg(a)g (o (3) J(ae) = () (£) B
n=0o0 (CI)n(C)n (C>(D (t) m= 0 (q)l“(At )m

when )qg,)t] and‘Bl<l.

Since the left side of (15) is symetric in A and 3, SO mus:

ve the rignt hand side and hence

(%)m(t)mBm “i“i\ %)m(t)mp’m
= (3t) _(B)_ D e
P % aTo (y) (a¢)
L7 n

T

™ 8

m=o (q)m(At )m

Changing t to c, Ato -%‘1, C to bc—q and 9 to %(i In tnis

we get (4).

Corollary . ldentity (2) can be obtained from (4) on

letting ¢ -—= co.

wWe now obtain two lemmas in order to prove (Theorem 2)
the Ramanujan identity (10) on which we will base our proof

of (6) (Theorem 3).

A3t

Lema 1. 1%jai, | £} and G

£ 1 then the follow ng
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identity holds:

©  (a) (3) t" ABt o ¢y (&
(16) .4 T :< ¢ (A)n(B)n (ABt)n-

This identity is also due to Heine / 23_7/.

Proof: W have seen in Theorem 1 that (9) can be refornu-
| ated as Heine's transformation (15). It is standard to
prove (16) by iterating (15) twice and we have given the

details in Appendix A

Lemma 2. If | gq{(1 and kaq"; <1, then the following identity
hol ds;

n(n-1) -
©  (e) ; 1 @ D% ? (&) (acq™
(AN 2 (@ ) T
n=o n'“’n (ag )ow N0 (q)n(d)n

Proof: Changing Ato 0, 3toc, Ctodandt to ag™ in (16)

we have the desired result.

Theorem 2. =f ‘q{(l and !a[(‘l, then the identity (10) holds.

Proof : W have

b n b
(2) i (¢) ()2 (a), D & (c) a"
b = = = n
(b) , n=o (q)n(d)n (b)m n =0 (Q)n(d)n(‘_ﬁ;_)m
b n b
(a)oo(-é-)Qg ?E: o (c)na (g)mqnm |
- = — 2 2 (v (8)).
b) (), (d) (@ N
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b
) (‘1)00 © (a) (2)"(ag" ) %o‘ (c)n(aqm)n
(b)oo n=o (q)m n=o (q)n(d)n
n(n=1)
-SOO © (a >m(§)m % (-1 )d  (8) (acg™P
T e Ly e - e ——— o (by lemma 2)
(b), m=o0 (@), n=o (@) (@)
n(n-1)
2 b d n
g -1 )'g (g.\n(g) (ac)
n=o (), (b) () o

Here t ne order of sunmrnation is interchanged and (8) is nade

use 0-E ,

Corollary 1. Putting a= e and then changing d to -ag, »t 0 -be,

Cto ’};; in (10) we obtain an identity stated by Ramanujan

A

in his 'lost' notebook , 35 7, nanely,

n(n-1) 5
© A T2 o0 ab
(oq) 5 - _ oD (m.,_?.i)
> A ) 1 - (wbq)uo ,.—> { M 1 ‘n .
S . e
n=o (@) Caq) n= o (q)n(wbq)n(waq)n
Corollary 2. 2. | f ’ql < 1, then the Ramanujan identity
2 n(n+l)
003 bnqn 0o (-1 )nan (b) q
UL (R
B Lans v -~ ‘/_ 4 i
n=o (‘i)n(aq)n n=o (q)n
which is tne sane as (19) of chapte Il but for the nota--

tional differences, follows from (10) on putting a=o=d and

changing b to b\&i, cto % b to a and lastly 3 to b.
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Corollary 3. On putting b=a in Corollary 2 above we obtain

the identity

o 0] 2
1 “ anqn
[ ——— =>“ﬁj s I 4 {q‘ﬁ: 1,
(aq)co n=o (q)n(éiC_f)n

due to cauchy / 15_7 and Jacobi /29 7.  This identity is
also listed by Ramanujan in his works |-34, vol.II, p.193,
Entry 3 / and is the g-anal ogue of Kummer's hypergeonetric

transformation.

Theorem3. 1f} gl ¢ 1, then the identity (6) holds.

