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Chapter Vv

X SOME__IDENTITIES DEDUJBLE DIRECTLY FROM

R 0 HRT,

RAMANUJAN'S DEFINTTION OF THSTA FUNCTION

T

1. Introduction

In this cnaster We onstain a few interesting identi-
ties found iN Ramanujan's works /734, Vol. Il, Chapter 16 7

which are directly deducinble from his definition of theta-

function
oo n(n-1) o n(n+l) n(n-1)
(1) f(a,p)=1+ y. (ab) 2 (a"p™M= 5>, a 2 b 2
n=1 = 00
lab[< 1.

This is notning hut the theta-function

q [@@] 2 (@] 2

2 | Ak

N3(2,t)=1+2 ?, qn cos (2nz) = E qn cos(2nz), q:el7Y ‘
n=1 = 00

Int) o,

in tne classical notation.

* Reference / 1 7/ is partly based on this chapter
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me _interesting identities
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To prove the first two of our theorens we find it con-

venient to obtain the following simple lemmas.

Lema _1. [f n is any integer and
n(n+1
(2) o (n) = nineL)
2
then

and
(5)  og-(m) —(n) + ¢ (-m) g={(=n) = g~(mn).

Progf. . "The Lenmma follows by an easy verification ang we

omit the details.

Lenma 2. If a and b are complex nunoers and if

T XA

ov
I
=
c

Y

(9) Wm = {a(’db)nf 7 (m) {b(ab)“nj?‘“("m)
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Proof: Substituting for the u's from the definition (6) we

have
U
_mn - go (m#n) = (m) = e~(n) bG“(«-mu-n)«r“(-m)mﬁ—n)
UmUn
= am,m

Hence (7) is proved.

Now, by tne definition (9)

. \J‘(m) , 7=(-m)
W (a(ab)n/ (b(ab)"n)

= g m) , o (=m) (ab)n(’rﬁ'(m)mt‘:“(“m))

il

H

v (ab)™, by (6) and (3).
Using this in (7) gives (gy.

Lastly, substituting for the Us from the definition (6) we

can wite
(11) left side of (10) = a™ (M/MeK) y gt (-m =0 k)

where

= (M0 i) = [o(min) =g~ (m) [ 5(k) +[s=(m=n)=o=(m) Jom(=k)

[ 7=(n)+mn | &(k) +[}r(~n)mmq]a~(ak), by (4)

il

s—(nk) + mk, by (5) and (3)
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= g~ (m+nk) - 5=(m), by (4) again.
Substituting this in (11) we get (10) in view of (6).
Theorem 1. If {abj< 1 and if n is any integer then

n(n+1) n(n=-1)
(12) f(a,b) = a 2 p 2 f (a(ab)n, b(ab)“n>

where f(a,n)is as in (1).

Proof « we first observe that, using (6) in (1), we can wite

(o]
(13) f(a,b) = S U
S~00 T

Now, in the notations of Lemma 1 and 2, we have

n{n+l) n(n-1)
a 2 p 2 ’Qa(ab)“, b(ab)_n>

= Un f':j Wk

-~ &0

o U

S ( =5 by o

o\ U

oe
= 7 U (on changing n+k to m)
M o

= £(a,b) (by (13)).

Hence the theorem

“hen n=1, (12) can be witten in the classical nota-

tions as
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s

Y - - Ty
"x.%('z#ﬂt,ﬂ = g ! e 24z *sf‘é(z,t)

wnich i8 tne well-known guasi-periodicity of tne theta-func-

tion.

We NOW prove anotner identity of Ramanujan / 34,
Vol.II, p.200, Entry 31_/ and illustrate two corollaries also
stated by him we however furnish a general iformulation of
his correllaries. It has been observed by Berndt (private

communicationxincorporated in /1.7 )that Ramanuj an

identity (14) below can be restated with the range of summa-

tion ) = ot(n) ...Q((n)} on the right hand side replaced by
|

any residue class mod n.

(X(n) U U
. n+m, =N
(14) £(a,0) = >, U £ - ) v R
- (n) ' Un m

l‘.?lm n is odd,

(15) where A (n) =
F‘L‘ZZ,,if nis even,

and
o/ if n is odd,
(16) R =
U
U £ R if n is even
n 18] U t
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f and u, are as in (1) and (6) respectively.

rroof: If (n)and R, are as in (15) and (16) and if we
put

So, if nis odd,

“lk(n) —
LU n

5 . if nis even,

nk +
Wwe nave, upon substituting (6) in (1),

f(a,b)

il
=
o

0 o (n)
- N0 S s
N ;i/ <~ ;{ Unk+m +}k.(n)

mzﬁr:%n)

K (n) o

N QD
- > STy v 2 Vo
== ox(n) K= = oce nk+m k= - k
oL (n) v
_ EE:L U f(f+n , mm ‘R,
M= en (1) U Uny

Yere Wwe have used (10) and the definition (1) of £,

Tnisconpl etes tne oroof of the t heorem

Ramanujan al so uses the follow ng functions which are
restrictions of f; -
2

(s 0]
(1) #(q) = £(q.q) =1 +2 2, " ,
n =1



| o n{n+1)
(18) \;‘ (q) = f(q,qB) = ,: a °
nNn=20a
and
oo n{(3n-1)
(191 £(~q) = £l-q=*) = T -1)" g
e o)

In tne above functions jqfc 1.

