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Chapter |V

N A "REMARKABLE FORMLAT OF SRINVASA RAMANUJAN

1. Introduction

The f ollowing identity (1) stated w thout proof by
Srinivasa Ramanujan / 34, Vol.Iz, p.196, Entry 17 7/ has been

described by Hardy /721, p.222 7 as a 'remarkable formula'

(-ﬂqz,q?‘)oo(c- g-,qz)oo
(1) . »

v

2 . Bg 2
(-dgz, q™) <mézfi~,q ) s

A}

.2 2 o 2 2 1 2 k
(f,‘»\_q a”) . (Ba”.g )OO o (;;-,q )k(um{qz)

- -

T 2 e 20 2 2
(a%rq™) o (HApa”,q™) - (Ba™ra™)y

Here, as usual, {q \( 1,

(c)OQ = (c,q)oo = kz\o (l—-ch)
and y
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W devote the present short chapter on this single fornula
because of its basic inportance in literature. It has many
applications in the thLeory of (-series. For instance,

putting}a—;l in (1) we obtain the g-binomal theorem of Euler.

+ Reference /1 / is partly based on this chapter.
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02’:;3: 0 in (1) gives the Jacobi's triple product identity
wel | -known in thetheory of theta-functions A-22, pp.282-283__7
[29//745 7. while we discuss many applications Oof (1) in

a later chapter, we give below a Proof of (1) without using

the g-binomial theorem

Deaoting the left side of (1) by f£(z), we seek its

0 .
‘ i . o X . . .
power SEries expansion 2. c 2" in the region of analyticity
1 o
Hqu'(\ iz‘;(m::mq;i—. The coefficients Ck are at once found, up
‘.‘f\ i

to a factor C,s ON using a functional relation that f(z) is

seen to satisfy trivially. 'The constant Cq is then found by

equating the linits, as z .- — L. k
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Several other croofs of (1) such as those of Andrews
/27 (73 7. Andrews and askey /8 7, askey / 97, Hahn /[20_/,
Tsmail /727_/ and Jackson / 28_7 can be found in literature.
MSW of these proofs depend on the g-binomal theorem A
direct proof would p=rhaps put (1) in a proper perspective

in literature.
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2. roof of the 'remarkanle formula'

Theorem L. If }q}¢ 1 and \oqsng(l then the identity (1)

holds in the reqion | \ o

q “3q\<\z“( xq] .
Procf. Let us define

(=z,q%)_ (- q?)
(2) f(z) = - ~ :

(-qz.q )®<~%~,q2)

and seek t he expansi on
O .
(3) £(z) = % cy 2K

in tne region of analyticity ’3q1<:3z;<=~-a-.
fo<a

We can easily see from (2) that

(~az,g%) (=~ 9,4%)

2 [oe]
(4) (3+qz) £(qaz) = — P— = (1+¢Xgz) f(2).
(-’29 (= B,q%)

From (3), we have the expansion

0
2 _ 2K- k
(3) (B+gz) f(gq®z) = }_go(ckq? + ck—-l) q k=1,
valid at least in $£3K< pif'mm—£~—— ] It is in fact valid in
E Ia(qB

since, as seen by the

the bigger annulus Ipalc 17 <
first of the equations (4), tﬁe leEt side ¢£ (5) is analytic
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there., Simlarly, (3) and (4) imply the expansion
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(6) (l+glqz) f(z) = ?_:;D(ck + X q Ck-»-l)

valid in the same annulus }Pq)< |z} < From (4), we can

ol g : ,
equate tne coefficients of |ike powe%-s 3f z in the right
side; of (5 anu (6). Hence we get
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iterating wnich we have,
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It is clear from (7) that, since lay < 1, t he series of posi-
tive powers of z and the series of negative Towers of =z in
1

b o<gy
and gzb\pql : Further, by (2), f£(z) has a simple pole at

the right side of (3) are respectively analytic in ‘z\<

1 .
z=-;;-:—q . Hence, by (3),
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where thne
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Using (2) in (8) we
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VW complete the proof on

The author is
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substituting (7)

-thankful to Professor

usef ul

suggest i ons.

justified because

> ckzk conver ges

neighbourhood Of z= = —=—
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and (9) in (3).
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In the next two chaasters we study parts of the theory

of theta-functions and g-series as devel oped by Ranmanujan

and we will find in identity (1) a highly useful tool.