A T

Proof;  Changing a to - 2%, b to -bg and then ¢ to --9- in

(10) we have
) © (- %})n(m é}) n
(18) ¥a, Ab,a,e) = (B (224
n= o (q)n(d)n A
where § is as in (6). Since the right side of (18) is

symretric in a and b, so nmust he the left side and hence the

tneorem
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3. Sone functional relations satisfied by T

Lemma 3. If la|< 1 and \%?1{&{1 then’g given by (5) satisfies

the follow ng functional relations:
(19) la, ) b,c,q) - (1+30) g(aq, N ,b,c,q)
o~
= aq(1l- é—?) g(aq, A q,bq,cq,q),

(20) a(a, M,b,c,q) —"c;(aq,/\ /b,cq,q)

- (-%u'i' aq) g(aq:)\ qlbqlcqlq)'

(21) ‘g(a, l/\ lblclq) ‘g(a I)(blblc JQI)

1, ~ 2
=aa(1le=2) ‘glag, } a%sbg.ca,q).

be . b L
| f \OC <1 in aadition tne conditions above then,

(22) ’a(‘l,;\ .c,q) - gla, A,ba,cq,q)

B A~
= (7 + »a) ‘glag, A a,by,cq,q)-

o A n A . .
Proof : Since (- =) - q 6 aq) L equals o if nis 0 and

A :
(@ 7)) (1-g™)if n> 1 as is easily verified, we have

2 ‘n=1

left side of (19)

v 2 By A,
= (~by) (- ) 2 }’(m —) =g (= )
oo} c oon: o (q)n("bq)n - a n aqg nw
= (= 3DV (e Y (2 . a
(= Z3(1-e) (=bg™) (= =)
0 (cq) (= (- 29 n-|
Ppa1t” T 5D
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F A
= ag(li- ELE) g(aq, /\q,‘bq,cq,q) proving (19).

The relations (20) aad (21) follow on sinilar lines. That

(20) implies (22) can be shown using (4).
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4. > Continued fraction developments (11) and (12 ) their
Proofs o

T s o Y

In this section, we establish generalizations of

Ramanuj an's g-continued fraction identities (I) and (171)

dealt in Chapter Il, using the results of Section 3.

3

a ~
Lemma 4. If \q)<f1, Vé3]<fl and )%?“fl then g satisfies

e e o

At ~4
(23) gla, %Iblclci) = (1+%C'1) g (aq, Aq/b/C/CI)

a4
g

+(ag+ A q) (1~ %) (aq,thzibq,CQ;Q)/
(2) ‘gla, A ,b,c,q) =5(a, Na, bg,eq, ) -

+( Ag+bg) Glaq, /\q2,bq,cq,q).
Proof: Changing A toAqg in (19) and adding it to (21) we get
(23). Changing AtoAq in (22) and adding it to (21) we get

(24).

Theorem4, If |aj< 1 and |3{< 1, and
identity (11) holds

Proof:  Changing a to aqn,/\ tO/\qzn, b to by" and c to cq”
in (23) and changing a to ag”*t, AtoA <"1, b to by" and

cto cqn in (24) we can wite (23) and (24) respectively as

miva

Q

ti
j

n- .o .
' 1 2n+1
N+ , \q

n .
glaq ,bqn,cq qa) (aq -l +/‘\ q2n+1)(l=‘ ‘_l__)




~d

n+1 2 ,
"y g(ag , \q n+l,bqn,cqn,q) bqn+| +Aq2n+2
1 = MR WETRE —_ 1 +
n—-’
~ n+1i 2n+2 {
' glag ™, Aq ,b:{n+l,cqn+l,q) Dpe1

Iterating the last two identities alternately with n= 0,1,2...

we have (11).

Lemm 5 If ]q) <1, Féq\(l, and )%”-{(1, t hen 'gsatisfies

Ers

~ ‘ (l+bq—aq)+-(d+/\ +aq),_,
(25) glag. A\ ,b,c,q) = glag, Za.,b3,cq,q)
(1+3)
C
(ag+ X q) (1= == )
-+ - (aq/ /\q lbq2icq /q)
(1+ fq')

Proof:  Changing ¢ to cg, AtoAg, b to bg in (19) on the one
hand, b to bg, ¢ to cq in (21) on the other, and then taking
the negative of (19) and adding these three equations to

(22)we get (25).