Quite frequently in our work, we need the following proper-

ties which we state as

Lema 1. If |q]<1, then

(23) f(l,a) = 2 £(q,q) = 2Y(q)
and

(21 f(=1,q = 0.

© o=l o n(ngl)
roof: £(l,q) = 1 + 2. q °? 2 2
Proof : A ,LI) Lo 9 + i q
n=1 n=1
w nlo=1) o Enﬁ_f,?zt.,.l
<l TN '
= 2+ e g + 2,,/ q
n= n=1
oo nintl)
= 2 1 + Z, q 2 (Changing n to n+1 in
n= the first sunmation)
n(n+l) S n(n+l)

21+Z q +L..Jq2

n=even % o n=o0dd » 0

il



emmrn o0 .
- ‘ n(2n+l) + (2n-1
= 2 1 + Z g Z’ n(2n-1)
c©  n(n-l) n(n+tl) . < n(n+l) n(n-1 B
=2 |1+ 2 3 Nt LT3 ‘"“"(“7‘”"2'
= L, 2 (q”) + L. 9 (a”)
! n= l n= l
= 2 f(CIz<13)
= ZKP((i)n
0 n(nvyl) ,
roof_of (21) : £(-1,q) =1 + 2> (-q) {<-1)n+ (qW}
n=
o0 nioel) nln-1) o n{n-1) n(n+1)
- ~ (-1) 2 ( 2 = 2 7
) { + [.J ("’l) q
n= n=1
= O (on changing n to n+l1 in the first sunmation).
Corollary 1. If ' <« ;
r SN s Ill\ 1 t:uen,
5 u{&n) )
(22) plg) = g(g™ )y + 2 &g qn(n~2m)’ qn(n+2m)
m= 1
2
5 2

+ 0 or 2 q4\%j(q2n )

according as n is odd or even,

< Ty 2 - -
d d + g 2

n(2n-1)

X (n) m(m=1) n(n-2m+1) p(n+2m:ll;)
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according as n is odd or even.

+0orgq °? f(qn, qn(4n-l))

according as n is odd or even.

Proof : sutting a= q=b in(14)and usi ng (20) we get (22).
Putting a=1, b=q in (14) and using (20) we get (23).
Putting a=q, b=q3 in (14) we get (24).

Corollary 2, (Ramanujan) |[f 'q ‘<1 t hen

/
(25) Al = plq”) + 2q f (a0, a)
(25) = pa®) + 29 54", &) + 20 £(¢°,q*%)
(20) W) = £(q.q°) + q'\;z(qg)
(28) = £1(q®q'0) 4 q f(qz,qld’)
(29) = E(qlo,ql’r’) + g f(qS,qZO) -t- qur//(qZS)
(30) = £(40,q%) 4 qg/(qg) v g, ).

Procf: For (25) put a=b=q and n=3 in (14)

For (26) put a=b=q and n=5in (14).
For (27) put a=1, b=qg and n=3 in (14) and use (20).

Tor (23) put a=q, b=q3 and n= 2 in (14).
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For (29)put a= 1, b=q and n=5 in (14) and use (20 ),
"or (30) put a= q, b:q3 and n=31in (14).

A particular case of the second of the two Ramanujan
identities (31) and (32) /734, Vol.II, p.203, Entry 36 7
préwed in next theorem has been applied by Hady /21,
p.223_/ in discussing 2amanujan's apprmach to derive modul ar
equations of degree 3. Hardy al so sketches a proof of (34)
W give hare details of the proof of (31) to elucidate how
it simply follows from ramanujan's definition (1). Proof
of (32) is simlar. As an application of (31) and (32) we
derive a few nore Ramanujan identities (33)- (38).

Wt son /:"”43‘2\/22;1%@ some general fornulae which are
essentially due to Schroter /741, pp.163-167_/ on applying
(12), (14), (31) and (32) collectively. Berndt ( private
communication; i ncorporated in [’1"7)has thereby proved
certain Ramanujan identities cencerning f and\{) / 34, Vol.IT,
p.204, corollary under Entry 37 and 38(iv) /. e deduce a

few otner identities also due to Ramanujan / 34_/.

