
Cha#er  V*

OX SOlyLE  ID~tiTITIES  DEDUCIBLE DIRECTLY FROM-ah"  -. ."l L-a- .-  _--~--z-.s  -____I -~-..__--  .-
i?Al4AJiJJAi~'S  D~~?IiIII'l'ION  OF 'I'mTA  FUNCTION ~.-__I----- - --.-/-*_L  .- -----_

In t;lis cila&er  we 0,3tain  a few interesting identi-

ties found  in i?amanujan's  works L-34, Vol. II, Chapter 16 7

which are directly deducible  L'rom  his definition of theta-

function:

a3 n(n--1)L-v - co n(n+l) n(n-1)
(1) f(a,u)=l+  J-J (ab) 2

s
(a"+b")=  s a 2 b 2 ,

n=l ‘- a3

This is notiling hut the theta-function

in tne classical notation.

cos(2nz), q=e
ifit

I

Imt) 0,

--.y__ =-__I-

my*  1

* "ieference  / 17 is partly based on this chapter.- I
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2. .;orne  interesting Xentities~..h_.  .~_ ----..-  -.--.-.*/Li~  _ .s - w..  ..-_-=-  ._ _-.--,-

TO grove  the first two of our theorems we find it con-

venient to 09tain  the followiny  simple  lemmas.

Lemma 1. If n is.*m- -_.-  -- - any integer and

( ?,  j ;;I""  ( n ) - I7 ( -n ) = n ,

(4) '..;  '-'  (m-+-n  ) - ,;-'  (m) = r (n ) + mn

and

(5) r-,(m)  T-(n) + r(--m)  r-(-n)  = g--(mn).

Proof 1-_z__yD 'The Lemma follows by an easy verification and  we

omit the details.

Lemma 2.em.--  -_.~~ _ If a and b are corn;Ilex  numoers and if

( 6 ) rm = a or-  ( n 1 b 5 . . ( --n  )

where r-( n > is as in (2),  tiren

( 7 ) 17 = (ab) mn  TJ u
m-t n rn n'

(8) “m-l-n
zc r/\l u

m n

where

b(ab)
==n : a--(-m  >

s

and
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Proof:ss .-mzs Substituting for the V's from the definition (6) we

have

IJm+n
i- I--.- =
IJ TJ

a*-(min) -V-(m)-~(n)  bG.(-m-n)-r^(-m)-~-n)

m n

mn mn= a b .

Hence (7) is proved.

Now, by tne definition (9)

z.2 rrm(ab)"", by (6) and (3).

Usin:y,  this ii> (7) gives (5).

Lastly, substituting for the U'S from the definition (6) we

can write

(11) left sicje of (10) = ,~"-'(m~n~k)  b&(-mJ-ndk)

where?

r' (m,n,I:) = /&-( m-W)-s(rn)y/$-(k)  +[&m-n)-n"(m)]tC(-k)

= /-z-(n )+mn-1_ . . . r;---(k) +[T(-n)-mn^jp(-k),  by (4)*

= T(nk) + mnk, by (5) and (3)
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= (c;--(m+nk)- ;r(m),  by (4) again.

Substituting  this in (11) we get (10) in view of (6).

Theorem 1._Ce--- If (ab[~ 1 and if n is any integer then

n(n+l) ntn-1)

(12) f(a,b)  = a 2 b 2 f a(ab)n, b(ab)'-"

where f(a,ti) is as in (1).

Proof (: iiJe first observe that, using (6) in (l), we can write- *.-

(13) f(a,b)  = >j, U, o
c- 00

Now, in the notations of Lemma 1 and 2, we have

n(n+l) n(n-1)L.i-yz-- --a-
a 2 b 2 f ' a(ah)n

t , b(ab)-n

co
"-3

= iJn 2,
k = -a ~0

=
22  ‘m (on changing n+k to m)

m=- 03

= f(a,b) (by (13)).

iIence the theorem.