Theorem 5. If |qf< 1 and -ﬁi( 1and, %511(, 1, then the identity

(12) holds.
Proof: Identity (2.3) can be witten as
'E;(aql Aqlblclq) 1 (ag+ %&(I)(l- -(‘}:-)
(26) = - .

gla, A,b,c,q) 1+ e “Jlaq, X 9,b.,c,q)

~ 2
g(aq, A9”.bg.cq.9)

as ?
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~ n+1 n n
g(aq, )"C_[ 1og,cq,q)

—
—
L
g

n A
: n+2 n+1 n+1
glag, Aq"** ,bg g T,q)

1 1
(1maq+bqn+1)+ m—g(a+aq+h<qn+ ) (aq+yAqn+2)(1-—~%:T)
= " C + g .
(1+ =L ag
cq” ) (l+'cqn)sn+l

Iterating this wth n =0,1,2... and using (26) we have (12).

A , i 1 1 -, \}
E)L {20, A Oy ,\z)
e B
@m\ B i “x \ \ b \
. e ,
N s Ay’ pe T g
I ! [
7
g o Hd
- ot ) ‘ - ARy 4 '}‘1)\ .
et ~ >
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5. An_elementary, oroof of the continued fraction identity (14)
we first make some notations. Eor }qi(l and jaj(l
| et
o (R) 2n+l oo (2 2n
7 a’zn+l < a’2n
o 3 T - o T4 7T
N = .=
o (¢ )2n+1 o <q)2n
w (kg 2n
N. = D D = ;\ ( )2n ° = (l:’q)_ N
ot T L TR (a-b) ©
4 4 2n
and for m>1
m
o (Q?Lm) m-1
2m=2 . » a 'Zn !l 2n+2Kk., _2n
= - 5 o = S\ B S ———— -t c
o= (1-qg ) Do T T 13 (=g ya©.
=0 g ,ql), k=1
Let A n and Bm denote the coefficients of a2n in ¥ and D
m . n m m
respectively.
Lemm 6. For mZ 1,
(’6, if n=c¢
m
m-=-1 bg . m b
1P nAn Bm n = «:.j E (1- 2 )4 "a) Bm+l,u-=1
I, o ; 1f n % 0.
2m=-1 2 z
(L= ™™ (1eg™™) (1 2™
Proof Tae cases M 1 and 2 are quite easily verified.
a . .
For m> 2, we have, from the definitions of A . and B
m « 2 m--1
"m0 o = (1™ A g™ - TV 1-¢PH= 0
‘ e k=1 k=1
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and for n »o, on remving cosmmon factors

o
(R}-)anl %l 2n+2k 2n+2me=1 b 1
=] ) — L - - DM
m,n Bm,n:( Zm=1, e (1-q ).f(lq ) (1e=g™™)
2n+l : |
b 2n+m~1 2m-1
- (1= 3 ¢ (g™
Equality (27) now readily follows.
Lema 7. |If lql~( 1 and ia[AI., then [ ¢ om o1
m=1 .
2m=-1 M _ 2m=-1 q T (a=bg™) (ag"-h)
(26) {1-q ) 5o 7 (1-q ) 2m+l | N
m (1mg”™ )y Ikl
m+1
‘E_ftO_O_fm: Multiplying poth sides of (27) by a2n and then summing

over n fromO to oo we get that

-1
(q") (a=bg™)(ag™b)

|d w D = e et s . D
m m (l*‘2m-l) (lwq2m) ( 1~C12m+'f") 1
Or
(1 2me1 ) (Nm 1 thl (a=bg™) ( aqm.;,.b)
P 1) < B
(1_q2m+1 ) e “m
D
m+1

from which the required result follows since (1-¢%™yp =y

m
by definition.

Theoren 6. If &q!<l and }at(l, t hen

m+1



(@3}
i

(=a) (5) —=(a) (-b)
(14)  -= *© .. . ;J o
(ma)oo(ésﬂoo + (a)oo(v-b)OO

~ me _(a*-bq) (ag-b) q(;ib_qz) (ag”eb)
l=q+ 1-q3+ 1 r-q5+ o
" (a-bg™) (aqion)
o l_“quMl -
foal:  On using (8)we have
(D)o {b)
o) f:a)m(o)oo - (a)po(»i:>)oo _ r(a)Oo ) (—a)?i
(wa)oo (b)oo + (a)oo (mb)oo (3),.92 -Igmb_)mEQ,
(a) (-a)

Iterating (28) wth m=1,2 .

required result.

(1=1) e
)

and using (29) we have the

The convergence of continued fraction follows



N D
m 2m~2, m-1

since — = (1-g“™™%) --T"-=> 1 as m—= o under the condi-
m D‘m

tions }q( <1 and laj< 1. erndt { private conmunication/

incorporated in /£ 1_/ ) , hasrecently obtained another -proof

of (14) enploying a continued fraction of Heine /23 7.