Theorem 3. |f ’tabi(l, ‘cd}»(l and p = “2‘% , then

(31) % j’ £(a,b) f(c,d) + £(-a,-b) f(-c,-d) }
© n{n+l) n(n-1)
= p::i, (ad) 2 (bc) 2 f (acpnl 1P—-%)
oo P

and
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(32) %—l £(a,b) £(c,d) = £(~a,=b) £(~c,=d)

3
oo n(n=1) n(n+1) N
=a 2 a® (4 2 (o) 2 f<-c-5,9-§—-abcd)
where f is as defined in (1).
Remark: If ab=cd, then these become respectively

(33) £(a,b) £(c,d) + f(-a,-b) £(-c,-d)
= 2 f(ac,bd) £f(ad,bc)
and
(34) £(a,b) £(c,d) = £(-a,~b) f(-c,~d)
= 2a £(2,£ avca) f(g,% abed).

These and sone of their special cases such as

2
(35) #°(9) + 2°(~a) = 2 g (q®) (out a=b=c=d=q in (33) ),
(36) 50’2((1) - ;252(-q) = 8q y,:z(q4) (put a=b=g=d=q in (34) and
use (20) ),

(37) f2(a,b)4-£2(-a,—b) = 2 f(az,bz) #(ab), (put c=a,
d=b in (33) )

and

(38) £2(a,b) = £2(~a,-b)

4a f(-];!, % azbz)yj(azbz),
( put c=a, d=b in (34) and use (20) ),

are al so due to Ramanuj an. Proof ofidentity (38) using
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Landen's quadratic transforns has been given by Tannery and
Molk /21, p.223;41(ii), pp.114-119, p.268 (Table xwvIr) 7.
we Wi Il consider s~ application Of (33) and (34) in Theorem 5
of the next chapter oObtaining an interesting Ramanujan-

identity involving several parameters.

Proof of Theorem 3. W can wite left side of (31) as

e AT M TR s

o © nén’men n{ %;L).
=T, L ¥ i n m
= '/:} ! zi:>...; ( c d) a c p
M= -00 0= =co

m+n even

= ¢ 2 2 ._-iﬁ-a_aé;&__)k}l
- 2 2:“ (cay MHRTEN SR MRy 2
A=~ p=
(Since m Ec n nust be ofthe form min= 2N, men= 2p)
“{\l(}\+l) A (A1)
00 plp~1) plptl) oo 2 2
= . (ad) % (bc) 2 S = (bap 1)
p= oo A== ool P

on changi ng B to -~y we yet the required result.

In the following corollary 3 we obtain further

Rananuj an identities /34, Vol.II, pp.203-204, Entry 37_/.
Gorollary 3. If [a] <1 and [oj< 1, then

(39 § % Ba) B(b) + #(-a) ﬂ(-b)g

2 g 2n 2n
= glah) + 2 T (ab)n £/ ab %ﬁ- ;s ab -1-)—--2- ,
=1 b a“n
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(40) %{ B(a) B(0) = g(-a) F(-b) ?

O .
2 2 2n-1 Inm=l
2 n” ,(n=-1)" ¢ /b V2 2
nzl a b a2n-17 (ab) 2n~-1 |

b

and

o n{(n+l) n(n-1) n n
(41)\{] (a)y)(b) =$L-‘(ab) + Ela 2 b 2 f(‘ﬁ’-ﬁ, ab iﬂ).
n= a

Proof ;' #or (39) put b= a, g=c¢ and then change ¢ to b in

o e

(31). To get, (40), put b=14a, d=c and then change ¢ to b in
(32) and use the identity

b a p<t- a2n-1 J2n=1

b

which is a coansequence of a particular case of (12), namely,

(42) £(A,B) = A f (A(AB), B(AB)"l).

On putting a=c=1 and changing d to a in (31) we get

(43)

Nof

g7f(l,b) f(lla) + f("'l("b) f("'l["‘a)}

oo  n(n+l) (

..;a----b <——,ab-—-—)

Now, putting A = vg-ﬁ and B= ab—-— in (42) we have

s n’ n n n
(44) £ “a_ﬁl ab -]?—h- = S5 E‘ﬁlab"‘a'g .
b a a b

Using (20),(21) and (44) in (43) we have the required result.

(o)
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Chapter VI*

on SOVE APPLICATIONS OF RAMANUJAN'S 'REMARKABLE FORMULA
IN tHE THEORY OF (- SERIES

L Jntroduction

We now return to the Ramanujan identity:

l (:-qz,qz)on (= %aqz)wz
(1) - .

"\,

2 2
S(q e )Oo(v({3q2,q2)oo

(-xqz,qz) (- ‘@g,qz) L (p{qz,qz) ( qz,qz)
, eo] z oo o) (e'e}
© (DMK, g © (1) (pa)"(E.q7)
= l+ P 26"; n Zn + 2 {3 n z‘n
l’]=l (leq )n Tl:l

(0‘( q2,q2 )n

1
where Ygi< 1 and ale izl € -
Ve gave a preof of this in Chapter |V and presently we apply
It in order to prove a few nore g-series identities stated in

Ramanujan's works L-34, vol.Ir, Chapter 16 /.

*  Reference ['1_7 is partly based on this Chapter.