Wen n=l, (12) can be written in the classical nota-

tions as
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nniah $9 kne well-known  quasi-xriodicity of ti"le theta-func-

tion.

Wz now prove anotner identity of Ramanujan -L-34,
~ .s

Vol.II, p.206, Entry 31-1 and illustrate two corollaries also

stated by him. We however furnish a general Formulation  of

his eorrnllaries. It has been observed by Berndt
c
private

co:nmunicationcincorgorated  in l-l-7  )that Ramanujan

identity (14) below can be restated with the ranye of summa-

tion i
I

- v";(n) .--ijfCn,l on the right hand side replaced by

aqy residue class mod n.

Theorem 2. If------ <<l and n, any psitive  integer, then

W (n)

(14)  f(a,b)  = x; umf(-~J:;~) +Rn
-s(n)

n-l-. . .
2 ,if n is odd,

(15)  where r,(n) =
n-2IL m.w
2 ,if n is even,

-.,

and

(16) R =n
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f and 7Jm are as in (1) and (6) respctively.

proof:--.- If rA(tl) and R, are as in (15) and (16) and if we

Put

0, if n is odd,

IJnk+!, if n is even,

Ne nave, upon substituting (6) in Cl),

co

Q$$) ;;,
U

&L..-f  Umf L )m+n I m-n= ___I
m= .- .d(n) "m U

f Rn
m

Yere  we !lave used (10) and the definition (1) of f,

TiliS completes t17e proof  of the theorem.

xamanujan also uses the following functions which are

restrictions of f: -

(17) fay)  = f(q,q) = 1 f 2 55 qn2 ,
n =1
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(18)  ‘l”p  (q)

and

(19 1 fb=q

CD n(n+l)
= f(qtq3)  = 2: q 2 ,

n=o

03
) = f(=+q2)  = z;

In t1-E above functions jqi< 1.

Quite freiluently  in our work, we

ties wt:ich  we state as

Lemma 1.e-s... .%--I_ If Isf<l,  then

(23) f(l,q) = 2 f(q,q3) = 2‘9(q)

and

(21 f ( .?>  1 , y ZZ 0.

n(3n-1)

-1)"  q 2 .

need the following proper-

f&q) = 1 + F
n(n-1) n(n+l).-a-m s -.--v

Fro&:  ..m &9 2 +"F q 2
1-l = 1

03 n(n-1) a3 n(n+1)L --~--~ I___ -%..
= 2 + /?j-;  q 2 ‘7 2

+ L."J q
n=2 n=l

ZZ 2 (Changing n to n+l in

the first summation)

c _n(n+l) -v n(n+l)

q
2 +b q2

n=even 70 n=oddp  o
--..
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-

i

co

Z.T 2 1 + C qn(2n+l)  + Fq n(2n-1)
n=l nk'l 3

j

-
n(n-1)  1 _._____ OrJ_..*  --.--

272

n(n+l) n(ni-1)E-wmm.F
=2 l-l-

n=l
(q3)  2 + z, q 2

n(n-1)-.I_-

n=iIl
(q3)  2

-I
“_._

= 2 f(q,q3)

ZZ 29 (4 *

CE n(n-1)--I-Y--
roof of (21) E f(--1,q)  = 1 +. TV-  --r---.-pI Lz-‘  C-9)  2

12  "1

io r-1 ( n+1  ) n(n-1) 00 n(n-1)
= 2;

a.*>  l. - -__ . -wi--.yI n(n+l)

n =“;!
(-1) 2 2

+ n&l(-1)
- -

(-I 2 q 2

zz 0 (on changing  n to n+l  in the first summation).

Corollar~_1_. Ifm... -.--_.
I I
'I (1 tnen,

(22)y;((~)  = e;(q"')  + 2

,.A ( n )

2: qm2  f qn(n-2m),  qn(n+2m)
m = i ( #I)

n2

+ 0 or 2 s4y(q2n2)

according as n is odd or even,

and

'A(n)

(23)@(q)=  $ 2;
!! m =  -M.(n)

+ 0 or $

m(m-1). sz  -my_
2

Y

n(n-2)M-e-

Cl
3

f
(I

f
(

n(n-2m+l)
2 -

?(n+2m-1)

q
2 -

Jq
)

6 n(2n-1)

2, q7---
)
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according as n is odd or even.

(2.4 ) \j,‘( q
.--.-W.--y

)= *b qm(2m-l)
f(q

n(2n-4m-t1)
J q

n(2n+4m-1)
m= -:x(n) /J

tin-l)
+ O o r q 2

f Y"4
(

n(4n-1)

according as n is odd or even.

Proof ;----- Wtting  a= q= b in (14)  and using (20) we get (22).

Putting a=1 , b=q in (14) and using (20) we get (23).

"utting a=q, b=q3 in (14) we get (24).

Corollar~2,--.*--  1 . . --_ --- (Ramanujan) If q ";l then
I 3 ?

(25)  @(q) = @(q9) + 2q f (q3, q15)

(25) = /@(,i25)  + 2q f(qlS, q3')  + 2qQ  f(q5,qQ5)

(27) y (y) = f(s31q6) + qqL,(q')

(28) = fQ,Y
10

) + q f(q2,q
1 (4.

)

(29) = f(q 10,q15 1 + q f(q5,q20)  -t- q3P(q25)

(30) = f ( p ,q21 ) + q (q9) + 93 f(q3,q33).
Y

Proof'-s-s-=+" For (25) put a=b=q and n=3 in (14)

i?or (26) put a=b=q and n=5 in (14).

For (27) ;jut a=l, b=q and n=3 in (14) and use (20).

ITor (23) put a=q, b=q3 and n= 2 in (14).
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For (29)  put a= 1, b=q and n=5 in (14) and use (20 1.

"or (30) put a= q, b=q3 and n=3 in (14).

A particular case of the second of the two Ramanujan

identities (31) and (32) d--34,  Vol.11, p.203,  Entry 36 ';7

p&v& in next theorem has been applied by Hardy L-21,

=-a
p.223-/ in discussing ?amanujan's  a;lLJr?ach  to derive modular

equations of degree 3. Yardy also sketches a proof  of (34)

We give hc?re details of the ?;,roof of (31) to elucidate how

it sirn;2ly  follows from Kamanujan's  definition (1). Proof

0:i (32) is similar. As an a,splication  of (31) and (32) we

?..erive a few more Ramanujan identities (33)-  (38).
hase-x

Watson -[ 43T/obtainr. ,\ ,d some general formulae which are
..~

essentially due to Schroter /, 41, pp.163-167J  on applying

(12), (14), (31) and (32) collectively. Berndt
('private

communi@ation:  incorporated in L--l-;i)has  thereby ;ornved

certain ?.amanujan  identities concerning  f and I 9-34, Vol.11,
t/

p.204,  corollary under Entry 37 and 3R(iv)-7. Ne deduce a

few o+:ner identities also due to Ramanujan d-34-7.

Theorem 3: If----- -w-o iab/<l,  kdj<l and p = %$ , then

(31) $ E(a,h)  f(c,d) + f-(-a,-b) f(-c,-d)

03 n(n+l) n(n-1)w- --- - - -
= T' (ad) 2,IL-d (bc) *

hd
f (acp”,  -fi)

-- co P

and
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(32) $.
I
f(a,b)  f(c,d) - f&,-b) f(-c,-d)

3
03 n(n-1) n(n+l)

= a c azn
-. L-m---

(ad) 2 (be) 2 f abed
-00

where f is as defi,led in (1).

Remark:-Y..m_l__l If a!o=  cd, then these become respectively

(33)  f(a,b)  E(c,d) + f(-a,+) f(-c,-d)

= 2 fE(ac,bd) f(ad,bc)

and

(34)  f(a,b)  f(e,d) - f(-a,-b) f(-c,-d)

= 2a f(g,k abed) f($,$ abed).

Tnese and some of their special cases such as

(35) f12(‘1) + g2(-q)  = 2 @'(q2)  (;~ut  a&=c=d=q  in (33)  ),

(36)  ti2(q) - ia2b-q) = 8¶ ,j2(q4)
Y

(,out  a=b=r;=d=q  in (34) and

use  (20)  ),

(37) f2(a,b)  + f2(-a ,-b) = 2 f(a2,b2) @tab), (put c=a,

d=b in (33) )

and

(38) f2(a,b)  - f2(-a,-b)  = 4a f(:,  g a2b2)y(a2b2),

c
put c=a, d=b in (34) and use (20) ),

are also due to Ramanujan. Proof of identity (38) using
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Landen's  quadratic transforms has been given by Tannery and
s.s

Molk /, 21, p.223;4l(ii), pp.l14-119,  p.268 (Table XLVII)i.

we will consider 3: apiqlication  of (33) and (34) in Theorem 5

of the next ci-iapter obtaining an interesting Ramanujan-

identity involviny  several LJarameters.

Proof of Theorem 3.-.neIw  .-- -.* .--.-w..m L - --. We can write left side of (31) as

co Cc, m~+n2-m-n n(n-1)S.-y_-
z "7‘ c-7 r-- MP

&cc..  J A (cd) 2 ancmp 2

(Since m EC n must be of the form m+n= 2x , m-n= 2~)

c-0 !I+--1  ) 2
, a

-= ‘Y,- '-..  8 (.&?--- (bc)
(bdp?

El" -= co

On changing p to -r we yet the required result._'

In the following corollary 3 we oStain further

Ramanujan identities / 34, Vol.11, pp.203-204,  Entry 373.e.m

Corolla=-,A.-.m--s  , -. If /a/ <l and fb)< 1, then

(39) Jj .f
1
P(a)  @21(b) + #(-a) p&=-b)

./
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(40)  $f fbh) @d(b), - Izr(-a> @GM

and

'b2n-1 2n-1
= 2 nFl an2 b(n-1)2 f

(

a2n-l, (abj2  %--
b2n-1

(41)  y/(a)p(b)  =y(ab)  + nglan('l)  bn(:-l) ft$, ab sij.

Proof 1--:- * ?or (39) put b= a, d=c and then change c to b in

(31). To get, (40), put b= a, d=c and then change c to b in

(32) and use the identity

which is a conseifLtence  of a particular case of (12), namely,

(42)  f(A,B) = A f A(AB),  B(AB)-1
J

.

On putting a=c=l and changing d to a in (31) we get

(43) $ i f(l,b) f(l,a) + f(-1,-b) f(-1,-a>

i
n(n+l) n(n-1)
- - - -2 ;----T-- fc,$,ab  5,) .

a"
Now, putting A = -y

bn

b
and S= a% in (42) we have

a

Using (20),(21)  and (44) in (43) we have the required result.
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Chapter VI*

ON SOME APPLICATIONS OF RAMGWJAN'S 'REMARKABLE FORMULA'-_I------ .* I-.__
IN THE THEORY  OF q-SERIES-.--a

1. Introduction.- -e --.-----  .~-

We now return to the Ramanujan identity:

(1)

!’ (:qz,q2)m  (- Z,q2&

1

a___s-
ii

(a2&12  lco ( q3s2rs2 jco

(-%qz,q2)m(-  *,q2c -.: 1 (dq2,q2  lrn ps2,q2  joo I
G

(-1 )n(~~q)n(~,q2)n co
= 1+ iv4 z" +

c&R2 A2 jn
2

t-1 Pq3q)n(~~s2 jn
-nz

n==l nl= (O!q2Jq2)n

We gave a groof  of this in Chagter IV and presently we apply

it in order to prove a few more q-series identities stated in

Rarnanujan's works L-34, Vol.11, Chapter 167.e

rt Reference L-12 is partly based on this Chapter.


